
In this study, we explore the concept of Strong and Weak Neutrosophic Schauder bases in the

context of functional analysis. Neutrosophic logic, which generalizes fuzzy and intuitionistic

fuzzy logic, allows for handling indeterminacies. We extend this to Schauder bases, which are

fundamental tools in the study of Banach spaces, by incorporating neutrosophic components to

capture uncertainty, imprecision, and vagueness in the approximation of elements within these

spaces. We define both strong and weak Neutrosophic Schauder bases and investigate their

properties, convergence behavior, and relationships with classical Schauder bases. Our results

contribute to the understanding of approximation theory in spaces where uncertainty plays a

critical role, offering new insights into both theoretical and applied mathematics, particularly in

areas such as decision theory, optimization, and computational analysis where neutrosophic

logic is increasingly relevant. 

Keywords: Neutrosophic Normed Space, Strong and Weak Schauder bases, Separability,

Approximation Property. 
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1. Introduction and Preliminaries 

Lotfi A. Zadeh[12] invented fuzzy set theory in 1965. In order to address the idea of partial

truth where truth values vary from entirely true to entirely false he put out this 
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hypothesis. When handling uncertain or imprecise data, which traditional binary logic was 

inadequate to handle, this method proved especially helpful. Krassimir T. Atanassov[1][2] 

presented intuitionistic fuzzy set theory in 1986. With the addition of a degree of membership 

and a degree of non-membership, this theory expands upon the traditional fuzzy set theory. 

Florentin Smarandache[10] introduced the concept of neutrosophic sets as an expansion of 

the intuitionistic fuzzy set. He introduced the idea of the neutrosophic set (NS) and the degree 

of indeterminacy as independent components in his 1995 manuscript, which was published in 

1998. This makes it more effective in applications where judgements need to take incomplete 

or uncertain information into account, as it permits a representation of uncertainty and 

imprecision compared to normal fuzzy sets. Fuzzy norms on a linear space were later 

developed by Chun- Kai Cheng and John N. Moderson. Saadati and Park[8] presented the 

idea of intuitionistic fuzzy normed space in 2006. Lately, Jeyaraman and Jenifer[3][4][5] 

developed the idea of neutrosophic normed space.  Palomares et al. and Yılmaz[7][11] have 

recently investigated the idea of Schauder basis and its applications. This idea was developed 

by Mursaleen, Karakaya and Mohiuddine[6] in intuitionistic fuzzy normed spaces. 

 In this work, we define and examine the notions of approximation property, 

separability, and Schauder basis in neutrosophic normed spaces, and we prove some 

associated findings. Here, we also present several fascinating instances that make use of 

classical sequence spaces ℓ𝓅(1 ≤  𝓅 <  ∞). 

The fundamental definitions used in this article are listed below. 

Definition 1.1.[4] The 7-tuple (𝒳, 𝜚, 𝜐,𝜛,∗,⋄,⊛) is called Neutrosophic Normed space 

[𝔑𝔑𝔖] if 𝒳 is a linear space, ∗ is a continuous t-norm, ⋄  and ⊛ are continuous t-conorm, 

𝜚, 𝜐 and 𝜛 are fuzzy sets on 𝒳 × (0,∞) fulfils the following conditions: 

 For every 𝔵, 𝓎 ∈ 𝒳 and 𝑠, 𝜆 > 0; 

a) 0 ≤  𝜚(𝔵, 𝜆) ≤ 1;    0 ≤  𝜐(𝔵, 𝜆) ≤ 1;    0 ≤ 𝜛(𝔵, 𝜆) ≤ 1;  

b)  𝜚(𝔵, 𝜆) > 0, 

c) 𝜚(𝔵, 𝜆) = 1  iff if 𝔵 = 0, 

d) 𝜚(∝ 𝔵, 𝜆) = 𝜚 (𝔵,
𝜆

|∝|
)  for each ∝≠  0,  

e) 𝜚(𝔵, 𝜆) ∗ 𝜚(𝓎, 𝑠) ≤ 𝜚(𝔵 + 𝓎, 𝜆 + 𝑠), 

f) 𝜚(𝔵, 𝜆)  ∶   (0,∞) → [0,1]   is continuous, 

g) lim
𝜆→∞

𝜚(𝔵, 𝜆) = 1 and lim
𝜆→0

𝜚(𝔵, 𝜆) = 0, 
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h) 𝜐(𝔵, 𝜆) < 1, 

i) 𝜐(𝔵, 𝜆) = 0 iff 𝔵 = 0, 

j) 𝜐(∝ 𝔵, 𝜆) = 𝜐 (𝔵,
𝜆

|∝|
)  for each  ∝≠  0,  

k) 𝜐(𝔵, 𝜆)  ⋄  𝜐(𝓎, 𝑠) ≥ 𝜐(𝔵 + 𝓎, 𝜆 + 𝑠), 

l) 𝜐(𝔵, 𝜆)  ∶   (0,∞) → [0,1]   is continuous, 

m) lim
𝜆→∞

𝜐(𝔵, 𝜆) = 0 and lim
𝜆→0

𝜐(𝔵, 𝜆) = 1, 

n) 𝜛(𝔵, 𝜆) < 1, 

o) 𝜛(𝔵, 𝜆) = 0 iff 𝔵 = 0, 

p) 𝜛(∝ 𝔵, 𝜆) = 𝜛 (𝔵,
𝜆

|∝|
)  for each   ∝≠  0,  

q) 𝜛(𝔵, 𝜆)  ⊛  𝜛(𝓎, 𝑠) ≥ 𝜛(𝔵 + 𝓎, 𝜆 + 𝑠) 

r) 𝜛(𝔵, 𝜆)  ∶   (0,∞) → [0,1]   is continuous, 

s) lim
𝜆→∞

𝜛(𝔵, 𝜆) = 0 and lim
𝜆→0

𝜛(𝔵, 𝜆) = 1, 

Then   (𝜚, 𝜐,𝜛)   is known  as   Neutrosophic Normed [𝔑𝔑]. 

Example 1.2.[4] Let (𝒳, ‖⋅‖) be a 𝔑𝔖, 𝑝 ∗  𝑞 = 𝑝𝑞, 𝑝 ⋄ 𝑞 = min{𝑝 + 𝑞, 1} and 𝑝⊛ 𝑞 =

min{𝑝 + 𝑞, 1}for all 𝑝, 𝑞 ∈ [0,1]. For all 𝔵 ∈ 𝒳 and every 𝜆 >  0, consider 

𝜚(𝔵, 𝜆) = {

𝜆

𝜆+‖𝔵‖
  𝑖𝑓  𝜆 > 0,

0              𝑖𝑓  𝜆 ≤ 0;  
 𝜐(𝔵, 𝜆) = {

‖𝔵‖

𝜆+‖𝔵‖
  𝑖𝑓  𝜆 > 0,

1              𝑖𝑓  𝜆 ≤ 0;  
 𝜛(𝔵, 𝜆) =

{
‖𝔵‖

𝜆
  𝑖𝑓  𝜆 > 0,

1              𝑖𝑓  𝜆 ≤ 0;  
  

Then (𝒳, 𝜚, 𝜐, 𝜛,∗,⋄,⊛) is a 𝔑𝔑𝔖. 

Definition 1.3. Let (𝒳, 𝜚, 𝜐,𝜛,∗,⋄,⊛) be a 𝔑𝔑𝔖 with the property that 𝜚(𝔵, 𝜆) > 0, 𝜐(𝔵, 𝜆) <

1 and 𝜛(𝔵, 𝜆) < 1 implies 𝔵 = 0 for all 𝜆 ∈ ℝ. Also, let ‖𝔵‖𝛼 = inf{𝜆 >  0 ∶  𝜚(𝔵, 𝜆) ≥ 𝛼 ,

𝜐(𝔵, 𝜆) ≤  1 −  α and 𝜛(𝔵, 𝜆)  ≤  1 −  α}, for all 𝛼 ∈ (0,1). Then {‖⋅‖𝛼: 𝛼 ∈ (0,1)} is an 

ascending family of norms on 𝒳. These are referred to as α-norms on 𝒳 corresponding to 

𝔑𝔖 (𝜚, 𝜐, 𝜛). 

2. Topological Concepts with Weak and Strong in 𝕹𝕹𝕾 

Definition 2.1. Let (𝒳, 𝜚, 𝜐,𝜛,∗,⋄,⊛) be a 𝔑𝔑𝔖. Then, a sequence (𝔵𝔪) is said to be  
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(i) Weakly neutrosophic convergent(𝒲𝒩𝒞) to 𝔵 ∈ 𝒳 iff, for every 𝜀 > 0 and 

𝛼 ∈ (0,1), ∃ some 𝔧0 = 𝔧0(𝛼, 𝜀) : 𝜚(𝔵𝔪 −  𝔵, 𝜀)  ≥  1 –  𝛼, 𝜐(𝔵𝔪 −  𝔵, 𝜀)  ≤  𝛼 

and 𝜛(𝔵𝔪 −  𝔵, 𝜀)  ≤  𝛼 for all 𝔧 ≥ 𝔧0.  

In particular, 𝔵𝔪  
𝒲𝒩𝒞
→   𝔵 is written. 

(ii) Strongly neutrosophic convergent(𝒮𝒩𝒞) to 𝔵 ∈ 𝒳 iff, for every 𝛼 ∈ (0,1), ∃ 

some 𝔧0 = 𝔧0(𝛼) : 𝜚(𝔵𝔪 −  𝔵, 𝜆) ≥ 1 − 𝛼, 𝜐(𝔵𝔪 −  𝔵, 𝜆) ≤ 𝛼 and  𝜛(𝔵𝔪 −

 𝔵, 𝜆) ≤ 𝛼 for all 𝜆 >  0. 

 In particular, 𝔵𝔪  
𝒮𝒩𝒞
→  𝔵 is written.  

Through α-norms, the (𝒲𝒩𝒞) and (𝒮𝒩𝒞)-limit are characterised by the following finding. 

Proposition 2.2. Let (𝔄, 𝜚1, 𝜐1, 𝜛1,∗,⋄,⊛) and (𝔅, 𝜚2, 𝜐2, 𝜛2,∗,⋄,⊛) be two 𝔑𝔑𝔖𝔰 and 𝔣: 𝔄 →

𝔅 be a mapping. Then  

(i) (𝒲𝒩𝒞) − lim
𝔵→𝔵0

𝔣(𝔵) = 𝔏 iff, for every 𝛼 ∈ (0,1)  lim
‖𝔵−𝔵0‖𝛼

(1)
→0

‖𝔣(𝔵) − 𝔏‖𝛼
(2) = 0 

(ii) (𝒮𝒩𝒞) − lim
𝔵→𝔵0

𝔣(𝔵) = 𝔏 iff, lim
‖𝔵−𝔵0‖𝛼

(1)
→0

‖𝔣(𝔵) − 𝔏‖𝛼
(2) = 0 uniformly in α,    

where ‖⋅‖𝛼
(1)

 and ‖⋅‖𝛼
(2)

 are 𝛼-norms of the 𝔑𝔑𝔰 (𝜚1, 𝜐1, 𝜛1) and (𝜚2, 𝜐2, 𝜛2), respectively.  

Proof. Now, we establish case (ii). Assume that (𝒮𝒩𝒞) − lim
𝔵→𝔵0

𝔣(𝔵) = 𝔏. For a given 𝜀 > 0, ∃ 

some 𝜗 =  𝜗(𝜀)  >  0 : 

𝜚2(𝔣(𝔵)  −  𝔏, 𝜀) ≥  𝜚1(𝔵 −  𝔵0, 𝜗),   

𝜐2(𝔣(𝔵) −  𝔏, 𝜀) ≤  𝜐1(𝔵 −  𝔵0, 𝜗),  

𝜛2(𝔣(𝔵) −  𝔏, 𝜀) ≤  𝜛1(𝔵 −  𝔵0, 𝜗),  for all 𝔵 ∈  𝔄.  

For each 𝛼 ∈ (0,1), if  

‖𝔵 − 𝔵0‖𝛼
(1) = inf{𝜆 > 0: 𝜚1(𝔵 − 𝔵0, 𝜆)} ≥  𝛼, 𝜐1(𝔵 − 𝔵0, 𝜆)  ≤  1 –  𝛼 and 𝜛1(𝔵 − 𝔵0, 𝜆)  ≤

 1 –  𝛼} <  𝜗  then 𝜚1(𝔵 − 𝔵0, 𝜗) ≥ 𝛼, 𝜐1(𝔵 − 𝔵0, 𝜗) ≤ 1 − 𝛼 and 𝜛1(𝔵 − 𝔵0, 𝜗) ≤ 1 − 𝛼.  

Hence 𝜚2(𝔣(𝔵) − 𝔏, 𝜀)  ≥ 𝛼 , 𝜐2(𝔣(𝔵) − 𝔏, 𝜀) ≤ 1 − 𝛼 and 𝜛2(𝔣(𝔵) − 𝔏, 𝜀) ≤ 1 − 𝛼 and so 

that ‖𝔣(𝔵) −  𝔏‖𝛼
(2)
< 𝜀.  
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Because 𝜗 is independent of 𝛼, we obtain lim
‖𝔵− 𝔵0‖𝛼

(1)
‖𝔣(𝔵) − 𝔏‖𝛼

(2) = 0 uniformly in 𝛼. 

Conversely, let lim
‖𝔵− 𝔵0‖𝛼

(1)
‖𝔣(𝔵) − 𝔏‖𝛼

(2) = 0 uniformly in 𝛼.  

Given 𝜀 > 0, ∃ some 𝜗 =  𝜗(𝜀)  >  0 : ‖𝔵 − 𝔵0‖𝛼
(1) <  𝛿 implies ‖𝔣(𝔵) − 𝔏‖𝛼

(2) < 𝜀 ∀ 𝔵 ∈  𝒳 

and 𝛼 ∈ (0,1). Decide on some 𝜆 <  𝜚1(𝔵 − 𝔵0, 𝜗), 𝜆 >  𝜐1(𝔵 − 𝔵0, 𝜗) and 𝜆 >

𝜛1(𝔵 − 𝔵0, 𝜗).  

Since 𝜚1(𝔵 − 𝔵0, 𝜗) = sup{𝛼 ∈ (0,1): ‖𝔵 − 𝔵0‖𝛼
(1)
< 𝜗}, there are some 𝛼0 ∈ (0,1) such 

that 𝜆 <  𝛼0 and ‖𝔵 − 𝔵0‖𝛼0
(1) < 𝜗.  Hence ‖𝔣(𝔵) − 𝔏‖𝛼0

(2) < 𝜀 by the hypothesis, that is, 

𝜚2(𝔣(𝔵)  −  𝔏, 𝜀) ≥ 𝛼0 >  𝜆, 𝜐2(𝔣(𝔵)  −  𝔏, 𝜀) ≤  1 − 𝛼0 < 1 − 𝜆,   

𝜛2(𝔣(𝔵)  −  𝔏, 𝜀) ≤  1 − 𝛼0 < 1 − 𝜆.        

So, we get 𝜚2(𝔣(𝔵) −  𝔏, 𝜀)  ≥  𝜚1(𝔵 − 𝔵0, 𝜗), 𝜐2(𝔣(𝔵)  −  𝔏, 𝜀)  ≤  𝜚1(𝔵 − 𝔵0, 𝜗) and 

𝜛2(𝔣(𝔵)  −  𝔏, 𝜀)  ≤  𝜚1(𝔵 − 𝔵0, 𝜗). 

Proposition 2.3. Let (𝒳, 𝜚, 𝜐,𝜛,∗,⋄,⊛) be a 𝔑𝔑𝔖 and let (𝔵𝔨) be a sequence in the 𝔑𝔖 

(𝒳, 𝜚, 𝜐,𝜛,∗,⋄,⊛). Then  

(i) 𝔵𝔨  
𝒲𝒩𝒞
→   𝔵 iff  lim

𝔨 →∞
‖𝔵𝔨 −  𝔵‖𝛼 =  0 for every 𝛼 ∈ (0,1)    

(ii) 𝔵𝔨  
𝒮𝒩𝒞
→  𝔵 iff  lim

𝔨→∞
‖𝔵𝔨 −  𝔵‖𝛼 = 0 uniformly in 𝛼,     

where ‖⋅‖α are 𝛼-norms of the 𝔑𝔑𝔖 (𝜚, 𝜐,𝜛) .  

The proof is obvious from Proposition (2.2).   

Definition 2.4. Let (𝒳, 𝜚, 𝜐,𝜛,∗,⋄,⊛) be a 𝔑𝔑𝔖. The 𝒮𝒩(𝒲𝒩)-closure of a subset 𝒴 in 

𝔑𝔑𝔖 (𝒳, 𝜚, 𝜐,𝜛,∗,⋄,⊛) is the set of all 𝔵 ∈  𝒳, ∃ a sequence (𝔵𝑛)  ∈  𝒴 : 𝔵𝑛  
𝒮𝒩(𝒲𝒩)
→      𝔵. Here, 

we write  𝒴̅𝒮𝒩(𝒴̅𝒲𝒩). 𝒴 is said to be 𝒮𝒩(𝒲𝒩)-closed whenever 𝒴̅𝒮𝒩(𝒴̅𝒲𝒩) = 𝒴.   

It's simple to observe that  𝒴̅𝒮𝒩 ⊆ 𝒴̅𝒲𝒩.  

Example 2.5. Let (𝒳, 𝜚, 𝜐,𝜛,∗,⋄,⊛) be a 𝔑𝔑𝔖.  Let 𝒳 = ℝ and 
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𝜚(𝔵, 𝜆) = {

𝜆−|𝔵|

𝜆+|𝔵|
     𝑖𝑓  𝜆 > |𝔵|,

0              𝑖𝑓  𝜆 ≤ |𝔵|;  
  𝜐(𝔵, 𝜆) = {

2|𝔵|

𝜆+|𝔵|
      𝑖𝑓  𝜆 > |𝔵|,

1              𝑖𝑓  𝜆 ≤ |𝔵|,
   

𝜛(𝔵, 𝜆) = {

2|𝔵|

𝜆−|𝔵|
     𝑖𝑓  𝜆 > |𝔵|,

 1            𝑖𝑓  𝜆 ≤ |𝔵|,
    

on 𝒳. Let 𝑇𝒳 = {𝔵 ∈ 𝒳 ∶  |𝔵| <  1} and we prove that  𝑇̅𝒳
𝒲𝒩 = 𝒴𝒳 = {𝔵 ∈  𝒳 ∶  |𝔵| ≤  1}. For 

every 𝔵 ∈  𝒴𝒳, ∃ a sequence (𝔵𝑛)  ⊂  𝑇𝒳 : ‖𝔵𝑛 −  𝔵‖𝛼 →  0 as 𝑛 →  ∞, for each 𝛼 ∈ (0,1).  

To achieve this, take 𝔵𝑛 = (1 −
1

𝑛+1
) 𝔵 since each 𝔵𝑛 ∈  𝑇𝒳 and  

‖𝔵𝑛 − 𝔵‖𝛼 =
1+𝛼

1−𝛼
|𝔵𝑛 −  𝔵| < (

1+𝛼

1−𝛼
)

1

𝑛+1
→ 0   𝑎𝑠 𝑛 → ∞, for each 𝛼 ∈ (0,1).  

However,  𝑇̅𝒳
𝒮𝒩 = 𝑇𝒳.  In fact for 𝔵 ∈  𝑇̅𝒳

𝒮𝒩, ∃ (𝔵𝑛)  ⊂  𝑇𝒳 : ‖𝔵𝑛 −  𝔵‖𝛼 →  0 as 𝑛 →  ∞, 

uniformly in 𝛼. As a result, given 𝜀 > 0, ∃ an integer 𝑛∘(𝜀) > 0 : ∀ 𝛼 ∈ (0,1) and 𝑛 ≥  𝑛∘ , 

‖𝔵𝑛 − 𝔵‖𝛼 < 𝜀.      

However, |𝔵| ≤  |𝔵𝑛 −  𝔵| + |𝔶𝑛| <  |𝔵𝑛 −  𝔵| + 1 = (
1−𝛼 

1+𝛼
) ‖𝔵𝑛 −  𝔵‖𝛼 + 1 < (

1−𝛼

1+𝛼
)  𝜀 + 1,   

∀ 𝛼 ∈  (0,1) and 𝑛 ≥  𝑛∘. Let 𝜀 → 0 and hence 𝛼 →  1, we get |𝔵|  <  1.  

∴  𝑇̅𝒳
𝒮𝒩 ⊆ 𝑇𝒳.  

Definition 2.6. A subset 𝔊 of a 𝔑𝔑𝔖 (𝒳, 𝜚, 𝜐,𝜛,∗,⋄,⊛) is called dense (𝔇) in  

(𝒳, 𝜚, 𝜐,𝜛,∗,⋄,⊛) iff  𝔊̅(𝒮𝒩)(𝔊̅(𝒲𝒩)) = 𝒳.  

Definition 2.7. Let (𝒳, 𝜚, 𝜐,𝜛,∗,⋄,⊛) be a 𝔑𝔑𝔖. If the 𝔑𝔑𝔖 has a countable dense (𝒞𝔇) 

subset then it is called separable.  

That is, ∃ a countable set {𝔵𝔨} : for each 𝜀 > 0 and  𝔵 ∈ 𝒳, there is at least one 𝔵𝑛 with 

𝜚(𝔵𝑛 − 𝔵, 𝜀) ≥ 1 − 𝛼, 𝜐(𝔵𝑛 − 𝔵, 𝜀) ≤ 𝛼 and 𝜛(𝔵𝑛 − 𝔵, 𝜀) ≤ 𝛼, for 𝛼 ∈  (0,1). 

Theorem 2.8. There is separability for all finite dimension 𝔑𝔑𝔖.  

Proof. Let be a finite dimension 𝔑𝔑𝔖 (𝒳, 𝜚, 𝜐,𝜛,∗,⋄,⊛) and let be a basis of  {𝑏1, 𝑏2, … 𝑏𝑛}. 
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Since 𝔔𝕂 is a countable subset of 𝕂, as a result,  𝔇𝑛 = {∑ 𝛼𝑗  𝑏𝑗: 𝛼𝑗 ∈ 𝔔𝕂
𝑛
𝑗=1 }   is countable 

subset (𝒞𝒮) of span {𝑏1, 𝑏2, … , 𝑏𝑛} = 𝒳. 𝔇 is dense in (𝒳, 𝜚, 𝜐,𝜛,∗,⋄,⊛) as well. Observing 

this, let 𝔵 ∈  𝒳 and 𝜀 > 0. Let 𝛾1, … , 𝛾𝑛 be scalars : 𝔵 = ∑ 𝛾𝑗𝑏𝑗
𝑛
𝑗=1 .  

Due to denseness of 𝔔𝕂 in 𝕂, ∃ 𝛼1, 𝛼2, … , 𝛼𝑛in 𝔔𝕂 : 

𝜚 (𝛾𝑗 − 𝛼𝑗 ,
𝜀

|∑ 𝑏𝑗
𝑛
𝑗=1 |

) ≥ 1 − 𝛼, 𝜐 (𝛾𝑗 − 𝛼𝑗 ,
𝜀

|∑ 𝑏𝑗 
𝑛
𝑗=1 |

) ≤ 𝛼 and 𝜛(𝛾𝑗 − 𝛼𝑗 ,
𝜀

|∑ 𝑏𝑗 
𝑛
𝑗=1 |

) ≤ 𝛼    

∀  𝑗 ∈  {1,2, … , 𝑛}. It consequently follows that 

𝜚(𝔵 − ∑ 𝛼𝑗𝑏𝑗 , 𝜀
𝑛
𝑗=1 ) ≥ 𝜚 ((𝛾𝑗 − 𝛼𝑗)∑ 𝑏𝑗 , 𝜀

𝑛
𝑗=1 ) = 𝜚 (𝛾𝑗 − 𝛼𝑗 ,

𝜀

|∑ 𝑏𝑗 
𝑛
𝑘=1 |

) ≥ 1 − 𝛼 .  

Similarly, 𝜐(𝔵 − ∑ 𝛼𝑗𝑏𝑗 , 𝜀
𝑛
𝑗=1 ) ≤ 𝛼 and 𝜛(𝔵 − ∑ 𝛼𝑗𝑏𝑗, 𝜀

𝑛
𝑗=1 ) ≤ 𝛼. 

This indicates that 𝔇 is dense in (𝒳, 𝜚, 𝜐,𝜛,∗,⋄,⊛). 

Theorem 2.9. Any 𝔑𝔑𝔖 with 𝒲𝒩-basis is separable. 

Proof. Let 𝒳 be 𝔑𝔑𝔖 with 𝒲𝒩-basis {𝑏1, 𝑏2, … }. Since 𝒳 = ⋃ 𝒳𝔫
∞
𝔫=1  with  

𝒳𝔫= span {𝑏1, 𝑏2, … , 𝑏𝔫} for every 𝔫 ∈ ℕ is dense in ℌ, it suffices to prove this 𝒳 has a 

countable dense subset (𝒞𝔇𝒮). Let 𝔇𝔫 = {∑ 𝛼𝑗𝑏𝑗: 𝛼𝑗 ∈ 𝔔𝕂
𝔫
𝑗=1 } for all 𝔫 ∈ ℕ. Then 𝔇𝔫 will 

be a 𝒞𝔇𝒮 of 𝒳𝔫. Thus ⋃ 𝔇𝔫
∞
𝔫=1  is a 𝒞𝔇𝒮 of 𝒳. 

3.  Schauder bases in the Banach Spaces  

This section defines 𝒮𝒲𝔑 𝔰𝔠𝔥𝔯 bases.  

Definition 3.1.[9] A sequence (𝔞(𝔫))
𝔫=0

∞
 in  [𝔑𝔏𝔖] normed linear space 𝒳 is called a 

Schauder(𝔰𝔠𝔥𝔯) basis if for every 𝔵 ∈  𝒳, there is a unique sequence (𝔓𝔫)𝔫=0
∞   of scalars : 𝔵 =

∑ 𝔓𝔫𝔞
(𝔫)∞

𝑛=0 , that is, lim
𝔪→∞

‖𝔵 − ∑ 𝔓𝔫𝔞
(𝔫)𝔪

𝔫=0 ‖
𝒳
= 0.  

Definition 3.2. Let a sequence (𝔵𝔫) in the 𝔑𝔑𝔖 (𝒳, 𝜚, 𝜐,𝜛,∗,⋄,⊛). Then, the sequence (𝔵𝔫) 

is called  

(i) 𝒮𝒩- 𝔰𝔠𝔥𝔯  basis of 𝒳 iff ∀ 𝔵 ∈ 𝒳 ∃ a sequence (𝑎𝔫) of scalars : ∑ 𝑎𝔨𝔵𝔨  
𝒮𝒩
→ 𝔵𝔫

𝔨=1 . 

Hence, for  𝛼 ∈  (0,1) ∃ 𝑛∘ = 𝑛∘(𝛼) : 𝔫 ≥ 𝔫∘ implies   
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𝜚(𝔵 − ∑ 𝑎𝔨𝔵𝔨, 𝜆
𝔫
𝔨=1 ) ≥ 1 − 𝛼,   𝜐(𝔵 − ∑ 𝑎𝔨𝔵𝔨, 𝜆

𝔫
𝔨=1 ) ≤ 𝛼 and   𝜛(𝔵 − ∑ 𝑎𝔨𝔵𝔨, 𝜆

𝔫
𝔨=1 ) ≤

𝛼 ∀ 𝜆 > 0,  

(ii) 𝒲𝒩 - 𝔰𝔠𝔥𝔯 basis of 𝒳 iff for all 𝔵 ∈ 𝒳 ∃ a sequence (𝑎𝔫) of scalars∶

∑ 𝑎𝔨𝔵𝔨
𝔫
𝔨=1

𝒲𝒩
→  𝔵. Hence, for each 𝛼 ∈  (0,1) and 𝜀 > 0, ∃ 𝔫∘ = 𝔫∘(𝛼, 𝜀) : 𝔫 ≥ 𝔫∘ 

implies 𝜚(𝔵 − ∑ 𝑎𝔨𝔵𝔨, 𝜀
𝔫
𝔨=1 ) ≥ 1 − 𝛼,   𝜐(𝔵 − ∑ 𝑎𝔨𝔵𝔨, 𝜀

𝔫
𝔨=1 ) ≤ 𝛼 and 𝜛(𝔵 −

∑ 𝑎𝔨𝔵𝔨, 𝜀
𝔫
𝔨=1 ) ≤ 𝛼. 

Proposition 3.3. Let (𝔵𝔨) be a sequence in the 𝔑𝔖 (𝒳, 𝜚, 𝜐,𝜛,∗,⋄,⊛). Then  

(i) (𝔵𝔨) is a 𝒲𝒩 -basis of 𝒳 iff ∀ 𝔵 ∈ 𝒳 ∃ a sequence (𝑎𝔫) of scalars : for each 𝛼 ∈

 (0,1), lim
𝔫→∞

‖𝔵 − ∑ 𝑎𝔨𝔵𝔨
𝔫
𝔨=1 ‖𝛼 = 0;     

(ii) (𝔵𝔨) is a 𝒮𝒩 -basis of 𝒳 iff ∀ 𝔵 ∈ 𝒳 ∃ a sequence (𝑎𝔫) of scalars : lim
𝔫→∞

‖𝔵 −

∑ 𝑎𝔨𝔵𝔨
𝔫
𝔨=1 ‖𝛼 = 0 uniformly in α,  

where ‖⋅‖𝛼  denotes 𝛼-norms of the 𝔑𝔑𝔖 (𝜚, 𝜐, 𝜛). 

Definition 3.4. The mappings 𝔭𝔫: 𝒳 → ℝ such that 𝔭𝔫(𝔵) = 𝔭𝔫(∑ 𝑎𝔨𝔵𝔨
∞
𝔨=1 ) = 𝑎𝔫, 𝔮𝔫: 𝒳 → 𝒳 

: 𝔮𝔫(𝔵) = 𝔮𝔫(∑ 𝑎𝔨𝔵𝔨
∞
𝔨=1 ) = ∑ 𝑎𝔨𝔵𝔨

𝑛
𝔨=1 , 𝔫 = 1,2, … are referred coordinate functional and natural 

projections, respectively, with relation to the 𝒮𝒩(𝒲𝒩) -basis (𝔵𝔫) in 𝒳. 

Proposition 3.5. Let (𝔵𝔫) be a basis in 𝒲𝒩 - complete 𝔑𝔖 (𝒳, 𝜚, 𝜐,𝜛,∗,⋄,⊛). Then each 𝔭𝔫 

and 𝔮𝔫 is 𝒲𝒩 - continuous. 

Proof. Due to Proposition (3.3), (𝔵𝔫) is also a 𝔰𝔠𝔥𝔯 basis in the Banach space (𝒳, ‖⋅‖𝛼) for 

each 𝛼 ∈  (0,1). Thus 𝔭𝔫: (𝒳, ‖⋅‖𝛼)  → ℝ : 𝔭𝔫(𝔵) = 𝔭𝔫(∑ 𝑎𝔨𝔵𝔨
∞
𝔨=1 ) = 𝑎𝔫, 𝔮𝔫: (𝒳, ‖⋅‖𝛼)  →

(𝒳, ‖⋅‖𝛼)  : 𝔮𝔫(𝔵) = 𝔮𝔫(∑ 𝑎𝔨𝔵𝔨
∞
𝔨=1 ) = ∑ 𝑎𝔨𝔵𝔨

∞
𝔨=1  are continuous. Consequently, for any n, the 

mappings are 𝒲𝒩 -continuous. 

Remark 3.6. Clearly, if (𝔵𝔫) is an 𝒮𝒩 - basis of 𝒳 then it is 𝒲𝒩 -basis of 𝒳, nevertheless, 

not in the other way. Let's take the following case as an illustration of the converse part. 

Example 3.7. Let (𝒳, 𝜚, 𝜐,𝜛,∗,⋄,⊛) be a 𝔑𝔑𝔖 and let 𝒳 = ℓ𝓅(1 ≤  𝓅 <  ∞), the Banach 

space of all absolutely 𝓅-summable sequences having the norm ‖𝔵‖𝓅 = (∑ |𝔵𝑘|
𝓅

𝑘 )
1

𝓅. With the 

norm ‖𝔵‖𝓅 = (∑ |𝔵𝑘|
𝓅

𝑘 )
1

𝓅, 𝒳 = ℓ𝓅(1 ≤  𝓅 <  ∞), be the Banach space of all absolutely 𝓅 -

summable sequences, and let (𝒳, 𝜚, 𝜐,𝜛,∗,⋄,⊛) be a 𝔑𝔑𝔖. 
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Take into consideration 

𝜚(𝔵, 𝑡) = {

𝜆−‖𝔵‖𝓅

𝜆+‖𝔵‖𝓅
     𝑖𝑓  𝜆 > ‖𝔵‖𝓅 ,

0              𝑖𝑓  𝜆 ≤ ‖𝔵‖𝓅;  
  𝜐(𝔵, 𝑡) = {

2‖𝔵‖𝓅

𝜆+‖𝔵‖𝓅
      𝑖𝑓  𝜆 > ‖𝔵‖𝓅,

1              𝑖𝑓  𝜆 ≤ ‖𝔵‖𝓅 ,
  

𝜛(𝔵, 𝑡) = {

2‖𝔵‖𝓅

𝜆−‖𝔵‖𝓅
      𝑖𝑓  𝜆 > ‖𝔵‖𝓅 ,

1              𝑖𝑓  𝜆 ≤ ‖𝔵‖𝓅,
 on 𝒳.  

Since it meets condition of definition (1.1), we can find 𝛼 -norms for the 𝔑𝔑  (𝜚, 𝜐,𝜛).  

Thus  

𝜚(𝔵, 𝜆) ≥ 𝛼 ⟺
𝜆−‖𝔵‖𝓅

𝜆+‖𝔵‖𝓅
≥ 𝛼 ⟺

1+𝛼

1−𝛼
‖𝔵‖𝓅 ≤ 𝜆,  

  𝜐(𝔵, 𝜆) ≤ 1 − 𝛼 ⟺
2‖𝔵‖𝓅

𝜆+‖𝔵‖𝓅
≤ 1 − 𝛼 ⟺

1+𝛼

1−𝛼
‖𝔵‖𝓅 ≤ 𝜆    

  𝜛(𝔵, 𝜆) ≤ 1 − 𝛼 ⟺
2‖𝔵‖𝓅

𝜆−‖𝔵‖𝓅
≤ 1 − 𝛼 ⟺

3−𝛼

1−𝛼
‖𝔵‖𝓅 ≥ 𝜆    

This is clear that  

‖𝔵‖𝛼 = inf{𝜆 > 0: 𝜚(𝔵, 𝜆) ≥ 𝛼, 𝜐(𝔵, 𝜆) ≤ 1 − 𝛼 and  𝜛(𝔵, 𝜆) ≤ 1 − 𝛼} =
1+𝛼

1−𝛼
‖𝔵‖𝓅.  

The sequence (𝑒𝔨)𝔨=1
∞   is now shown to be 𝒲𝒩 -basis rather than 𝒮𝒩 -basis.  

Consider any  𝔵 = (𝔵𝔨) ∈ ℓ𝓅.  

To get 𝔵𝔫 = (0,0, … , 𝔵𝔫+1, 𝔵𝔫+2, … ), put 𝔵𝑛 = 𝔵 − (𝔵1, 𝔵2, … , 𝔵𝑛, 0,0, … ). 

Thus, lim
𝔫
‖𝔵𝔫‖𝛼 =

1+𝛼

1−𝛼
lim
𝔫
‖𝔵𝔫‖𝓅 =

1+𝛼

1−𝛼
lim
𝔫
(∑ |𝔵𝔨|

𝓅∞
𝔨=𝔫+1 )

1

𝓅 = 0 ,where (𝑒𝔨) is 𝒲𝒩 -basis for 

ℓ𝓅. Nevertheless, when α approaches 1, this convergence is not uniform in α since 
(1+𝛼)

(1−𝛼)
𝜖 →

∞. 

Although, this convergence is not uniform in 𝛼 since 
(1+𝛼)

(1−𝛼)
𝜖 → ∞ as 𝛼 →  1.  

Although, if we placed 

𝜚1(𝔵, 𝜆) = {
1            𝑖𝑓  𝜆 > ‖𝔵‖𝓅,

0              𝑖𝑓  𝜆 ≤ ‖𝔵‖𝓅;  
  𝜐1(𝔵, 𝜆) = {

0              𝑖𝑓  𝜆 > ‖𝔵‖𝓅,

1              𝑖𝑓  𝜆 ≤ ‖𝔵‖𝓅,
 and 

6745

"A Study on Strong and Weak Schauder Bases in Neutrosophic Normed Spaces"



𝜛1(𝔵, 𝜆) = {
0              𝑖𝑓  𝜆 > ‖𝔵‖𝓅 ,

1              𝑖𝑓  𝜆 ≤ ‖𝔵‖𝓅 ,
 on 𝒳, then (ℓ𝓅 , 𝜚1, 𝜐1, 𝜛1,∗,⋄,⊛) is a 𝔑𝔑𝔖, and Since 

‖𝔵‖𝛼 = ‖𝔵‖𝓅  for any 𝛼 ∈  (0,1), (𝑒𝔨) is an 𝒮𝒩 -basis for ℓ𝓅. 

 Remark 3.8. Since every 𝔑𝔑𝔖 induces a topology 𝜏 : for some 𝔄 ⊂  𝒳, 𝔄 ∈  𝜏 iff for each 

𝔵 ∈  𝔄 ∃ some 𝜆 >  0 and ∈  (0,1) : 𝔅(𝔵, 𝛼, 𝜆) ⊂ 𝔄, where  

𝔅(𝔵, 𝛼, 𝜆):= {𝔵 ∶ 𝜚(𝔵 −  𝑦, 𝜆) ≥ 1 − 𝛼, 𝜐(𝔵 − 𝑦, 𝜆) ≤ 𝛼 and 𝜛(𝔵 − 𝑦, 𝜆) ≤ 𝛼}.  

Proposition 3.9. The vector space operations are continuous in the topology 𝜏.  

Proof. 𝜏 is the first countable topology of 𝒳, since the family 𝔅(𝔵,
1

𝔫
,
1

𝔫
) : 𝔫 = 1,2,3, … is a 

countable basis at 𝔵. Thus, demonstrating the sequential continuity of the vector space 

operations in 𝜏 suffices. Assume that in the topological space (𝒳, 𝜏), 𝔵𝔫 → 𝔵 and 𝔷𝔫 → 𝔷.  

This means 𝜚 (𝔵𝔫 − 𝔵,
𝜆

2
) , 𝜚 (𝔷𝔫 − 𝔷,

𝜆

2
) , 𝜐 (𝔵𝔫 − 𝔵,

𝜆

2
), 𝜐 (𝔷𝔫 − 𝔷,

𝜆

2
) , 𝜛 (𝔵𝔫 − 𝔵,

𝜆

2
) and  

𝜛(𝔷𝔫 − 𝔷,
𝜆

2
) → 1 as 𝔫 → ∞, for all 𝜆 >  0.  

Now 

𝜚(𝔵𝔫 + 𝔷𝔫 − (𝔵 + 𝔷), 𝜆) ≥ 𝜚 (𝔵𝔫 − 𝔵,
𝜆

2
) ∗ 𝜚 (𝔷𝔫 − 𝔷,

𝜆

2
) → 1 as 𝔫 → ∞, 

𝜐(𝔵𝔫 + 𝔷𝔫 − (𝔵 + 𝔷), 𝜆) ≤ 𝜐 (𝔵𝔫 − 𝔵,
𝜆

2
) ⋄ 𝜐 (𝔷𝔫 − 𝔷,

𝜆

2
) → 0 as 𝔫 → ∞,  

𝜛(𝔵𝔫 + 𝔷𝔫 − (𝔵 + 𝔷), 𝜆) ≤ 𝜛 (𝔵𝔫 − 𝔵,
𝜆

2
)⊛𝜛(𝔷𝔫 − 𝔷,

𝜆

2
) → 0 as 𝔫 → ∞,∀𝜆 >  0.  

Additionally, if 𝔱𝔫  →  𝔱 in ℝ or ℂ, the scalar field of 𝒳, then  

𝜇(𝔱𝔫𝔵𝔫 − 𝔱𝔵, 𝜆) = 𝜇(𝔱𝔫𝔵𝔫 − 𝔱𝔵𝔫 + 𝔱𝔵𝔫, 𝜆) = 𝜇((𝔱𝔫 − 𝔱)𝔵𝔫 + 𝔱(𝔵𝔫 − 𝔵), 𝜆)  

≥ 𝜇 (𝔵𝔫,
𝜆

2|𝔱𝔫−𝔱|
) ∗ 𝜇 (𝔵𝔫 − 𝔵,

𝜆

2|𝔱|
) → 1 as 𝑛 → ∞ 

𝜐(𝔱𝔫𝔵𝔫 − 𝔱𝔵, 𝜆) = 𝜐(𝔱𝔫𝔵𝔫 − 𝔱𝔵𝔫 + 𝔱𝔵𝔫, 𝜆) = 𝜐((𝔱𝔫 − 𝔱)𝔵𝔫 + 𝔱(𝔵𝔫 − 𝔵), 𝜆)  

≤ 𝜐 (𝔵𝔫,
𝜆

2|𝔱𝔫−𝔱|
) ⋄ 𝜐 (𝔵𝔫 − 𝔵,

𝜆

2|𝔱|
) → 0 as 𝔫 → ∞ 

𝜛(𝔱𝔫𝔵𝔫 − 𝔱𝔵, 𝜆) = 𝜛(𝔱𝔫𝔵𝔫 − 𝔱𝔵𝔫 + 𝔱𝔵𝔫, 𝜆) = 𝜛((𝔱𝔫 − 𝔱)𝔵𝔫 + 𝔱(𝔵𝔫 − 𝔵), 𝜆)  
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≤ 𝜛(𝔵𝔫,
𝜆

2|𝔱𝔫−𝔱|
)⊛𝜛 (𝔵𝔫 − 𝔵,

𝜆

2|𝔱|
) → 0 as 𝔫 → ∞     

Here, we demonstrate the separability of a 𝔑𝔏𝔖 with a Schauder basis in accordance with the 

classical results.  

Theorem 3.10. Let (𝒳, 𝜚, 𝜐,𝜛,∗,⋄,⊛) be a 𝔑𝔑𝔖 with 𝒲𝒩 -basis (𝔵𝔫). Then, separability 

exists in (𝒳, 𝜏).  

Proof. Given a rational number 𝔟𝔨 and the condition ∑ 𝔟𝔨𝔵𝔨
𝔫
𝔨=1 , let 𝔈 be the set of all finite 

linear combinations. 𝔈 is obviously countable. Given an arbitrary 𝔵 ∈ 𝒳, a unique sequence 

(𝔞𝔫) of scalars exists. For every 𝜀 > 0 and 𝔞 ∈  (0,1), we can find an integer 𝔫∘ = 𝔫∘(𝛼, 𝜀): 

𝜚(𝔵 − ∑ 𝔞𝔨𝔵𝔨, 𝜀
𝔫
𝔨=1 ) ≥ 1 − 𝛼,   𝜐(𝔵 − ∑ 𝔞𝔨𝔵𝔨, 𝜀

𝔫
𝔨=1 ) ≤ 𝛼 and  𝜛(𝔵 − ∑ 𝔞𝔨𝔵𝔨, 𝜀

𝔫
𝔨=1 ) ≤ 𝛼  

That is, ∀ 𝔫 ≥  𝔫∘, ∑ 𝔞𝔨𝔵𝔨
𝑛
𝔨=1 ∈ 𝔅(𝔵, 𝛼, 𝜀). 

On the other hand, one can build a sequence (𝔟𝔨
𝑖)
𝑖=1

∞
 of scalars that converge to 𝔞𝔨 for each 𝔨.  

It follows that the sequence (∑ 𝔟𝔨
𝑖𝔵𝔨

𝔫
𝔨=1 )

𝑖=1

∞
to ∑ 𝔞𝔨𝔵𝔨

𝔫
𝔨=1  in 𝜏, converges. It follows that an 

element ∑ 𝔟𝔨
𝑖𝔵𝔨

𝔫
𝔨=1  of 𝔈 is included in any 𝔵 -centered 𝜏 -open sphere 𝔅(𝔵, 𝛼, 𝜀).  

Theorem 3.11.  Let (𝔵𝔫) be a basis in 𝒳 and (𝒳, ‖⋅‖) be a normed space. Then, for 𝔑𝔖 

(𝒳, 𝜚, 𝜐,𝜛,∗,⋄,⊛), (𝔵𝔫) is a 𝒲𝒩 -basis, where  

𝜚(𝔵, 𝜆) = {

𝜆

𝜆+‖𝔵‖
     𝑖𝑓  𝜆 > 0,

0              𝑖𝑓  𝜆 ≤ 0;  
  𝜐(𝔵, 𝜆) = {

‖𝔵‖

𝜆+‖𝔵‖
      𝑖𝑓  𝜆 > 0,

1              𝑖𝑓  𝜆 ≤ 0,
 and  

𝜛(𝔵, 𝜆) = {
‖𝔵‖

𝜆
      𝑖𝑓  𝜆 > 0,

1              𝑖𝑓  𝜆 ≤ 0.
        

Proof.  Assuming the norm topology to hold, for any 𝔵 ∈ 𝒳, ∃ a unique sequence (𝔞𝔫) of 

scalars with ∑ 𝔞𝔨𝔵𝔨 → 0
𝔫
𝔨=1  as 𝔫 →  ∞. When 𝔫 ≥ 𝔫∘ implies ‖𝔵 − ∑ 𝔞𝔨𝔵𝔨

𝔫
𝔨=1 ‖ ≤ 𝛿, then for 

every 𝛿 >  0, ∃ an integer 𝔫∘ = 𝔫∘(𝛿).   

Now, for each 𝜀 and 𝛼 ∈  (0,1), take 𝛿 =
𝛼𝜀

(1−𝛼)
. So, ∃ an integer 𝔫∘ = 𝔫∘(𝛿) = 𝔫∘(𝛼, 𝜀) : 

𝔫 ≥  𝔫∘ implies ‖𝔵 − ∑ 𝔞𝔨𝔵𝔨
𝔫
𝑘=1 ‖ ≤

𝛼𝜀

1−𝛼
  iff  

𝜚(𝔵 − ∑ 𝔞𝔨𝔵𝔨, 𝜀
𝔫
𝔨=1 ) =

𝜀

𝜀+‖𝔵−∑ 𝔞𝔨𝔵𝔨
𝔫
𝔨=1 ‖

≥ 1 − 𝛼  
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𝜐(𝔵 − ∑ 𝔞𝔨𝔵𝔨, 𝜀
𝔫
𝔨=1 ) =

‖𝔵−∑ 𝔞𝔨𝔵𝔨
𝔫
𝔨=1 ‖

𝜀+‖𝔶−∑ 𝔞𝔨𝔵𝔨
𝔫
𝔨=1 ‖

≤ 𝛼      

𝜛(𝔵 − ∑ 𝔞𝔨𝔵𝔨, 𝜀
𝔫
𝔨=1 ) =

‖𝔵−∑ 𝔞𝔨𝔵𝔨
𝔫
𝔨=1 ‖

𝜀
≤ 𝛼   

4.  Weak and strong Neutrosophic Approximation Property 

Here, we define the Weak and strong Neutrosophic Approximation Property (𝒮𝒲𝔑𝒜𝒫) and 

demonstrate a few noteworthy findings.  

Definition 4.1. A 𝒲𝒩 -complete 𝔑𝔑𝔖 (𝒳, 𝜚, 𝜐,𝜛,∗,⋄,⊛) is said to possess the 𝒲𝒩-𝒜𝒫 

condition if ∀ 𝒲𝒩 -compact set 𝔎 ⊂ 𝒳 and ∃ an operator 𝔗𝛼: 𝒳 → 𝒳 of finite rank for 

each 𝜀 > 0 and 𝛼 ∈  (0,1): 

 𝜚(𝔗𝛼(𝔵) − 𝔵, 𝜀) ≥ 1 − 𝛼, 𝜐(𝔗𝛼(𝔵) − 𝔵, 𝜀) ≤ 𝛼 and 𝜛(𝔗𝛼(𝔵) − 𝔵, 𝜀) ≤ 𝛼  ∀ 𝔵 ∈  𝔎. 

Definition 4.2.  For every 𝒮𝒩 - compact set 𝔎 ⊂  𝒳 and 𝛼 ∈  (0,1) ∃ an operator 𝔗 ∶  𝒳 →

𝒳 of finite rank, an 𝒮𝒩 -complete 𝔑𝔑𝔖 (𝒳, 𝜚, 𝜐,𝜛,∗,⋄,⊛) is said to have the 𝒮𝒩 - 𝒜𝒫 

feature if: 𝜚(𝔗(𝔵) − 𝔵, 𝜆) ≥ 1 − 𝛼, 𝜐(𝔗(𝔵) − 𝔵, 𝜆) ≤ 𝛼 and 𝜛(𝔗(𝔵) − 𝔵, 𝜆) ≤ 𝛼 ∀ 𝔵 ∈ 𝔎 and 

𝜆 >  0. 

Theorem 4.3. Let (𝒳, 𝜚, 𝜐,𝜛,∗,⋄,⊛) be a 𝔑𝔑𝔖 possessing a 𝒲𝒩 - basis (𝔵𝔫). Then 𝒳 has 

the 𝒲𝒩 - 𝒜𝒫.  

Proof. Let 𝔎 ⊂ 𝒳 be a compact subset of 𝒳 that is 𝒲𝒩. Assume that 𝜀 > 0 and 𝛼 ∈  (0,1). 

Based on the hypothesis, ∃ a unique sequence (𝔞𝔫) of scalars for every 𝔵∈  :  

𝑃𝔫(𝔵) = ∑ 𝔞𝔨𝔵𝔨
𝒲𝒩
→  𝔵𝔞

𝑘=1  as 𝔫 → ∞. Then, ∃ some 𝔫∘(𝛼, 𝜀) : 𝜚(𝑃𝔫(𝔵) − 𝔵, 𝜀) ≥ 1 − 𝛼,

𝜐(𝑃𝔫(𝔵) − 𝔵, 𝜀) ≤ 𝛼, (𝑃𝔫(𝔵) − 𝔵, 𝜀) ≤ 𝛼 ∀ 𝔫 ≥ 𝔫∘. Further, each 𝑃𝔫 has a finite rank in the 

linear space 𝒳 since dim𝑃𝔫(𝔵) =𝔫. Thus, it is possible to interpret each 𝑃𝔫 : 𝔫 ≥ 𝔫∘ as a 

desirable finite rank operator in the formulation.  

Remark 4.4. The 𝒮𝒩 -basis can also be demonstrated by Theorem 4.3. 

5. Conclusion 

In this article we define and investigate the concepts of Schauder basis, separability, 

and approximation property in neutrosophic normed spaces. This work investigates and 

characterizes the concepts of strong and weak approximation property in neutrosophic 

normed spaces, as well as identifies some related results.  
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