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Abstract:

The concept of (a-y)-neutrosophic contractive mappings on neutrosophic double controlled metric
spaces is introduced in this study as a way to extend neutrosophic metric spaces. Triangle
inequalities involve the two non-comparable functions p and ¢ for this reason.

We present some results for contraction mappings with non-trivial examples. Ultimately, our
theoretical work has been utilized to prove the existenc solution of integral integral type operators.
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1. Introduction
The fixed-point theory is based on two fundamental ideas: metric spaces and the Banach contraction
principle. Spaciousness attracts hundreds of researchers with its axiomatic interpretation of metric
space. Over the years, metric spaces have seen several generalizations. Zadeh [26], laid the foundation for
fuzzy mathematics in 1965. This concept takes standard set theory to a higher level of analysis. After then,
the idea received a number of proven improvements, and the reasoning has been used in a variety of
scientific and engineering fields, including the study of approximation theory, linear systems and matrix
theory. Several authors investigated at the theory with its topological aspects from their own angle and
came to some important basic results that seem important when examining the idea in connection
to different other generalized spaces. Kramosil and Michalek [10] initially introduced the concept of fuzzy
metric space and then modified by George and Veeramani [4]. The concept of fuzzy b-metric space was
initially introduced by Nadaban [14] and Kim et al. established a number of fixedpoint results within this
framework. The idea of fuzzy double-controlled metric space was introduced by Saleem et al. [24], and
they also provided an illustration of the Banach contraction principle. Azmi [1] applied (a-y)-contractive
mappings to get certain fixed-point results on double-controlled metrictype spaces. Samet et al. [21],
established the concept of (a-y)-contractive mappings and the aadmissible mappings on complete
metric spaces with different fixed-point theorems. Park [16] defined the notion of Intuitionistic Fuzzy
Metric Space with the help of continuous t-norms and continuous. In 1998, Smarandache[25] developed
the ideas of neutrosophic logic and Neutrosophic Set. The idea of Neutrosophicc Metric Space was
established by Kirisci and Simsek[11] which deals with membership, non-membership and neutralness.
The objective of this work is to expand some fixed point results for contraction mapping and to introduce
(o-y)-contractive mapping in neutrosophic double controlled metric spaces using the approaches described
in [5]. We conclude by an application of findings to integral equation which was motivated by the work
done in [ 5].

2. Preliminaries
Definition 2.1[13] If the binary operation *: [0,1] X [0,1] — [0,1] enjoys the following
axioms, it is named to be a continuous t-norm:
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() 3*x¢=¢x3forall3 ¢ €[0,1];

(i1) * is continuous;

(ii1)) 3* 1 =3, forall 3 € [0, 1];

(iv) * is associative;

(v) Ifg<¢and b <9, with 3,¢,d,9 €[0,1],thenz*d < ¢x* 0.

Definition 2.2 [13] If the binary operation x: [0,1] X [0,1] — [0, 1] fulfils the following claims,
it is referred to as a continuous t-conorm:

(i) 3*¢=¢=*3forall3 ¢ €[0,1];

(ii) * is continuous;

(iii)3* 0=0;

(iv)  is associative;

(v) If3<¢andd < 9, with3,¢,d, 9 €[0,1],thenz* b < ¢* 9.

Definition 2.3 LetZ # @ and *, x are continuous t-norm and continuous t- conorm and 4 > 1bea
given real number, B, € and Q are neutrosophic sets on £2 x (0, o) fulfilling the following assertions.
Then (Z, ‘3, L ﬁ,*, *,) named a Neutrosophic b-Metric Space[NbMS]. For all ¢,a,w € Z and 7,7’ >
0.

(Nb1) B(e,a,7) + (e, a,7) + Q(e,a,7) < 3;

(Nb2) 0 < P(e,a,7);

(Nb3) B(e,a,7) = 1foreveryt >0 e =g

(Nb4) B(e, 8,7) = P(a,¢,7);

Nb3) B (,6,2) + B (a0,2) < Blea,T+7);

(Nb6) P(e,a,.) = (0,00) — [0,1] is continuous;

(Nb7) €(e,0,7) < 1;

(Nb8) €(e,a,7) = 0, forall T € (0,0) & e = g;

(Nb9) €(e,a,7) = (4, ¢,7);

(Nb10) € (e, a, ;—r) * g ((1, m,%) > Q(e,w,T+1');

(Nb11) €(e, d,.) = (0,00) — [0,1] is continuous;

(Nb12) Q(e, 4, 7);

(Nb13) Q(e,4,7) = 0, forall T € (0,0) & e = §;

(Nb14)Q(e, 6,7) = Q(a,¢,7);

(Nb15) @ (e, (1,%) * Q (d,m,%) > Qe,w,7+1");

(Nb16) Q(e, d,.) : (0,00) — [0,1] is continuous.
Definition 2.4
Consider two non-comparable functions p,T' : 2 — [1,00). Let £ be a nonvoid set, and *, * are
continuous t-norm and continuous t-conorm, T §pf and f)pf are neutrosophic sets on £2 X (0, o)
fulfilling the following assertions. Then (E, B T Epf , f,)pf,*, named a Neutrosophic Double controlled
metric space [NDCMS]. For every e, d,b € E and 7,7" > 0.

(1) Bprea,1) +L,5(e,8,7) +Q,r(e,4,7) < 3;

2) 0<B,r(e,a,1);

3) ‘:)v3pf(e, a,7)=1foreveryt >0 e=@

4) B,r(e,8,7) = P,ra,e1);

5) Bpr (e t) * Bpr (0 b,5) < Bprleb 7 +7);

p(ed) " T(e0)
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6) fipf(e, a,.) is continuous from (0, o) to [0,1];

@) Epf (e,0,7) < 1

®) Epf (e,a,7) =0,forallT € (0,0) & e =g

9) &5 (e,8,7) =8, (4,¢1);

(10) Ty (e8,55) * Tor (8b.s) = Tor (6B, 7 +7);
(11) 8,5 (e,4,.) : (0,00) - [0,1] is continuous;

(12) Q,5(e,6,7);

(13) ﬁpf(e, a,7) =0, forallT € (0,00) & ¢ = ¢

(14) Q,5(e,6,7) = Q,r(a,¢,7);
= o T
(15) Gy (66 ) * Qpr (8,6, —5) = (e b, +7);
(16) ﬁpf(e, a,.) : (0,0) — [0,1] is continuous.
Remark 2.5

Taking p(e, &) = (e, @) = 4, one may see that the class of NDCMS spaces is a super space of class of
neutrosophic b-metric spaces. Additionally, assuming & =1, the class of NbMS is effectively superior
to neutrosophic metric spaces.

Example 2.6 Let E = [0,1], and define p, T : E2 - [1,0) by p(e, @) = 2(e + @) and ['(e,a) = 2(e? +

—(e-1)? —(e—-d)? e—a)?

a2 +1). Let B,r(ea1)=e = , 8,r(ea,1)=1- e% and Q,r(e,4,17) = e( > 1,
foralle,d,b € E and 7,7’ > 0. Then (5, B, 5, €, 1, Q,5*, %) is an NDCMS with the triangular norm
e*a=ed and triangular co-norm e * @ = max{e,a}. We need check the triangle inequality only,

because remaining conditions are straightforward.
—(e—)? —(e—a)?

- R T T —(e—d)2 —(e—c'(,)Z
inf e, a’m =g pld) =g 26+d) < T <e ttr

—(a=b)? —(a=b)?

~ - T = 2(a2+0 le -y’ G0k
Y — T(ab) = p2(a2+b2+1 7 !
Moreover, B, ¢ ( a,b, F(a,B)) = e T(@h) =p2(a ) <e v <e it
_ —(e- b) —(e—a+a—b)° _(e—)? —(a-b)> _ .
Observe ‘B (e bT+7T ) —e it = = e 1 e > "Bpf (e, -.p(ea))
‘Bpr(a b F(ano))
()2 —(e—i)2
_ ‘ . (era) (eTu) Ceea)? —(e—i)?
QP,F (e, (l'p(e (1)) =g rd =g 26t) < e T <e T+
—(a b) —(a-5)*
_ o T ~(a=8)* -(a-5)*
Moreover, &,7( 6,b,=—=)=1—c¢ (“b) =1-e20d®+%+) < 1 —e 7 <1—e =7 .
> P T(ab)
—(e— b) —(e—d+d—B)2 —(e—a)? _(d_i’)z
Observe Lr(ebt+1)=1-ewd =1-¢ = <max{l—e * ,1—ewd } 2
L,F (e a, o )) Bpf ( a,b, _F_(d,6)>'
(e=8)” (+-)°

o 7 (a=b)* —(a-5)*

~ . T, 4
- — 5 I(ab = p2(a24b2+1) — I A — 7
Qp'r(a,m,f(d‘ﬁ)) e T@h) — 1= g2( )—1<e = 1<1-—e¢

(e=5)* (e-a+i—b)” (e-)2 (a-5)°
Observe pr(ebr+r)—er+r —1=e =’ —1<max{e + —1lewd —1} =

Qo F (e a, e )) f.lpf<a, b, m) Thus, (E, ‘Iipf, Epf, f)pf,*, *) is a NDCMS, which is not a
NbMS.
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— —(e-)?2 —(e—a)?
Example 2.7 LetZ = [0,1] and let & = 4. Define B(e,a,7) =e = ,,8(e,q,7) =1—€e * and
(=02 . ~ ~ ~
Q(e,a,7) =e © —1,foralle,db € Zandt > 0. Then (E,B, & Q,*, *, 4) is an NbMS that is not a
neutrosophic metric space. We need only prove (Nb5), (Nb10) and (Nb15), because the remaining

conditions are straightforward.

(e'i’),z ek +4(d'i’),2 < e | D)
T+T T+7T T+7T " TZ

—(e —(e=1)2 —(a ’
Hence, ‘B(e bTt+7T ) =e (r+rb) >e (r : e (r’b) > %(e,d,ﬁ) *‘3(&,5,%).
This shows that (£, B, €, Q,*, *, &) is a NbMS that is not a neutrosophic metric space.
Definition 2.8 Let (Z, B T ﬁpf, ﬁpf,*, x) be a NDCMS. Then the following:
1. If ngg ‘Fﬁpf(ei, e, 7)) =1, Lll)r?o §pf (e, e, T) =0 and }Lrglo ﬁpf(ei,e, 7) = 0 then the
sequence {e;} converges to ¢ belongs to =
2. A sequence {e;} is called Cauchy, ‘fﬁpf(ei, eivjy T) =1, Epf (e ei4j, T) =0 and
ﬁpf(ei, ei+j, 7) = 0, foreachi,j € Nand 7 > 0.
3. If every Cauchy sequence is convergent in (£, B, 7, £, 5, Q, %, *), then it is named
complete NDCMS.
4. The open ball B( ey, 1, T) with centre egand radius v € (0,1) and 7 > 0 is defined as
follows:
B(eg,1,7) ={e € Z:P,r(ere,7) > 11,85 (e,6,7) <rand Q,r(es e, 7) <t}
Definition 2.9 Let (Z, ‘I?pf, Epf, ﬁpf,*, x) be a NDCMS. (&, ‘I?pf, ﬁpf, ﬁpf,*, *) 1is referred to be
triangular if it fulfils the condition that is stated below :

(mp (ebr) DE (‘Bp “(ear) ) + (m 1), (1)
8,r(eb1)=8,5(e,6,7) + 8,5 (4b,7)and @)
ﬁpﬂr(e' B' T) 2 ﬁpf(e' d' T) + ﬁplf( d’ B’ T). (3)

Lemma 2.10 Let {¢;} be a Cauchy sequence in NDCMS (E, ‘Iﬁpf, Eplr, Qp r*, *) such that e; # ¢;
whenever i, j € N. Then, limit point of the sequence {e;} is unique.

Main Results
Definition 3.1 Let (5, ‘:f;pf, ﬁp,l"' Dp 1%, *) be a NDCMS. If there exists a: Z2 X (0,0) — [0, ),
such thatforallt > 0,e,a € E, a(e,a,7) = 1= a(Je, Ja, ) = 1. 4 Then

we say that J : E — Eis a- admissible.

Let & denote the family of all right continuous function ¥ : [0, ) — [0, 00) with W(x) < t forall t >

0.

Remark 3.2 Forany W € &, then lim W™ (x) = 0, for all r > 0, where W" is the n-th iterate of V.
n—oo

Definition 3.3 Let (Z, Sfipf, ﬁpf, flpf,*, *) be aNDCMS, and we say that J : £ = E is a NDCMS,
and we say J : Z — E is an (¢ — W)- Neutrosophic contractive mapping if there exists two functions
YeF anda : E2 X (0,0) - [0,0) such that a(e,a,T) (=

—‘B g~V =YG ro ( s NG
a(e,a,7) 8,5 (Je,Jb,7) < W(E,r (e,6,7)) (6)
a(e,a,7) Q,r(Je, Ib,7) < ¥(Q,5(e b,7)) (7)

foralle,a,b € Zand 7 > 0.
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Theorem 3.4 Let (2, P, 8,5, Q, 1% *) be a complete NDCMS, p, T : £2 - [1,%) are two non-

comparable functions, where 0< § < 1.Let J: E— E be a (a¢ —¥)- Neutrosophic contractive
mapping, for some W € , fulfills the requirements listed below:

J is a- admissible,

There exists eg € Z such that a(eg, Jag,t) = 1 forall T > 0,

J 1s continuous,

For any e € E, both lll)rg p(e;,e), and 7{1_{{)10 [(e;, ) exists and are finite, where the sequence {e;}

bl N e

is defined as ¢; = J"e, for some ¢y € E. ®)
Then, J admits a fixed point.

Proof. Let ey € E so that a(eg, Jag,7) = 1forallT > 0, and we have a sequence {e;} in E
with e; = J™e,, forall i € N.

Note that if e; = ¢;,; for some j € N, then this implies that J™e, is a fixed point of the mapping
J. Thus, without loss of generality, we may assume that e; # e;,; for every i € N.

According to the hypothesis, a(ey, e1,7) = a(eg, Jeo, T) = 1, as J is a- admissible, this implies
that a(Jeq, Je1,T) = a(eq, 5, T) = 1. By induction, we get

a(e;, e;41,7) = 1, forevery i € N, and for every 7 > 0. 9

Thus, using equation (5), (6), (7) and (9), we obtain

1 1 1
- - - = - - = < 7 H - - =
Bprleieirs,0) b (‘Bpf(ﬂei—pﬂeiﬁ) D= a(eiy, e 7) (‘Bp,l’"(ﬂei—yﬂeiﬂ) D
1 .

< Y(———-—

<V TG 1), repeating the process.

< YW(E————— 1) =P (——— 1) (10)

- PBprlei-1,60T) B r(ei-2.i-1,T)

<SP (— 1),

‘Bpf(eo.eb‘f)

Utilizing the fact that lim ¥"(r) = 0O andandr = = 1 — 1. Letting i — oo in equation (10).
n—oo g‘Bp‘f(QOJeer)
we get lim ‘ﬁp’f(eo, e, 7) =1 forallt > 0. (11)
L—>00

8o (e einn, 1) = 85 (Jeimq, Jei, 1) < alei—1, ¢, 1)L, 5 (Jei—1, Je, 7)
<v (f!pf (e;—1, €;, 7)), repeating the process.
SWW @ (o1, €,7) = P2(L)r (-2, ¢-1,7))
< W@, 1 (ep,e1,7)). (12)
Using the fact that rlll_{rc}o Y1 (yx) =0andand r = Epf (eg,e1,T) . Letting i — oo in equation (12).

we obtain lllglo Epf (eg, ¢1,7) =0 forallT > 0. (13)

Qor(eneirn, ) = Qyr(Jeir, JeuT) < alei—q, e, 1R, r(Jei—1, Jei, )
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<y (ﬁpf(ei_l, e;, T)), repeating the process.

<SP (Q,r(eim1, €,1) = P2(Q,r(ei-2,¢1-1,7))

< W(Q,r(eo €1, 7). (14)
Using the fact that lim Y™ (r) = 0andand r = ﬁpf(eo, eq, 7). Letting i — oo in equation (14).
n—-oo
we obtain llgg ﬁpf(eo, e1,7) = 0 forevery T > 0. (15)

Foranyi,j € N, with j > i, then

7 7

= . . 2
Borlenent) =B, el eieiv,—"——<|*B, 5| eir1, 6 =———
pr(t:67) PEN T pleseign) PR\ T Tersnr )

T T
~ - o~ _2
=B, rlene —) e; = .
“Bp,r( i+l p(eieire) ;-B €i+1, €42/ P(ei+1,ei+z)F(ei+1.ej)

(ei+2,5) >

T T
& 2 & 2z
= T\ €€ —> e; 2”_
sBp'F ( DD Tegeirn) SB Cirr Cive pleit1eir2)l(ei1.e))

|~

ol

— .
* q; - . P =
pr (el”' A T(eiv1.e))

T T
& 53 & 53
* By | Civar e . *PB,rle — ,
p,F< 2, T3 p(ei+2,ei+3)l"(ei+1,ej)> pT | Ci+3 G T(eir1.e/)T(eir2.ejyTeirzie))

T

~ ~ ~ T
PB,rle,e,7) =P f(e-,e-ﬂ,—) *x 3 f<e-+2,e-+3, = )*
P (cir¢5.7) PR 2p(eg €041) P 23p(eisr, iv)T(eir1 €f)

T
rlei—2,¢-1,77 = = = *
F( 2 1'21_1p(e]-_z,e]-_1)F(ej_2,ej)F(ej_3,ej)...F(ej+1,e]-)>

Tor (g T ) ao
S "T(ej-1,6/)T(ej—2:¢j)T(ej-3.¢))--T(ejs1,e5)
T T
. . z . z
8 (ene,7) <8 r | epeipr,———— | * 85 | tir1, ¢ =———
p, I \Vir &) —= ~p,I' i+l p,I’ i+1, %)
p(ei,eir1) NP ej)
T T
~ 5 ~ >z
SB—(e-e- ;)*B— €i11,€; =
PE ATV L pieieirs) p I\ FiHlr FiA2) p(ei+1.ei+2)l(ei41.5)
2
*@ =|e e ——
pr ( i+2:¢ J’ T(ejy1.e )F(el+2'e1)>
T
<g (e €11 ) E €i11,¢12 2z
=*pT b (el.'el.+1) it P(9i+1rei+2)r(ei+1rej)

T
= 53
*Q 7| eyn e 2, *
p.r ( 2 T3 p(ei+z.ei+3)l'(eiv1.e)

T

= >3

2,7 (e 2
pr i+3 J’ F(el+1'e])F(el+2'e])r(el+3rej)
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- - T
g rlene, 7)< & r (e',€'+1.—>
pr (¢0& ) < Lpr (ewe 2p(e;, ei41)

~ T ~ T
* 8,5 (ei+1: €i+2, = ) * 8T (ei+2:ei+3v = > X
P 22p(ei1, ei+2)T(eir1,¢)) 23p(eis1r i+2)T(erh1,¢))

[ —(e-_ €1, = — _ )*
P \T=22T71 2072 p(ej s .0j-1)T(ej-20 )T (ej-3.)--T(ein1,2))

Bor (92 s e ) (7
T r
ﬁpf(ei, ¢ T) < ﬁpf e ei+1:m * ﬁpf ei+1'ef’#1,ej)
. i
- 2 S 22
< pr €, Cit1, m * Ay T it Civ2s P(€i+1; ei+2)f(ei+1’ ej)

T

~ 22
* Q1| eir2,€E =
p "' T(eir1, )T (ei42,¢)

T T
- 7 7z

< /Dpf € €i+1»

* Q7| eit1s €t

p(ei eivr1) P(ei+1'ei+2)r(ei+1:ej)
=z i
= 3 =4 3
* Q| eiva € _ * Q5| eivs e = —= :
PT( 1+2 143/ p(ei+2,ei+3)r‘(ei+1,e]~)> p.l\ Fi+3 5 Fleirrepleirzepyleirs.e))

- - T
S, r(ese,7) <8 r(e-,e-ﬂ,—).
pr(eu€:7) PENTT T 2p (e, ¢441)

~ T —~ T
* 27| eiv1, € = * 7l iz, — ek
p,F< i+1 %i+2 ) p,I‘( i+2,%i+3» >
ZZp(eHl,eHz)F(eHl,ej) 23p(ei+1,ei+2)F(ei+1,ej)

_ T
Q7| ei_y,ei_q,— — — —
L <ej 261 2071 p(ej—2,¢j-1)T(ej_2,¢;)T(ej_3, ¢)) ...F(eiﬂ,ej))*

~ T
e A = = = . 1
Qp,l" (ej_l' e]’ 21-1F(ej_1,ej)F(ej_z,ej)r‘(ej_3,ej)...F(ei+1,ej)> ( 8)
Taking the limit as i — oo in (16), (17), (18) and using equation (11), (13), (15) and (8), we obtain

}ng ‘Bpf(ei, ej,r) =1*x1x.x1=1, l_li_)rgloﬁpf (ei, ej,r) =0%x0*..x0=0 and lim Dpf(ei,

1—00

¢,7T)=0%0%..x0=0. (19)

This implies that the sequence {e;} is a Cauchy sequence in Z, as Z is a complete NDCMS, so there
exists some e* € Z such that e; — e*, i.e.,

lll)lglo ‘ﬁpf(ei, e, 1) =1, lll)r(r)lo ﬁpf (ej,e*,7) =0 and llLI?o ﬁpf(ei,e*,r) =0 (20)

The continuity of J implies that J(e;) = J(e¥), ie., llllg ‘jIVBPf(J(ei),J(e*), 7) =1,
lim 8,5 (J(e), J(e"),7) = 0and lim Q,5(J(e;),J(e%),7) = 0 for all T > 0. Thus, we have
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lll_)rg Sngpf(el'+11 J(e*)' T) = lll)rg ﬁp,f(J(ei)rJ(e*)) T) =1, lll)rg Epf (ei+1! J(e*)'T) =
lllglo ﬁpf (J(ei),J(e*),T) =0 al'ldlll)rg fip,r(ei+1J J(e*)!‘[) = lll)rglo ﬁpf(ﬂ(ei)' J(e*)'T) =0, for all
> 0. Q1)

This yields J( ¢;) = J(e*), and by Lemma(2.10) we obtain J(e*) = e*, so e* is an invariant point of
J.

Corollary 3.5 Let(E,%B, €, Q*, *, 4) be aneutrosophic metric space which is also complete. Let J :
E — E be a (o« — W)- Neutrosophic contractive mapping, for some W € §, fulfils the condition stated
below:

1. g is continuous.

2. There exists eg € E such that a(eq, Jay, t) = 1 for every T > 0,

3. Jis a- admissible,

Then, J admits a fixed point.

Proof. By applying p(e,a) = I(e,a) = 1 in Theorem 3.4 and doing the proof. J fulfils all the
conditions of Theorem 3.4. Hence, it has a fixed point.

Example 3.6 Let £ = [0,1], define the control functions, p,T : E2 > [1,0) as p(e,a) =e+a +
1and['(e,a) = e* + a % + 1. Define the neutrosophic sets B, 7, £, and Q, 7 by

—le—d| —le—a] le—d|

P,rea, ) =e = , §r(ea,1)=1-e r and Q,r(e,d,7) =e * — 1. Then one can

easily show that (&, ‘Epf, ﬁpf, ﬁpf,*, x) is a complete NDCMS, and we will check the triangle

inequality only.

—le—d]|
- T - T —p(e,a)le—al| —le=a| —le—a|
tlea,——)=erti)=¢ T <e ©t <ert+t,
sBP'F( p(e,d)) = =
—a-p|
o — . T T -p(a,b)| a—b —|a-p| —|a-p| ,
Slmllarly, ‘Iipf(a,b,p(db)) = eﬂ(ﬂ'b):e T <e t <e t+ . Hence, fort,t’ > 0,

~ ) T ~ L. T —le-a| —|a-b] i ] RS . ,
BT (e;a,m) *PB,r a;b,m ettt e+t <e < %pf(e,b,‘f +T )

~ z T —pled)le—a| —le=d| —led|
B—(ea —_)=1—eﬂ(2-fl)=1—e T >1—e = 21—ew .

PEAT ™ pled)

-|a-g|

o . - T —-p(a,b)|a-p| —|a—b —|a-p|
Similarly, £, (a,b,m) =1—erlab)=1_ ¢ T >1—e t >1-—e 7 . Hence, for
7,7 >0,
g T g .1 " Zle=al " ] " ~le-| & . " and

* 2 = ¢ ——|>1—ew’ . 1— +tT > 1 —e ! > =
L (e’a’p(e,a)) p'r(a’b'p(a,b))_ e ew 21—ew 28 (ebr+1)an
le—a]

~ T T pled)le—al le—d | le—a]
Qf(e’d’ ')=ep(e.d)—1=e T —1>e t —1>erw+t —1.

b p(ed)

[a =8|

o = e T L p(ab)|a-b| La-g] La-g]

Similarly, pr<a,b ,m) =er(ah) _ 1= ¢ = —1>e © —1>ew7 —1. Hence, for

7,7 >0,
fj( T)§<5T>le_d|1|ﬁ_ﬁ|1|e_5|1
wlea,——]| % =| a, ,——— >et+t’ —l.et+t! —1 > et+t’ —
p.r pe,d) pr p(a,b)
>Q,r(eb7+1)
LetJ: E—> E a:E2x (0,00) - [0,00) and ¥ : [0,0) — [0, ) be defined as
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. v _ (1 if 0<eac<1
J(e,a,T)—{ 0 otherwise

It is simple to demonstrate that J is a —admissible and continuous, since for e, a; b € E, with
a(e,a,7) = 1, then a(Je, Ja,7) = a(l — 2 1— %,r) > 1.

We must demonstrate that equation (5), (6), (7) holds in order to demonstrate that [J is a (a@ — ¥)-
neutrosophic contractive mapping.

|e=b]
. 1 1 1 1 e 7 —1
“(e'“'f)(W*)S(W‘l)—(w‘q—(ﬁ—l)ﬁ ;=

1
¥ (as’,,,r(e.ﬁ.r) - 1)'
—|ge—39| —|e—b|

a(e,d, 08,5 (Je,Jb1) <8 r(Je,Jbr)=1—€e + <l-er = W(E,5(eb1))

- . - . |ge-3| Je=8] - :
ale,a,)Q,r(Je, Ib,7) < Qyr(Je,gb1) = = —1<e* —1= Y(Q,r(eb,1)).

Thus, J fulfils the assumptions of Theorem 3.4, so we get a fixed point ¢* = g, such that (g) = g.

Theorem 3.7 Let (E,%B,r, €,5, Q, 7%, *) be a triangular complete NDCMS, p, T : £2 - [1,%) are
two non-comparable function (for some & € (0,1)).Let J: E—= Z be a (@ —W¥)- Neutrosophic
contractive mapping, for some ¥ € &, fulfills the requirements listed below:

1. Jis a- admissible,

2. There exists ey € = such that a(ey, Ja o, 7) = 1 forallT > 0,

3. If {e;} is a sequence in E such that a(e;,e;41 7) = 1foreveryi € Nande; - eas i — oo, then
a(ej,e, T) =1foralli eN

4. Forany e € £, both ngglo p(e;e), and liiinocl):( e;, ¢) exists and are finite, where the sequence {e;}

is defined as e; = J"eq, for some ¢, € E. (22)
Then, J admits a fixed point.
Proof.

ccording the proof of the Theorem 3.4, we get that {e;} is a Cauchy sequence in a complete NDCMS
(&, ﬁv}pf, f!pf, f,)pf,*, x). This implies there exists some ey € Z such that e; — ¢* as i = co. Thus,
by assumption (3),

We get a(e;,e" ) > 1foralli € N and forall T > 0. (23)
Using the fact that B o ﬁp'f , f,}pf are triangular and by (22) and equation (5), (6), (7), we have

1 1

G~ V= Gmee O erams 1)
< a(e;,e’, 1) (m —1)+ (m —1)
=V (m - 1) + (W - 1), because W(r) <r

8,1 (Jer, e, 1) = 8,5 (Je*, Jei,T) + 8,5 (Jejq, €%, 7)
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> ae,e’, 1) 8y (Jep, J €, 7) +8, 7 (Jejar, 5 7)

> W, (e e, 1) + 8,5 (Jejq, €%, 7), because W(x) <t

> 8,1 (e, ¢%,7) + 851 (Jepur, 5, 7) (25)
Q,r(Je, e, 1) =Q,5(Je", Je;, 1) + Qpr(Jeisr, €5, 7)

> a(e; e, 1) Qpr(de, J ¢, 1) +Q, 5 (Jeiry €7, 7)

> ‘P(@pf(ei, e’, 7)) + ﬁpf(ﬂeiﬂ, e*,7), because P(x) <t

> Q,r(e % 1) + Qr(Jepr,e5,7) (26)
Letting [ —> o0 in equation(24), (25) and (206), we obtain
lim B,r(Je", e, 1) =1,1im €, (Je*,¢*,7) = 0and lim Q,r(Je",¢",7) = 0 forall 7 > 0, that
i—oo 1—00 1=

n—-oo

is, J(e*) = e*, so J has a fixed point.

Example 3.8 Consider Z = [0,00) and let the control functions p,T : 2 - [1,00) be

defined as p(e,a) = {max{e,d} +1 if ea €[01]

] and
1 otherwise

T(e,a) = {malx{e a}+2 lg tQthe 1[5162] The neutrosophic set P,r, 8,5, Q7 is
w
defined by ‘Bpp(e a,7) = m p,r (e,a,7) = T:;al and Qpr(e a,7) = le— aI @7)

Then it is simple to demonstrate that (Z, ﬁpf, ﬁpf, Qp %, *) is a complete NDCMS which is
triangular, and we will check triangle inequality only.

{E 3 (e i T ) _ T T T+t
PI\T T hea)) — tHpled)le—a| = tHle—a| — T+ +|e—a |
.. & 4 4 41’
imilarl ( = )= —— = < = < —.
S ¥ Bpr (8,5, r( w)) T T+T(ab)|a-b| T v'+|a-b| T t+r’+|a —b|

Thus, $Pr(e a .D(ea)) % ( F(Te,a)) = (t+rr’:-lre’—d|) (T"'TT':T; _i’|>

T+T
m (e b T+71 ) (28)
~ . T p(e,a)le—a| le—a| le—a|
= = > >
Lor (e'a'p(e,d)) Trp(ed)e—i| = t+le—a| = t+r'+le—a|
. = (. ¢ T \_ T(ab)la-p| |a—b] |a—b]
Similarly, £, r (a'b' F(e,d)) T 7T (ab)|asb] = o'+[a-b] = t+r/+]ab|

= LT s (.¢ T le—d |a—b|
Thus, &, (e, 4, ' oCon )) * Lyt (a' b, F(a,B)) = (‘L’+‘L"+|e—i1|) <T+T'+|a-f,|>

||

= —T+T’+|Q—B| = ﬁpf (e, bt+1 ) and (29)
S T pe,d)|e— aI le—a] _ le—d]
Dp r (e a p(ea)) T T = I

o ~ .t F( (1,6)|(1—f3| |d—f3| |(1—f3|
— > >
Slmllarly, np’r* (a, b; 71-(‘-1’ )) ! = ¢ T o+t
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Thus, Q, 7 (e' a, ﬁ) * Qo1 (d' b, T(-L;d)) = (l::'l) (l::'l)

5|

>— = Q,r(ebr+7). (30)

+T

Note that Equation (28), (29) and (30) follows the below inequality:

( 1.)( 1)2 ____ — < : TS | |thenreplacelbyr+r

1+[e—a]” \1+|a-b| 1+|e—a|+|a—b|+]|e—a||a—B| = 1+|e—a|+|a—b|] —

e?
Then J: E— E and a:E2 x (0,00) - [0,0), be defined as J(e) = {; ifee01] 4
2 otherwise

ale,a,7) = { leac [0'1]'? - "Let W(x) = =~ forr = 0. To show that J is a-admissible, for any
0 Otherwise 2

¢,a € [0,1]; hence, both J(e), J(a) € [0,1] which implies that a(Je, Ja,t) = 1, for every T > 0.
In order to establish J is (¢ — W)-neutrosophic contractive mapping, we have to demonstrate the
equation (5),(6) and (7) holds. For 1 < e, g, the case is obvious, thus, we consider the case e,a €
[0,1].

a(m)(; %(%_1): S S P N
PB,r(Je, J4, 1) B, r(Je, I, 1) Bor (%’%,T) 4t

1
T qj(‘Bpr(ebT) D.

. ~ . ~ . ~ e2 dZ _ |e —0.2|
a(e, Q, T)Bpf (Je,Jb, T) < pr (e, b, T) < pr (I'Z'T) —m
1 |e—d|
2 |e—al+T

— W@, (e,6,7)).

1|e aI

a(e, 8,08, 590, 6,7) < pr(e6,7) < Gor (5.5 7) =220 = w(@,r(e.b,7)). If {e} is any
sequence in E such that a(e;, e;41,7) = 1 foralli € N,and ¢; » e as i — oo, then {¢;} < [0,1]. Hence,
we have e € [0,1] which implies that a(e; e, 7) = 1 for every i € N. Hence, all the assumption of
Theorem 3.8 are fulfilled, therefore, J has an invariant points, which are e = 0 and e = 2.

4. Application

Let £ = C([0, 1], R) be the space of all continuous real- Valued functions defined on the interval
[0,1], for some I > 0. Define the control functions p , ' : £2 - [1,0) by p(e,a) = e+ a+ 1 and
(e, @) = ¢? + a2 + 1. Define the neutrosophic sets T § and Dp,r by

— Sup ey 1 a(rc)l ~ ) —sup le()=a(0)| - ]
SBpr(e a,7)=e KeloA] , Byrear)=1-e Kke[0A] ™y and Q,r(e,d4,7) =

SUPrelo1 le(r)—a ()|

e ™77 —1,¢,a € E where T > 0. (31)

Then (E, fipf, Ep,l"’ Ry %, *) is a complete NDCM.
Theorem 4.1. Let (Z, "Jv?spf, ﬁpf, f,)pf,*, *) be a complete NDCMS, as defined above. Let integral
operator J:EZ — Z is defined by Je(k) = q(k) + fOKY(K, t,u(t))dt, (32) where q€Z, and

Y(KZ, t, e(t)): [0,1]? - Riis a continuous function. If there exists a function A : [0,1] X [0,1] - [0, )
such that for every k, t € E, we have i € L1([0,1], R) satisfying the following:

L |Y(kte(®) = Y(x,t,a(0)| < Ak, O)]e(®) — a(®)
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II.  The integral fOK h(k, t)dt is bounded, i.e., there exists some 6 € (0,1) such that

0 < SUpye(o,1] fOK h(k,t)dt < 6 < 1.Furthermore, this holds
8le()-a(x)| le() =40

e SUPkeloa]T > 2¢ SUPxeloAl" "7 Then, the integral equation (32) has a

solution.
> ife=a
L2 . _
Proof. Define a: E2 X (0,0) — [0,0) by a(e, d,7) = e Oord =0 (33)
0 otherwise
and W(x) = - for e,d € E, consider the neutrosophic metrics
T - 1e()=J a@i)|
quf(d&d 4,7) = e “WPxeloa] 7
S (e ()~ Y (1,£,8(0)) | 1 gedle(or 4o
> o~ SUPxefo1] - S o~ UPrelo O
le(t)— a(®)lsup f h(et) Ol i §
> el T S e supkeloa) A S o —supelo a2
= 2(§-Bpf(e, a, ‘L')), .
g . —sup 19e()=J aG)|
’pr (Je,(j a, T) =1—c¢e Ke[0,1] =

S (et2(0) Y (1e,6.a(0)| Jo R@le®=a®)l
] R

<1-— e—supxe[0,1 p <1-— e—Supxe[0,1 p

le(®)- a(®lsup fo Ak.t) Ble(t)— a(®)| le(®)—a(t)|
<1-— e—supxe[o,u p 0 <1-— e_supKE[O,l]% < 2(1 _ e_sul’;ce[o,ﬂ%
=2®&, 7 (¢,4,7)) and (35)

|Je()=J a(x)|
] T

Q,7(Je,J &,7) = e Prelon

| S (ete(®) Y (re,t.a(0)| ] Iy RGDle®- a(®)]

< esuPJce[o,1 = —-1< esuprce[o,1 - < -1

le(®)= a(®)lsup fy h(x.t) Ble(t)— a(t)| le(t)= 40|
< esupxe[o,ﬂ = —-1< esuprce[o,ﬂir —-1< z(esupxe[o,ﬂ p _ 1)
=28, r(e,4,7)). (36)

To sow that that J is a (¢ — W)-neutrosophic contractive mapping, we must demonstrate that equations
(5), (6), and (7) are true. For ¢, v € E, then by Equation (32), (33), (34) and (35) we have
1

1 1
a(e, q,1) <#— 1) < (#— 1) < (ﬁ— 1)
Byr(ded a,1) Byr(de d a,1) 2%,r(e,0,7)
1 1 B 1
S 2 ("ﬁpf(e,d,‘r) - 1) - lp("l?pf(e,fs,‘r) 1.
ale, 4,78, (Je,Jb,7) < 28,5 (e,b,7) < W(&,5(eb,7)),
ale, 4,7)Q,5(Je,Jb,7) < Q,5(e,b,7) <W(Q,r(e,b,7)).

Since all the requirements of Theorem 3.4 are fulfilled, hence the operator J has a fixed point e* €
C([0,1], R), which is a solution of the integral equation (31).
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Conclusion In this paper we have defined (a-y)-neutrosophic contractive mappings on
neutrosophic double controlled metric spaces and we have proved fixed point theorems on complex
valued neutrosophic metric like space We hope that the results proved in this paper will form new
connection for those who are working in this field.
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  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  𝔷 ∗   𝜍 ~ =   𝜍 ~ ∗ 𝔷


  𝔷 ,   𝜍 ~ ∈ [ 0 ,   1 ]


  ∗


    𝔷 ∗ 1


  𝔷


  𝔷 ∈  


  ∗  


  𝔷 ≤   𝜍 ~


  𝔡 ≤ 𝜗


    𝔷 ,   𝜍 ~ ,   𝔡 ,   𝜗 ∈


  𝔷 ∗ 𝔡   ≤     𝜍 ~ ∗   𝜗


  ⋆ :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  𝔷 ⋆   𝜍 ~ =   𝜍 ~ ⋆ 𝔷


  𝔷 ,     𝜍 ~ ∈ [ 0 ,   1 ]


  ⋆


  𝔷 ⋆   0 = 0


  ⋆


  𝔷 ≤   𝜍 ~


  𝔡 ≤     𝜗


  𝔷 ,   𝜍 ~ ,   𝔡 ,     𝜗 ∈


  𝔷 ⋆   𝔡 ≤     𝜍 ~ ⋆     𝜗


  Ξ ≠ ∅


    and   ∗


  ⋆


  𝒷 ≥ 1


    𝔓 ~


      𝔏 ~


    𝔔 ~


   Ξ 2 × ( 0 ,   ∞ )


  Ξ ,   𝔓 ~ ,   𝔏 ~ ,     𝔔 ~ ,   ∗


  ⋆ ,   )   named


  𝔢 ,   𝔞 .   , 𝔴 ∈ Ξ


  𝜏 ,   𝜏 ′ > 0 .


    𝔓 ~  ( 𝔢 ,     𝔞 . , 𝜏 ) +   𝔏 ~  ( 𝔢 ,     𝔞 . , 𝜏 ) +   𝔔 ~  ( 𝔢 ,     𝔞 . , 𝜏 ) ≤ 3 ;


  0 <   𝔓 ~  ( 𝔢 ,     𝔞 . , 𝜏 ) ;


      𝔓 ~  ( 𝔢 ,     𝔞 . , 𝜏 ) = 1


    𝜏 > 0


  ⇔


  𝔢 =   𝔞 . ;


      𝔓 ~  ( 𝔢 ,     𝔞 . , 𝜏 ) =   𝔓 ~  (   𝔞 . , 𝔢 , 𝜏 ) ;


    𝔓 ~  ( 𝔢 ,     𝔞 . ,   𝜏  𝒷 ) ∗   𝔓 ~  (   𝔞 . , 𝔴 ,   𝜏 ′  𝒷 ) ≤   𝔓 ~  ( 𝔢 ,   𝔞 .   , 𝜏 +   𝜏 ′ )


    𝔓 ~  ( 𝔢 ,     𝔞 . , . )   :    ( 0 ,   ∞ ) → [ 0 , 1 ]


    𝔏 ~  ( 𝔢 ,     𝔞 . , 𝜏 ) < 1 ;


    𝔏 ~  ( 𝔢 ,     𝔞 . , 𝜏 ) = 0 ,


  𝜏 ∈  ( 0 , ∞ )


  ⇔


  𝔢 =   𝔞 . ;


    𝔏 ~  ( 𝔢 ,     𝔞 . , 𝜏 ) =   𝔏 ~  (   𝔞 . , 𝔢 , 𝜏 ) ;


    𝔏 ~  ( 𝔢 ,     𝔞 . ,   𝜏  𝒷 ) ⋆   𝔏 ~  (   𝔞 . , 𝔴 ,   𝜏 ′  𝒷 ) ≥   𝔏 ~  ( 𝔢 , 𝔴   ,   𝜏 +   𝜏 ′ ) ;


    𝔏 ~  ( 𝔢 ,     𝔞 . , . )   :    ( 0 ,   ∞ ) → [ 0 , 1 ]


    𝔔 ~  ( 𝔢 ,     𝔞 . , 𝜏 ) ;


    𝔔 ~  ( 𝔢 ,     𝔞 . , 𝜏 ) = 0 ,


  𝜏 ∈  ( 0 , ∞ )


  ⇔


  𝔢 =   𝔞 . ;


   ( Nb 14 )   𝔔 ~  ( 𝔢 ,     𝔞 . , 𝜏 ) =   𝔔 ~  (   𝔞 . , 𝔢 , 𝜏 ) ;


    𝔔 ~  ( 𝔢 ,     𝔞 . ,   𝜏  𝒷 ) ⋆   𝔔 ~  (   𝔞 . , 𝔴 ,   𝜏 ′  𝒷 ) ≥   𝔔 ~  ( 𝔢 , 𝔴   , 𝜏 +   𝜏 ′ ) ;


    𝔔 ~  ( 𝔢 ,     𝔞 . , . )   :      ( 0 ,   ∞ ) →  [ 0 , 1 ]  


  𝜌 ,  Γ -   :    Ξ 2 →  [ 1 ,   ∞ ) .  


  Ξ


  ∗


  ⋆


      𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -  


      𝔔 ~  𝜌 ,  Γ -


   Ξ 2 × ( 0 ,   ∞ )


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  𝔢 ,     𝔞 . ,   𝔟 . ∈ Ξ


  𝜏 ,   𝜏 ′ > 0 .


      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . , 𝜏 ) +     𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔞 . , 𝜏 ) +     𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . , 𝜏 ) ≤ 3 ;


  0 <     𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . , 𝜏 ) ;


        𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . , 𝜏 ) = 1


    𝜏 > 0


  ⇔


  𝔢 =   𝔞 . ;


      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . ,   𝜏  𝜌 ( 𝔢 ,     𝔞 . ) ) ∗     𝔓 ~  𝜌 ,  Γ -  (   𝔞 . ,   𝔟 . ,   𝜏 ′   Γ - ( 𝔢 ,     𝔞 . ) ) ≤     𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,   𝔟 .   , 𝜏 +   𝜏 ′ )


      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . , . )     is   continuous   from    ( 0 ,   ∞ )   to   [ 0 , 1 ]


      𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔞 . , 𝜏 ) = 0 ,


  𝜏 ∈  ( 0 , ∞ )


  ⇔


  𝔢 =   𝔞 . ;


      𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔞 . , . )   :    ( 0 ,   ∞ ) → [ 0 , 1 ]


      𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . , 𝜏 ) = 0 ,


  𝜏 ∈  ( 0 , ∞ )


  ⇔


  𝔢 =   𝔞 . ;


      𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . , . )   :      ( 0 ,   ∞ ) →  [ 0 , 1 ]  


      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . , 𝜏 ) =     𝔓 ~  𝜌 ,  Γ -  (   𝔞 . , 𝔢 , 𝜏 ) ;


      𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔞 . , 𝜏 ) < 1 ;


      𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔞 . , 𝜏 ) =     𝔏 ~  𝜌 ,  Γ -    (     𝔞 . , 𝔢 , 𝜏 ) ;


      𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔞 . ,   𝜏  𝜌 ( 𝔢 ,     𝔞 . ) ) ⋆     𝔏 ~  𝜌 ,  Γ -    (   𝔞 . ,   𝔟 . ,   𝜏 ′   Γ - ( 𝔢 ,     𝔞 . ) ) ≥     𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,   𝔟 .   ,   𝜏 +   𝜏 ′ ) ;


      𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔞 . ,   𝜏  𝜌 ( 𝔢 ,     𝔞 . ) ) ⋆     𝔏 ~  𝜌 ,  Γ -    (   𝔞 . ,   𝔟 . ,   𝜏 ′   Γ - ( 𝔢 ,     𝔞 . ) ) ≥     𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,   𝔟 .   ,   𝜏 +   𝜏 ′ ) ;


      𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . , 𝜏 ) ;


      𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . , 𝜏 ) =     𝔔 ~  𝜌 ,  Γ -  (   𝔞 . , 𝔢 , 𝜏 ) ;


      𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . ,   𝜏  𝜌 ( 𝔢 ,     𝔞 . ) ) ⋆     𝔔 ~  𝜌 ,  Γ -  (   𝔞 . ,   𝔟 . ,   𝜏 ′  𝜑 ( 𝔢 ,     𝔞 . ) ) ≥     𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,   𝔟 . , 𝜏 +   𝜏 ′ ) ;


      𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . ,   𝜏  𝜌 ( 𝔢 ,     𝔞 . ) ) ⋆     𝔔 ~  𝜌 ,  Γ -  (   𝔞 . ,   𝔟 . ,   𝜏 ′  𝜑 ( 𝔢 ,     𝔞 . ) ) ≥     𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,   𝔟 . , 𝜏 +   𝜏 ′ ) ;


  𝜌  ( 𝔢 ,     𝔞 . ) =  Γ -  ( 𝔢 ,     𝔞 . )  


  𝒷


  𝒷


  Ξ =  [ 0 , 1 ] ,


  𝜌 ,    Γ -


   Ξ 2 →  [ 1 ,   ∞ )


  𝜌  ( 𝔢 ,     𝔞 . ) = 2 ( 𝔢 +   𝔞 . )


   Γ -  ( 𝔢 ,     𝔞 . ) = 2 (   𝔢 2 +       𝔞 . 2 + 1 )


      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . , 𝜏 ) =   e    −    ( 𝔢 −   𝔞 . ) 2  𝜏


      𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔞 . , 𝜏 ) = 1 −   e    −    ( 𝔢 −   𝔞 . ) 2  𝜏


      𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . , 𝜏 ) =   e       ( 𝔢 −   𝔞 . ) 2  𝜏 − 1


  for   all   𝔢 ,     𝔞 . ,   𝔟 . ∈ Ξ


  𝜏 ,   𝜏 ′ > 0 .


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


  𝔢 ∗   𝔞 . = 𝔢   𝔞 .


  𝔢 ⋆   𝔞 . = max { 𝔢 ,   𝔞 . }


      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . ,   𝜏  𝜌  ( 𝔢 ,     𝔞 . ) ) =   e    −    ( 𝔢 −   𝔞 . ) 2    𝜏  𝜌  ( 𝔢 ,     𝔞 . )


    e    −    ( 𝔢 −   𝔞 . ) 2    𝜏  2 ( 𝔢 +   𝔞 . ) ≤   e    −    ( 𝔢 −   𝔞 . ) 2  𝜏 ≤   e    −    ( 𝔢 −   𝔞 . ) 2  𝜏 +   𝜏 ′


      𝔓 ~  𝜌 ,  Γ -  (     𝔞 . ,   𝔟 . ,     𝜏 ′   Γ -  (   𝔞 . ,   𝔟 . ) ) =   e    −    (   𝔞 . −   𝔟 . ) 2      𝜏 ′   Γ -  (   𝔞 . ,   𝔟 . )


    e    −    (   𝔞 . −   𝔟 . ) 2      𝜏 ′  2 (       𝔞 . 2 +     𝔟 . 2 + 1 ) ≤   e    −    (   𝔞 . −   𝔟 . ) 2    𝜏 ′ ≤   e    −    (   𝔞 . −   𝔟 . ) 2  𝜏 +   𝜏 ′


                𝔓 ~  𝜌 ,  Γ -  (   𝔢 ,   𝔟 . , 𝜏 +   𝜏 ′ ) =   e    −    ( 𝔢 −   𝔟 . ) 2  𝜏 +   𝜏 ′ =   e    −    ( 𝔢 −   𝔞 . +   𝔞 . −   𝔟 . ) 2  𝜏 +   𝜏 ′ ≥   e    −    ( 𝔢 −   𝔞 . ) 2  𝜏   e    −    (   𝔞 . −   𝔟 . ) 2  𝜏 +   𝜏 ′


  ≥     𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . ,   𝜏  𝜌  ( 𝔢 ,     𝔞 . ) ) ∗     𝔓 ~  𝜌 ,  Γ -  (     𝔞 . ,   𝔟 . ,     𝜏 ′   Γ -  (   𝔞 . , 𝔴 ) ) .


      𝔏 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . ,   𝜏  𝜌  ( 𝔢 ,     𝔞 . ) ) =   e    −    ( 𝔢 −   𝔞 . ) 2    𝜏  𝜌  ( 𝔢 ,     𝔞 . )


    e    −    ( 𝔢 −   𝔞 . ) 2    𝜏  2 ( 𝔢 +   𝔞 . ) ≤   e    −    ( 𝔢 −   𝔞 . ) 2  𝜏 ≤   e    −    ( 𝔢 −   𝔞 . ) 2  𝜏 +   𝜏 ′


      𝔏 ~  𝜌 ,  Γ -  (     𝔞 . ,   𝔟 . ,     𝜏 ′   Γ -  (   𝔞 . ,   𝔟 . ) ) = 1 −   e    −    (   𝔞 . −   𝔟 . ) 2      𝜏 ′   Γ -  (   𝔞 . ,   𝔟 . )


    e    −    (   𝔞 . −   𝔟 . ) 2      𝜏 ′  2 (       𝔞 . 2 +     𝔟 . 2 + 1 ) ≤ 1 −   e    −    (   𝔞 . −   𝔟 . ) 2    𝜏 ′ ≤ 1 −   e    −    (   𝔞 . −   𝔟 . ) 2  𝜏 +   𝜏 ′


                𝔏 ~  𝜌 ,  Γ -  (   𝔢 ,   𝔟 . , 𝜏 +   𝜏 ′ ) = 1 −   e    −    ( 𝔢 −   𝔟 . ) 2  𝜏 +   𝜏 ′ = 1 −   e    −    ( 𝔢 −   𝔞 . +   𝔞 . −   𝔟 . ) 2  𝜏 +   𝜏 ′ ≤ max ⁡ { 1 −   e    −    ( 𝔢 −   𝔞 . ) 2  𝜏 , 1 −   e    −    (   𝔞 . −   𝔟 . ) 2  𝜏 +   𝜏 ′ }


  ≥     𝔏 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . ,   𝜏  𝜌  ( 𝔢 ,     𝔞 . ) ) ⋆     𝔏 ~  𝜌 ,  Γ -  (     𝔞 . ,   𝔟 . ,     𝜏 ′   Γ -  (   𝔞 . ,   𝔟 . ) ) .


      𝔔 ~  𝜌 ,  Γ -  (     𝔞 . , 𝔴 ,     𝜏 ′   Γ -  (   𝔞 . ,   𝔟 . ) ) =   e       (   𝔞 . −   𝔟 . ) 2      𝜏 ′   Γ -  (   𝔞 . ,   𝔟 . ) − 1


    e       (   𝔞 . −   𝔟 . ) 2      𝜏 ′  2 (       𝔞 . 2 +     𝔟 . 2 + 1 ) − 1 ≤   e       (   𝔞 . −   𝔟 . ) 2    𝜏 ′ − 1 ≤ 1 −   e    −    (   𝔞 . −   𝔟 . ) 2  𝜏 +   𝜏 ′


                𝔔 ~  𝜌 ,  Γ -  (   𝔢 ,   𝔟 . , 𝜏 +   𝜏 ′ ) =   e       ( 𝔢 −   𝔟 . ) 2  𝜏 +   𝜏 ′ − 1 =   e       ( 𝔢 −   𝔞 . +   𝔞 . −   𝔟 . ) 2  𝜏 +   𝜏 ′ − 1 ≤ max ⁡ {   e       ( 𝔢 −   𝔞 . ) 2  𝜏 − 1 ,   e       (   𝔞 . −   𝔟 . ) 2  𝜏 +   𝜏 ′ − 1 }


  ≥     𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . ,   𝜏  𝜌  ( 𝔢 ,     𝔞 . ) ) ⋆     𝔔 ~  𝜌 ,  Γ -  (     𝔞 . ,   𝔟 . ,     𝜏 ′   Γ -  (   𝔞 . ,   𝔟 . ) ) .


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


  Ξ = [ 0 , 1 ]


  𝒷 = 4 .


    𝔓 ~  ( 𝔢 ,     𝔞 . , 𝜏 ) =   e    −    ( 𝔢 −   𝔞 . ) 2  𝜏 ,


    𝔏 ~  ( 𝔢 ,     𝔞 . , 𝜏 ) = 1 −   e    −    ( 𝔢 −   𝔞 . ) 2  𝜏


    𝔔 ~  ( 𝔢 ,     𝔞 . , 𝜏 ) =   e       ( 𝔢 −   𝔞 . ) 2  𝜏 − 1


  for   all   𝔢 ,     𝔞 . ,   𝔟 . ∈ Ξ


  𝜏 > 0 .


  Ξ ,   𝔓 ~ ,   𝔏 ~ ,     𝔔 ~ ,   ∗


  ⋆ ,   𝒷 )


       ( 𝔢 −   𝔟 . ) 2  𝜏 +   𝜏 ′ ≤ 4      ( 𝔢 −   𝔞 . ) 2  𝜏 +   𝜏 ′ +


       (   𝔞 . −   𝔟 . ) 2  𝜏 +   𝜏 ′ ≤      ( 𝔢 −   𝔞 . ) 2    𝜏 4 +      (   𝔞 . −   𝔟 . ) 2      𝜏 ′ 4


          𝔓 ~  (   𝔢 ,   𝔟 . , 𝜏 +   𝜏 ′ ) =   e    −    ( 𝔢 −   𝔟 . ) 2  𝜏 +   𝜏 ′ ≥   e    −    ( 𝔢 −   𝔞 . ) 2  𝜏   e    −    (   𝔞 . −   𝔟 . ) 2    𝜏 ′


  ≥   𝔓 ~  ( 𝔢 ,     𝔞 . ,   𝜏 4 ) ∗   𝔓 ~  (     𝔞 . ,   𝔟 . ,     𝜏 ′ 4 ) .


  Ξ ,   𝔓 ~ ,   𝔏 ~ ,     𝔔 ~ ,   ∗


  ⋆ ,   𝒷 )


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


     lim  i → ∞ ⁡      𝔓 ~  𝜌 ,  Γ -


    𝔢  i ,   𝔢 ,


  𝜏 ) = 1


     lim  i → ∞ ⁡      𝔏 ~  𝜌 ,  Γ -  


    𝔢  i ,   𝔢 ,


  𝜏 ) = 0


     lim  i → ∞ ⁡      𝔔 ~  𝜌 ,  Γ -


    𝔢  i ,   𝔢 ,


  𝜏 ) = 0


   {   𝔢  i }


  𝔢


  Ξ


   {   𝔢  i }


      𝔓 ~  𝜌 ,  Γ - (   𝔢  i ,     𝔢  i + j ,


  𝜏 ) = 1


      𝔏 ~  𝜌 ,  Γ -   (   𝔢  i ,     𝔢  i + j ,


  𝜏 ) = 0


      𝔔 ~  𝜌 ,  Γ - (   𝔢  i ,     𝔢  i + j ,


  𝜏 ) = 0 ,


  i , j ∈ ℕ


  𝜏 > 0 .


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


  ℬ (     𝔢  0   , 𝔯 , 𝜏 )


      𝔢  0  


  𝔯 ∈ ( 0 , 1 )


  𝜏 > 0


  ℬ  (     𝔢  0   , 𝔯 , 𝜏 ) = { 𝔢 ∈   Ξ


      𝔓 ~  𝜌 ,  Γ - (   𝔢  i ,   𝔢 ,


  𝜏 ) > 1 − 𝔯


      𝔏 ~  𝜌 ,  Γ -   (   𝔢  i ,   𝔢 ,


  𝜏 ) < 𝔯


      𝔔 ~  𝜌 ,  Γ - (   𝔢  i ,   𝔢 ,


  𝜏 ) < 𝔯 } .


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔟 . , 𝜏 ) − 1 ) ≤


   (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . , 𝜏 ) − 1 ) + (  1      𝔓 ~  𝜌 ,  Γ -  (     𝔞 . ,     𝔟 . , 𝜏 ) − 1 )


      𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔟 . , 𝜏 )


  ≥     𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔞 . , 𝜏 ) +     𝔏 ~  𝜌 ,  Γ -    (     𝔞 . ,     𝔟 . , 𝜏 )


      𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔟 . , 𝜏 )


  ≥     𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . , 𝜏 ) +     𝔔 ~  𝜌 ,  Γ -  (     𝔞 . ,     𝔟 . , 𝜏 ) .


   {   𝔢  𝒾 }


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


    𝔢  i ≠   𝔢  j


  i ,   j ∈ ℕ .


   {   𝔢  i }


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


  𝛼 :  Ξ 2 ×  ( 0 , ∞ ) →  [ 0 , ∞ ) ,


  𝜏 > 0


  𝔢 ,     𝔞 .   ∈ Ξ


  𝛼 ( 𝔢 ,     𝔞 .   ,   𝜏 )   ≥ 1 ⇒ 𝛼 ( 𝒥 𝔢 ,   𝒥   𝔞 .   ,   𝜏 )   ≥ 1


  𝒥   :   Ξ → Ξ


  𝛼


  𝔉


  Ψ   : [ 0 , ∞ ) →  [ 0 , ∞ )


  Ψ ( 𝔯 ) < 𝔯


  𝔯 > 0 .


  Ψ ∈ 𝔉


     lim  n → ∞ ⁡   Ψ  n  ( 𝔯 ) = 0 ,


  𝔯 > 0 ,


   Ψ  n


  Ψ .


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


  𝒥   :   Ξ → Ξ


  𝒥   :   Ξ → Ξ


  𝛼 − Ψ )


  Ψ ∈ 𝔉


  and   𝛼   :  Ξ 2 ×  ( 0 , ∞ ) → [ 0 , ∞ )


  𝛼 ( 𝔢 ,     𝔞 .   ,   𝜏 )   (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥 𝔢 ,   𝒥   𝔟 . , 𝜏 ) − 1 ) ≤ Ψ (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔟 . , 𝜏 ) − 1 )


                                                                                𝛼 ( 𝔢 ,     𝔞 .   ,   𝜏 )       𝔏 ~  𝜌 ,  Γ -    ( 𝒥 𝔢 ,   𝒥   𝔟 . , 𝜏 ) ≤ Ψ (     𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔟 . , 𝜏 ) )


                                                                                𝛼 ( 𝔢 ,     𝔞 .   ,   𝜏 )       𝔔 ~  𝜌 ,  Γ -  ( 𝒥 𝔢 ,   𝒥   𝔟 . , 𝜏 ) ≤ Ψ (     𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔟 . , 𝜏 ) )


  𝔢 ,     𝔞 . ,     𝔟 .   ∈ Ξ


  𝜏 > 0 .


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


  𝜌 ,  Γ -   :  Ξ 2 → [ 1 ,  1  𝛿 )


  𝛿 < 1 .   Let


  𝒥   :   Ξ → Ξ


  𝛼 − Ψ )


  Ψ ∈ 𝔉 ,  


  𝒥


  𝛼


    𝔢 0 ∈ Ξ


  𝛼 (   𝔢 0 ,   𝒥   𝔞 . 0 ,   𝜏 ) ≥ 1


  𝜏 > 0


  𝒥


  𝔢 ∈ Ξ


     lim  i → ∞ ⁡  𝜌 (   𝔢  i ,   𝔢 ) ,


     lim  n → ∞ ⁡   Γ - (   𝔢  i ,   𝔢 )


    𝔢  i }


    𝔢  i =   𝒥  n   𝔢 0


    𝔢 0 ∈ Ξ .


  𝒥


    𝔢 0 ∈ Ξ


  𝛼 (   𝔢 0 ,   𝒥   𝔞 . 0 ,   𝜏 ) ≥ 1 for   all   𝜏 > 0


    𝔢  i }


  Ξ


    𝔢  i =   𝒥  n   𝔢 0


  i ∈ ℕ .


    𝔢  j =   𝔢  j + 1


  j ∈ ℕ


    𝒥  m   𝔢 0


  𝒥


    𝔢  i ≠   𝔢  i + 1


  i ∈ ℕ


  𝛼  (   𝔢 0 ,   𝔢 1 ,   𝜏 ) = 𝛼  (   𝔢 0 ,   𝒥 𝔢 0 ,   𝜏 ) ≥ 1


  𝒥


  𝛼


  𝛼  ( 𝒥   𝔢 0 ,   𝒥 𝔢 1 ,   𝜏 ) = 𝛼  (   𝔢 1 ,   𝔢 2 ,   𝜏 ) ≥ 1 .


  𝛼  (   𝔢  i ,   𝔢  i + 1 ,   𝜏 ) ≥ 1 ,


  i ∈ ℕ ,


  𝜏 > 0


  (  1      𝔓 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  i + 1 , 𝜏 ) − 1


  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥   𝔢  i − 1 ,       𝒥 𝔢  i , 𝜏 ) − 1


  ≤ 𝛼  (   𝔢  i − 1 ,   𝔢  i ,   𝜏 )   (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥   𝔢  i − 1 ,       𝒥 𝔢  i , 𝜏 ) − 1


  ≤   Ψ (  1      𝔓 ~  𝜌 ,  Γ -  (   𝔢  i − 1 ,       𝔢  i , 𝜏 ) − 1


  ≤   Ψ


  Ψ (  1      𝔓 ~  𝜌 ,  Γ -  (   𝔢  i − 1 ,       𝔢  i , 𝜏 ) − 1


   Ψ 2 (  1      𝔓 ~  𝜌 ,  Γ -  (   𝔢  i − 2 ,     𝔢  i − 1 , 𝜏 ) − 1


  ≤ … ≤  Ψ  n (  1      𝔓 ~  𝜌 ,  Γ -  (   𝔢 0 ,     𝔢 1 , 𝜏 ) − 1


     lim  n → ∞ ⁡   Ψ  n  ( 𝔯 ) = 0


  𝔯 =    1      𝔓 ~  𝜌 ,  Γ -  (   𝔢 0 ,     𝔢 1 , 𝜏 ) − 1


  i → ∞


     lim  i → ∞ ⁡      𝔓 ~  𝜌 ,  Γ -  (   𝔢 0 ,       𝔢 1 , 𝜏 ) = 1  


  𝜏 > 0 .


      𝔏 ~  𝜌 ,  Γ -    (   𝔢  i ,     𝔢  i + 1 , 𝜏 ) =     𝔏 ~  𝜌 ,  Γ -    ( 𝒥   𝔢  i − 1 ,       𝒥 𝔢  i , 𝜏 ) ≤ 𝛼  (   𝔢  i − 1 ,   𝔢  i ,   𝜏 )     𝔏 ~  𝜌 ,  Γ -    ( 𝒥   𝔢  i − 1 ,       𝒥 𝔢  i , 𝜏 )


  ≤ Ψ


      𝔏 ~  𝜌 ,  Γ -    (   𝔢  i − 1 ,       𝔢  i , 𝜏 ) )


  ≤ Ψ ( Ψ


      𝔏 ~  𝜌 ,  Γ -    (   𝔢  i − 1 ,       𝔢  i , 𝜏 ) ) =  Ψ 2 (     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i − 2 ,     𝔢  i − 1 , 𝜏 ) )


  ≤  Ψ  n (     𝔏 ~  𝜌 ,  Γ -    (   𝔢 0 ,     𝔢 1 , 𝜏 ) )


     lim  n → ∞ ⁡   Ψ  n  ( 𝔯 ) = 0


  𝔯 =     𝔏 ~  𝜌 ,  Γ -    (   𝔢 0 ,     𝔢 1 , 𝜏 )    


  i → ∞


     lim  i → ∞ ⁡      𝔏 ~  𝜌 ,  Γ -    (   𝔢 0 ,       𝔢 1 , 𝜏 ) = 0  


  𝜏 > 0 .


      𝔔 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  i + 1 , 𝜏 ) =     𝔔 ~  𝜌 ,  Γ -  ( 𝒥   𝔢  i − 1 ,       𝒥 𝔢  i , 𝜏 ) ≤ 𝛼  (   𝔢  i − 1 ,   𝔢  i ,   𝜏 )     𝔔 ~  𝜌 ,  Γ -  ( 𝒥   𝔢  i − 1 ,       𝒥 𝔢  i , 𝜏 )


  ≤ Ψ


      𝔔 ~  𝜌 ,  Γ -  (   𝔢  i − 1 ,       𝔢  i , 𝜏 ) )


  ≤ Ψ ( Ψ


      𝔔 ~  𝜌 ,  Γ -  (   𝔢  i − 1 ,       𝔢  i , 𝜏 ) ) =  Ψ 2 (     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i − 2 ,     𝔢  i − 1 , 𝜏 ) )


  ≤  Ψ  n (     𝔔 ~  𝜌 ,  Γ -  (   𝔢 0 ,     𝔢 1 , 𝜏 ) )


     lim  n → ∞ ⁡   Ψ  n  ( 𝔯 ) = 0


  𝔯 =     𝔔 ~  𝜌 ,  Γ -  (   𝔢 0 ,     𝔢 1 , 𝜏 )


  i → ∞


     lim  i → ∞ ⁡      𝔔 ~  𝜌 ,  Γ -  (   𝔢 0 ,       𝔢 1 , 𝜏 ) = 0  


  𝜏 > 0 .


  i , j ∈ ℕ


  j > i


      𝔓 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  j , 𝜏 ) ≥     𝔓 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  i + 1 ,     𝜏 2  𝜌 (   𝔢  i ,     𝔢  i + 1 ) ) ∗     𝔓 ~  𝜌 ,  Γ -  (   𝔢  i + 1 ,     𝔢  j ,     𝜏 2   Γ - (   𝔢  i + 1 ,     𝔢  j ) )


  ≥     𝔓 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  i + 1 ,     𝜏 2  𝜌 (   𝔢  i ,     𝔢  i + 1 ) ) ∗     𝔓 ~  𝜌 ,  Γ -  (   𝔢  i + 1 ,     𝔢  i + 2 ,     𝜏   2 2  𝜌 (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ - (   𝔢  i + 1 ,     𝔢  j ) )


  ∗     𝔓 ~  𝜌 ,  Γ -  (   𝔢  i + 2 ,     𝔢  j ,     𝜏   2 2   Γ - (   𝔢  i + 1 ,   𝔢  j )  Γ - (   𝔢  i + 2 ,     𝔢  j ) )


  ≥     𝔓 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  i + 1 ,     𝜏 2   Γ - (   𝔢  i ,     𝔢  i + 1 ) ) ∗     𝔓 ~  𝜌 ,  Γ -  (   𝔢  i + 1 ,     𝔢  i + 2 ,     𝜏   2 2  𝜌 (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ - (   𝔢  i + 1 ,     𝔢  j ) )


  ∗     𝔓 ~  𝜌 ,  Γ -  (   𝔢  i + 2 ,     𝔢  i + 3 ,     𝜏   2 3  𝜌 (   𝔢  i + 2 ,     𝔢  i + 3 )  Γ - (   𝔢  i + 1 ,     𝔢  j ) )


      𝔓 ~  𝜌 ,  Γ -  (   𝔢  i + 3 ,     𝔢  j ,     𝜏   2 3   Γ - (   𝔢  i + 1 ,     𝔢  j )  Γ - (   𝔢  i + 2 ,     𝔢  j )  Γ - (   𝔢  i + 3 ,     𝔢  j ) )


      𝔓 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  j , 𝜏 ) ≥     𝔓 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  i + 1 ,   𝜏  2 𝜌  (   𝔢  i ,     𝔢  i + 1 ) ) ∗ ∗     𝔓 ~  𝜌 ,  Γ -  (   𝔢  i + 2 ,     𝔢  i + 3 ,   𝜏   2 3 𝜌  (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ -  (   𝔢  i + 1 ,     𝔢  j ) ) … ∗


                                                                    𝔓 ~  𝜌 ,  Γ -  (   𝔢  i − 2 ,     𝔢  j − 1 ,   𝜏   2  j − 1 𝜌  (   𝔢  j − 2 ,     𝔢  j − 1 )  Γ -  (   𝔢  j − 2 ,     𝔢  j )  Γ -  (   𝔢  j − 3 ,     𝔢  j ) …  Γ -  (   𝔢  j + 1 ,     𝔢  j ) )


      𝔓 ~  𝜌 ,  Γ -  (   𝔢  j − 1 ,     𝔢  j ,   𝜏   2  j − 1  Γ -  (   𝔢  j − 1 ,     𝔢  j )  Γ -  (   𝔢  j − 2 ,     𝔢  j )  Γ -  (   𝔢  j − 3 ,     𝔢  j ) …  Γ -  (   𝔢  j + 1 ,     𝔢  j ) )


      𝔏 ~  𝜌 ,  Γ -    (   𝔢  i ,     𝔢  j , 𝜏 ) ≤     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i ,     𝔢  i + 1 ,     𝜏 2  𝜌 (   𝔢  i ,     𝔢  i + 1 ) ) ⋆     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i + 1 ,     𝔢  j ,     𝜏 2   Γ - (   𝔢  i + 1 ,     𝔢  j ) )


  ≤     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i ,     𝔢  i + 1 ,     𝜏 2  𝜌 (   𝔢  i ,     𝔢  i + 1 ) ) ⋆     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i + 1 ,     𝔢  i + 2 ,     𝜏   2 2  𝜌 (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ - (   𝔢  i + 1 ,     𝔢  j ) )


  ⋆     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i + 2 ,     𝔢  j ,     𝜏   2 2   Γ - (   𝔢  i + 1 ,     𝔢  j )  Γ - (   𝔢  i + 2 ,     𝔢  j ) )


  ≤     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i ,     𝔢  i + 1 ,     𝜏 2  𝜌 (   𝔢  i ,     𝔢  i + 1 ) ) ⋆     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i + 1 ,     𝔢  i + 2 ,     𝜏   2 2  𝜌 (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ - (   𝔢  i + 1 ,     𝔢  j ) )


  ⋆     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i + 2 ,     𝔢  i + 3 ,     𝜏   2 3  𝜌 (   𝔢  i + 2 ,     𝔢  i + 3 )  Γ - (   𝔢  i + 1 ,     𝔢  j ) ) ⋆                                                             𝔏 ~  𝜌 ,  Γ -    (   𝔢  i + 3 ,     𝔢  j ,     𝜏   2 3   Γ - (   𝔢  i + 1 ,     𝔢  j )  Γ - (   𝔢  i + 2 ,     𝔢  j )  Γ - (   𝔢  i + 3 ,     𝔢  j ) )


      𝔏 ~  𝜌 ,  Γ -    (   𝔢  i ,     𝔢  j , 𝜏 ) ≤     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i ,     𝔢  i + 1 ,   𝜏  2 𝜌  (   𝔢  i ,     𝔢  i + 1 ) )


  ⋆     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i + 1 ,     𝔢  i + 2 ,   𝜏   2 2 𝜌  (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ -  (   𝔢  i + 1 ,     𝔢  j ) ) ⋆     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i + 2 ,     𝔢  i + 3 ,   𝜏   2 3 𝜌  (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ -  (   𝔢  i + 1 ,     𝔢  j ) ) … ⋆


  ⋆     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i + 1 ,     𝔢  i + 2 ,   𝜏   2 2 𝜌  (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ -  (   𝔢  i + 1 ,     𝔢  j ) ) ⋆     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i + 2 ,     𝔢  i + 3 ,   𝜏   2 3 𝜌  (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ -  (   𝔢  i + 1 ,     𝔢  j ) ) … ⋆


      𝔏 ~  𝜌 ,  Γ -    (   𝔢  j − 2 ,     𝔢  j − 1 ,   𝜏   2  j − 1 𝜌  (   𝔢  j − 2 ,     𝔢  j − 1 )  Γ -  (   𝔢  j − 2 ,     𝔢  j )  Γ -  (   𝔢  j − 3 ,     𝔢  j ) …  Γ -  (   𝔢  i + 1 ,     𝔢  j ) ) ⋆


                                                                                𝔏 ~  𝜌 ,  Γ -    (   𝔢  j − 1 ,     𝔢  j ,   𝜏   2  j − 1  Γ -  (   𝔢  j − 1 ,     𝔢  j )  Γ -  (   𝔢  j − 2 ,     𝔢  j )  Γ -  (   𝔢  j − 3 ,     𝔢  j ) …  Γ -  (   𝔢  i + 1 ,     𝔢  j ) )


      𝔔 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  j , 𝜏 ) ≤     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  i + 1 ,     𝜏 2  𝜌 (   𝔢  i ,     𝔢  i + 1 ) ) ⋆     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i + 1 ,     𝔢  j ,     𝜏 2   Γ - (   𝔢  i + 1 ,     𝔢  j ) )


                                                ≤     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  i + 1 ,     𝜏 2  𝜌 (   𝔢  i ,     𝔢  i + 1 ) ) ⋆     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i + 1 ,     𝔢  i + 2 ,     𝜏   2 2  𝜌 (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ - (   𝔢  i + 1 ,     𝔢  j ) )


                                                ≤     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  i + 1 ,     𝜏 2  𝜌 (   𝔢  i ,     𝔢  i + 1 ) ) ⋆     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i + 1 ,     𝔢  i + 2 ,     𝜏   2 2  𝜌 (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ - (   𝔢  i + 1 ,     𝔢  j ) )


                                              ⋆     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i + 2 ,     𝔢  j ,     𝜏   2 2   Γ - (   𝔢  i + 1 ,     𝔢  j )  Γ - (   𝔢  i + 2 ,     𝔢  j ) )


                                              ⋆     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i + 2 ,     𝔢  j ,     𝜏   2 2   Γ - (   𝔢  i + 1 ,     𝔢  j )  Γ - (   𝔢  i + 2 ,     𝔢  j ) )


  ≤     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  i + 1 ,     𝜏 2  𝜌 (   𝔢  i ,     𝔢  i + 1 ) ) ⋆     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i + 1 ,     𝔢  i + 2 ,     𝜏   2 2  𝜌 (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ - (   𝔢  i + 1 ,     𝔢  j ) )


  ≤     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  i + 1 ,     𝜏 2  𝜌 (   𝔢  i ,     𝔢  i + 1 ) ) ⋆     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i + 1 ,     𝔢  i + 2 ,     𝜏   2 2  𝜌 (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ - (   𝔢  i + 1 ,     𝔢  j ) )


  ⋆     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i + 2 ,     𝔢  i + 3 ,     𝜏   2 3  𝜌 (   𝔢  i + 2 ,     𝔢  i + 3 )  Γ - (   𝔢  i + 1 ,     𝔢  j ) ) ⋆


      𝔔 ~  𝜌 ,  Γ -  (   𝔢  i + 3 ,     𝔢  j ,     𝜏   2 3   Γ - (   𝔢  i + 1 ,     𝔢  j )  Γ - (   𝔢  i + 2 ,     𝔢  j )  Γ - (   𝔢  i + 3 ,     𝔢  j ) )


      𝔔 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  j , 𝜏 ) ≤     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  i + 1 ,   𝜏  2 𝜌  (   𝔢  i ,     𝔢  i + 1 ) ) .


  ⋆     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i + 1 ,     𝔢  i + 2 ,   𝜏   2 2 𝜌  (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ -  (   𝔢  i + 1 ,     𝔢  j ) ) ⋆     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i + 2 ,     𝔢  i + 3 ,   𝜏   2 3 𝜌  (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ -  (   𝔢  i + 1 ,     𝔢  j ) ) … ⋆


  ⋆     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i + 1 ,     𝔢  i + 2 ,   𝜏   2 2 𝜌  (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ -  (   𝔢  i + 1 ,     𝔢  j ) ) ⋆     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i + 2 ,     𝔢  i + 3 ,   𝜏   2 3 𝜌  (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ -  (   𝔢  i + 1 ,     𝔢  j ) ) … ⋆


      𝔔 ~  𝜌 ,  Γ -  (   𝔢  j − 2 ,     𝔢  j − 1 ,   𝜏   2  j − 1 𝜌  (   𝔢  j − 2 ,     𝔢  j − 1 )  Γ -  (   𝔢  j − 2 ,     𝔢  j )  Γ -  (   𝔢  j − 3 ,     𝔢  j ) …  Γ -  (   𝔢  i + 1 ,     𝔢  j ) ) ⋆


      𝔔 ~  𝜌 ,  Γ -  (   𝔢  j − 2 ,     𝔢  j − 1 ,   𝜏   2  j − 1 𝜌  (   𝔢  j − 2 ,     𝔢  j − 1 )  Γ -  (   𝔢  j − 2 ,     𝔢  j )  Γ -  (   𝔢  j − 3 ,     𝔢  j ) …  Γ -  (   𝔢  i + 1 ,     𝔢  j ) ) ⋆


                  𝔔 ~  𝜌 ,  Γ -  (   𝔢  j − 1 ,     𝔢  j ,   𝜏   2  j − 1  Γ -  (   𝔢  j − 1 ,     𝔢  j )  Γ -  (   𝔢  j − 2 ,     𝔢  j )  Γ -  (   𝔢  j − 3 ,     𝔢  j ) …  Γ -  (   𝔢  i + 1 ,     𝔢  j ) )


  i → ∞


     lim  i → ∞ ⁡      𝔓 ~  𝜌 ,  Γ -  (   𝔢  i ,       𝔢  j , 𝜏 ) = 1 ∗ 1 ∗ … ∗ 1 = 1 ,  


     lim  i → ∞ ⁡      𝔏 ~  𝜌 ,  Γ -    (   𝔢  i ,       𝔢  j , 𝜏 ) = 0 ⋆ 0 ⋆ … ⋆ 0 = 0  


     lim  i → ∞ ⁡      𝔔 ~  𝜌 ,  Γ -  (   𝔢  i ,       𝔢  j , 𝜏 ) = 0 ⋆ 0 ⋆ … ⋆ 0 = 0 .  


   {   𝔢  i }


  Ξ


  Ξ


    𝔢 ∗ ∈ Ξ


    𝔢  i →   𝔢 ∗ ,


     lim  i → ∞ ⁡      𝔓 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢 ∗ , 𝜏 ) = 1 ,  


     lim  i → ∞ ⁡      𝔏 ~  𝜌 ,  Γ -    (   𝔢  i ,     𝔢 ∗ , 𝜏 ) = 0    


     lim  i → ∞ ⁡      𝔔 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢 ∗ , 𝜏 ) = 0  


  𝒥


  𝒥


    𝔢  i ) → 𝒥   ( 𝔢 ∗ )


     lim  i → ∞ ⁡      𝔓 ~  𝜌 ,  Γ -  ( 𝒥 (   𝔢  i ) ,     𝒥 ( 𝔢 ∗ ) , 𝜏 ) = 1 ,  


     lim  i → ∞ ⁡      𝔏 ~  𝜌 ,  Γ -    ( 𝒥 (   𝔢  i ) ,     𝒥 ( 𝔢 ∗ ) , 𝜏 ) = 0


     lim  i → ∞ ⁡      𝔔 ~  𝜌 ,  Γ -  ( 𝒥 (   𝔢  i ) ,     𝒥 ( 𝔢 ∗ ) , 𝜏 ) = 0


  𝜏 > 0 .


     lim  i → ∞ ⁡      𝔓 ~  𝜌 ,  Γ -  (   𝔢  i + 1 ,     𝒥 ( 𝔢 ∗ ) , 𝜏 ) =      lim  i → ∞ ⁡      𝔓 ~  𝜌 ,  Γ -  ( 𝒥 (   𝔢  i ) ,     𝒥 ( 𝔢 ∗ ) , 𝜏 ) = 1 ,  


     lim  i → ∞ ⁡      𝔏 ~  𝜌 ,  Γ -    (   𝔢  i + 1 ,     𝒥 ( 𝔢 ∗ ) , 𝜏 ) =      lim  i → ∞ ⁡      𝔏 ~  𝜌 ,  Γ -    ( 𝒥 (   𝔢  i ) ,     𝒥 ( 𝔢 ∗ ) , 𝜏 ) = 0  


     lim  i → ∞ ⁡      𝔔 ~  𝜌 ,  Γ -  (   𝔢  i + 1 ,     𝒥 ( 𝔢 ∗ ) , 𝜏 ) =      lim  i → ∞ ⁡      𝔔 ~  𝜌 ,  Γ -  ( 𝒥 (   𝔢  i ) ,     𝒥 ( 𝔢 ∗ ) , 𝜏 ) = 0 ,  


  𝜏 > 0 .


  𝒥 (


    𝔢  i ) →   𝒥 ( 𝔢 ∗ ) ,


    𝒥 ( 𝔢 ∗ ) =     𝔢 ∗ ,


    𝔢 ∗


  𝒥 .


  Ξ ,   𝔓 ~ ,   𝔏 ~ ,     𝔔 ~ ,   ∗


  ⋆ ,   𝒷 )


    which   is   also   complete .   Let


  𝒥   :   Ξ → Ξ


  𝛼 − Ψ )


  Ψ ∈ 𝔉 ,


  𝒥


    𝔢 0 ∈ Ξ


  𝛼 (   𝔢 0 ,   𝒥   𝔞 . 0 ,   𝜏 ) ≥ 1


  𝜏 > 0


  𝒥


  𝛼


  𝒥


  𝜌  ( 𝔢 ,   𝔞 .   ) =  Γ -  ( 𝔢 ,   𝔞 .   ) = 1


  𝒥


  Ξ =  [ 0 , 1 ] ,


  𝜌 ,  Γ -   :  Ξ 2 →  [ 1 , ∞ )  


  𝜌  ( 𝔢 ,   𝔞 .   ) =


  𝔢 +   𝔞 .   + 1


   Γ -  ( 𝔢 ,   𝔞 .   ) =   𝔢 2 +     𝔞 .   2 + 1 .


      𝔓 ~  𝜌 ,  Γ -


      𝔏 ~  𝜌 ,  Γ -  


      𝔔 ~  𝜌 ,  Γ -


      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 .   , 𝜏 ) =   e    −  | 𝔢 −   𝔞 .   |  𝜏


      𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔞 .   , 𝜏 ) = 1 −   e    −  | 𝔢 −   𝔞 .   |  𝜏


      𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 .   , 𝜏 ) =   e     | 𝔢 −   𝔞 .   |  𝜏 − 1


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 .   ,   𝜏  𝜌  ( 𝔢 ,     𝔞 .   ) ) =   e    −  | 𝔢 −   𝔞 .   |    𝜏  𝜌  ( 𝔢 ,     𝔞 .   )


      e    − 𝜌  ( 𝔢 ,   𝔞 .   )  | 𝔢 −   𝔞 .   |  𝜏 ≤ e    −  | 𝔢 −   𝔞 .   |  𝜏 ≤   e    −  | 𝔢 −   𝔞 .   |  𝜏 +   𝜏 ′


      𝔓 ~  𝜌 ,  Γ -  (     𝔞 .   ,   𝔟 .   ,   𝜏  𝜌  (     𝔞 .   ,     𝔟 . ) ) =   e    −  |     𝔞 .   −   𝔟 . |    𝜏  𝜌  (     𝔞 .   ,     𝔟 . )


      e    − 𝜌  (     𝔞 .   ,   𝔟 . )  |     𝔞 .   −   𝔟 . |  𝜏 ≤ e    −  |     𝔞 .   −   𝔟 . |  𝜏 ≤   e    −  |     𝔞 .   −   𝔟 . |  𝜏 +   𝜏 ′


  𝜏 ,   𝜏 ′ > 0 ,


      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 .   ,   𝜏  𝜌  ( 𝔢 ,     𝔞 .   ) ) ∗     𝔓 ~  𝜌 ,  Γ -  (     𝔞 .   ,     𝔟 . ,   𝜏  𝜌  (     𝔞 .   ,     𝔟 . ) ) ≤   e    −  | 𝔢 −   𝔞 .   |  𝜏 +   𝜏 ′ .     e    −  |     𝔞 .   −   𝔟 . |  𝜏 +   𝜏 ′ ≤   e    −  |   𝔢 −   𝔟 . |  𝜏 +   𝜏 ′ ≤     𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔟 . , 𝜏 +   𝜏 ′ ) .


      𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔞 .   ,   𝜏  𝜌  ( 𝔢 ,     𝔞 .   ) ) = 1 −   e    −  | 𝔢 −   𝔞 .   |    𝜏  𝜌  ( 𝔢 ,     𝔞 .   )


  1 −     e    − 𝜌  ( 𝔢 ,   𝔞 .   )  | 𝔢 −   𝔞 .   |  𝜏 ≥ 1 − e    −  | 𝔢 −   𝔞 .   |  𝜏 ≥ 1 −   e    −  | 𝔢 −   𝔞 .   |  𝜏 +   𝜏 ′


      𝔏 ~  𝜌 ,  Γ -    (     𝔞 .   ,     𝔟 . ,   𝜏  𝜌  (     𝔞 .   ,     𝔟 . ) ) = 1 −   e    −  |     𝔞 .   −   𝔟 . |    𝜏  𝜌  (     𝔞 .   ,     𝔟 . )


      e    − 𝜌  (     𝔞 .   ,   𝔟 . )  |     𝔞 .   −   𝔟 . |  𝜏 ≥ 1 − e    −  |     𝔞 .   −   𝔟 . |  𝜏 ≥ 1 −   e    −  |     𝔞 .   −   𝔟 . |  𝜏 +   𝜏 ′


  𝜏 ,   𝜏 ′ > 0 ,


      𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔞 .   ,   𝜏  𝜌  ( 𝔢 ,     𝔞 .   ) ) ⋆     𝔏 ~  𝜌 ,  Γ -    (     𝔞 .   ,     𝔟 . ,   𝜏  𝜌  (     𝔞 .   ,     𝔟 . ) ) ≥   1 − e    −  | 𝔢 −   𝔞 .   |  𝜏 +   𝜏 ′ .     1 − e    −  |     𝔞 .   −   𝔟 . |  𝜏 +   𝜏 ′ ≥ 1 −   e    −  |   𝔢 −   𝔟 . |  𝜏 +   𝜏 ′ ≥     𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔟 . , 𝜏 +   𝜏 ′ )


      𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 .   ,   𝜏  𝜌  ( 𝔢 ,       𝔞 . ) ) =   e     | 𝔢 −   𝔞 .   |    𝜏  𝜌  ( 𝔢 ,     𝔞 .   ) − 1


      e    𝜌  ( 𝔢 ,   𝔞 .   )  | 𝔢 −   𝔞 .   |  𝜏 − 1 ≥ e     | 𝔢 −   𝔞 .   |  𝜏 − 1 ≥   e     | 𝔢 −   𝔞 .   |  𝜏 +   𝜏 ′ − 1


      𝔔 ~  𝜌 ,  Γ -  (     𝔞 .   ,   𝔟 .   ,   𝜏  𝜌  (     𝔞 . ,     𝔟 . ) ) =   e     |     𝔞 .   −   𝔟 . |    𝜏  𝜌  (     𝔞 .   ,     𝔟 . ) − 1


      e    𝜌  (     𝔞 .   ,   𝔟 . )  |     𝔞 .   −   𝔟 . |  𝜏 − 1 ≥ e     |     𝔞 .   −   𝔟 . |  𝜏 − 1 ≥   e     |     𝔞 .   −   𝔟 . |  𝜏 +   𝜏 ′ − 1


  𝜏 ,   𝜏 ′ > 0 ,


      𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 .   ,   𝜏  𝜌  ( 𝔢 ,     𝔞 .   ) ) ⋆     𝔔 ~  𝜌 ,  Γ -  (     𝔞 .   ,     𝔟 . ,   𝜏  𝜌  (     𝔞 .   ,     𝔟 . ) ) ≥   e     | 𝔢 −   𝔞 .   |  𝜏 +   𝜏 ′ − 1 .     e     |     𝔞 .   −   𝔟 . |  𝜏 +   𝜏 ′ − 1 ≥   e     |   𝔢 −   𝔟 . |  𝜏 +   𝜏 ′ − 1 ≥     𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔟 . , 𝜏 +   𝜏 ′ )


  𝒥   :   Ξ → Ξ


  𝛼 :  Ξ 2 ×  ( 0 , ∞ ) →  [ 0 , ∞ )


  Ψ   : [ 0 , ∞ ) →  [ 0 , ∞ )


  𝒥  ( 𝔢 ,     𝔞 .   , 𝜏 ) =  {    1               i f             0 <   𝔢 ,     𝔞 .   ≤ 1   0                               o t h e r w i s e


  𝒥


  𝛼 −


  𝔢 ,     𝔞 ,   𝔟 . .   ∈ Ξ


  𝛼 ( 𝔢 ,     𝔞 .   , 𝜏 ) ≥ 1 ,


  𝛼  ( 𝒥 𝔢 , 𝒥   𝔞 .   , 𝜏 ) =   𝛼 ( 1 −   𝔢 4 ,   1 −     𝔞 .   4 ,   𝜏 )   ≥ 1 .


  𝒥


  ( 𝛼 − Ψ )


  𝛼  ( 𝔢 ,     𝔞 .   ,   𝜏 )  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥 𝔢 ,   𝒥   𝔟 . , 𝜏 ) − 1 ) ≤  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥 𝔢 ,   𝒥   𝔟 . , 𝜏 ) − 1 ) =  (  1    e    −  | 𝒥 𝔢 − 𝒥   𝔟 . |  𝜏 − 1 ) =  (  1    e    −  | 𝔢 −   𝔟 . |  𝜏 − 1 ) ≤     e     | 𝔢 −   𝔟 . |  𝜏 − 1 2 = Ψ  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔟 . , 𝜏 ) − 1 ) .


          𝛼  ( 𝔢 ,     𝔞 .   ,   𝜏 )     𝔏 ~  𝜌 ,  Γ -    ( 𝒥 𝔢 ,   𝒥   𝔟 . , 𝜏 ) ≤     𝔏 ~  𝜌 ,  Γ -    ( 𝒥 𝔢 ,   𝒥   𝔟 . , 𝜏 ) = 1 −   e    −  | 𝒥 𝔢 − 𝒥   𝔟 . |  𝜏 ≤ 1 −   e    −  | 𝔢 −   𝔟 . |  𝜏 =   Ψ (     𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔟 . , 𝜏 ) )


          𝛼  ( 𝔢 ,     𝔞 .   ,   𝜏 )     𝔔 ~  𝜌 ,  Γ -  ( 𝒥 𝔢 ,   𝒥   𝔟 . , 𝜏 ) ≤     𝔔 ~  𝜌 ,  Γ -  ( 𝒥 𝔢 ,   𝒥   𝔟 . , 𝜏 ) =   e     | 𝒥 𝔢 − 𝒥   𝔟 . |  𝜏 − 1 ≤   e     | 𝔢 −   𝔟 . |  𝜏 − 1 =   Ψ (     𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔟 . , 𝜏 ) )


  𝒥


    𝔢 ∗ =  4 5 ,


  𝒥  (  4 5 ) =  4 5 .


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


  𝜌 ,  Γ -   :  Ξ 2 → [ 1 ,  1  𝛿 )


  𝛿 ∈ ( 0 , 1 ) ) .   Let


  𝒥   :   Ξ → Ξ


  𝛼 − Ψ )


  Ψ ∈ 𝔉 ,


  𝒥


  𝛼


    𝔢 0 ∈ Ξ


  𝛼 (   𝔢 0 ,   𝒥   𝔞 .   0 ,   𝜏 ) ≥ 1


  𝜏 > 0


    𝔢  i }


  Ξ


  𝛼 (   𝔢  i ,   𝔢  i + 1 ,   𝜏 )   ≥ 1


  i ∈ ℕ


    𝔢  i → 𝔢


  i → ∞ ,


  𝛼 (   𝔢  i , 𝔢 ,     𝜏 )   ≥ 1


  i ∈ ℕ


  𝔢 ∈ Ξ


     lim  i → ∞ ⁡  𝜌 (   𝔢  i ,   𝔢 ) ,


      lim  Γ -  i → ∞ ⁡ (   𝔢  i ,   𝔢 )


    𝔢  i }


    𝔢  i =   𝒥  n   𝔢 0


    𝔢 0 ∈ Ξ .


  𝒥


    𝔢  i }


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


    𝔢 0 ∈ Ξ


    𝔢  i →   𝔢 ∗


  i → ∞


  𝛼 (   𝔢  i ,   𝔢 ∗   𝜏 )   ≥ 1


  i ∈ ℕ


  𝜏 > 0 .


      𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ -


  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥   𝔢 ∗ ,     𝔢 ∗ , 𝜏 ) − 1


  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥   𝔢 ∗ ,       𝒥 𝔢  i , 𝜏 ) − 1


  +  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥   𝔢  i + 1 ,   𝔢 ∗ ,   𝜏 ) − 1 )


                                                                      ≤ 𝛼  (   𝔢  i ,   𝔢 ∗ ,   𝜏 )   (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥   𝔢  i , 𝒥     𝔢 ∗ , 𝜏 ) − 1


  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥   𝔢  i + 1 ,   𝔢 ∗ ,   𝜏 ) − 1 )


                                                                      ≤ Ψ  (  1      𝔓 ~  𝜌 ,  Γ -  (   𝔢  i ,   𝔢 ∗ ,   𝜏 ) − 1 ) +  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥   𝔢  i + 1 ,   𝔢 ∗ ,   𝜏 ) − 1 )


  Ψ  ( 𝔯 ) < 𝔯


                                                                      ≤  (  1      𝔓 ~  𝜌 ,  Γ -  (   𝔢  i ,   𝔢 ∗ ,   𝜏 ) − 1 ) +  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥   𝔢  i + 1 ,   𝔢 ∗ ,   𝜏 ) − 1 )


      𝔏 ~  𝜌 ,  Γ -    ( 𝒥   𝔢 ∗ ,     𝔢 ∗ , 𝜏 )


      𝔏 ~  𝜌 ,  Γ -    ( 𝒥   𝔢 ∗ ,       𝒥 𝔢  i , 𝜏 ) +     𝔏 ~  𝜌 ,  Γ -    ( 𝒥   𝔢  i + 1 ,   𝔢 ∗ ,   𝜏 )


                                                                      ≥ 𝛼  (   𝔢  i ,   𝔢 ∗ ,   𝜏 )       𝔏 ~  𝜌 ,  Γ -    ( 𝒥   𝔢  i , 𝒥     𝔢 ∗ , 𝜏 )


      𝔏 ~  𝜌 ,  Γ -    ( 𝒥   𝔢  i + 1 ,   𝔢 ∗ ,   𝜏 )


                                                                        ≥ Ψ (     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i ,   𝔢 ∗ ,   𝜏 ) ) +     𝔏 ~  𝜌 ,  Γ -    ( 𝒥   𝔢  i + 1 ,   𝔢 ∗ ,   𝜏 )


  Ψ  ( 𝔯 ) < 𝔯


                                                                        ≥     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i ,   𝔢 ∗ ,   𝜏 ) +     𝔏 ~  𝜌 ,  Γ -    ( 𝒥   𝔢  i + 1 ,   𝔢 ∗ ,   𝜏 )


      𝔔 ~  𝜌 ,  Γ -  ( 𝒥   𝔢 ∗ ,     𝔢 ∗ , 𝜏 )


      𝔔 ~  𝜌 ,  Γ -  ( 𝒥   𝔢 ∗ ,       𝒥 𝔢  i , 𝜏 ) +     𝔔 ~  𝜌 ,  Γ -  ( 𝒥   𝔢  i + 1 ,   𝔢 ∗ ,   𝜏 )


                                                                      ≥ 𝛼  (   𝔢  i ,   𝔢 ∗ ,   𝜏 )       𝔔 ~  𝜌 ,  Γ -  ( 𝒥   𝔢  i , 𝒥     𝔢 ∗ , 𝜏 )


      𝔔 ~  𝜌 ,  Γ -


   ( 𝒥   𝔢  i + 1 ,   𝔢 ∗ ,   𝜏 )


                                                                        ≥ Ψ (     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i ,   𝔢 ∗ ,   𝜏 ) ) +     𝔔 ~  𝜌 ,  Γ -  ( 𝒥   𝔢  i + 1 ,   𝔢 ∗ ,   𝜏 )


  Ψ  ( 𝔯 ) < 𝔯


                                                                        ≥     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i ,   𝔢 ∗ ,   𝜏 ) +     𝔔 ~  𝜌 ,  Γ -  ( 𝒥   𝔢  i + 1 ,   𝔢 ∗ ,   𝜏 )


  i → ∞


       lim  i → ∞ ⁡      𝔓 ~  𝜌 ,  Γ -  ( 𝒥   𝔢 ∗ ,     𝔢 ∗ , 𝜏 )   = 1 ,  n → ∞  lim  i → ∞       𝔏 ~  𝜌 ,  Γ -    ( 𝒥   𝔢 ∗ ,     𝔢 ∗ , 𝜏 ) = 0   and    lim  i → ∞       𝔔 ~  𝜌 ,  Γ -  ( 𝒥   𝔢 ∗ ,     𝔢 ∗ , 𝜏 ) = 0   for   all   𝜏 > 0 ,


  𝒥   ( 𝔢 ∗ ) =   𝔢 ∗


  𝒥


  Ξ = [ 0 , ∞ )


  𝜌 ,  Γ -   :  Ξ 2 → [ 1 , ∞ )


  𝜌  ( 𝔢 ,   𝔞 .   ) =  {     max ⁡   { 𝔢 ,   𝔞 .   } + 1         i f         𝔢 ,   𝔞 .   ∈ [ 0 , 1 ]     1                                                 o t h e r w i s e  


   Γ -  ( 𝔢 ,   𝔞 .   ) =  {     max ⁡   { 𝔢 ,   𝔞 .   } + 2         i f 𝔢 ,   𝔞 .   ∈ [ 1 , 2 ]     1                                                 o t h e r w i s e


      𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ -


      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,   𝔞 .   , 𝜏 ) =   𝜏  𝜏 +  | 𝔢 −   𝔞 .   |


      𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,   𝔞 .   , 𝜏 ) =    | 𝔢 −   𝔞 .   |  𝜏 +  | 𝔢 −   𝔞 .   |


      𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,   𝔞 .   , 𝜏 ) =    | 𝔢 −   𝔞 .   |  𝜏


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,   𝔞 .   ,   𝜏  𝜌  ( 𝔢 ,     𝔞 .   ) ) =   𝜏  𝜏 + 𝜌  ( 𝔢 ,     𝔞 .   )  | 𝔢 −   𝔞 .   | ≤   𝜏  𝜏 +  | 𝔢 −   𝔞 .   | ≤   𝜏 +   𝜏 ′  𝜏 +   𝜏 ′ +  | 𝔢 −   𝔞 .   |


      𝔓 ~  𝜌 ,  Γ -  (   𝔞 .   ,   𝔟 . ,     𝜏 ′   Γ -  (   𝔞 .   , 𝔴 ) ) =     𝜏 ′    𝜏 ′ +  Γ -  (     𝔞 .   ,   𝔟 . )  |   𝔞 .   −   𝔟 . | ≤     𝜏 ′    𝜏 ′ +  |   𝔞 .   −   𝔟 . | ≤   𝜏 +   𝜏 ′  𝜏 +   𝜏 ′ +  |   𝔞 .   −   𝔟 . |


      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,   𝔞 .   ,   𝜏  𝜌  ( 𝔢 ,       𝔞 .   ) ) ∗     𝔓 ~  𝜌 ,  Γ -  (   𝔞 .   ,   𝔟 .     𝜏 ′   Γ -  ( 𝔢 ,     𝔞 .   ) ) ≤  (   𝜏 +   𝜏 ′  𝜏 +   𝜏 ′ +  | 𝔢 −   𝔞 .   | )  (   𝜏 +   𝜏 ′  𝜏 +   𝜏 ′ +  |   𝔞 .   −   𝔟 . | )


                                                                                                                                                                ≤   𝜏 +   𝜏 ′  𝜏 +   𝜏 ′ +  | 𝔢 −   𝔟 . | =     𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,   𝔟 . , 𝜏 +   𝜏 ′ )


        𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,   𝔞 .   ,   𝜏  𝜌  ( 𝔢 ,     𝔞 .   ) ) =   𝜌  ( 𝔢 ,     𝔞 .   )  | 𝔢 −   𝔞 .   |  𝜏 + 𝜌  ( 𝔢 ,     𝔞 .   )  | 𝔢 −   𝔞 .   | ≥    | 𝔢 −   𝔞 .   |  𝜏 +  | 𝔢 −   𝔞 .   | ≥    | 𝔢 −   𝔞 .   |  𝜏 +   𝜏 ′ +  | 𝔢 −   𝔞 .   |


        𝔏 ~  𝜌 ,  Γ -    (   𝔞 .   ,   𝔟 . ,     𝜏 ′   Γ -  ( 𝔢 ,     𝔞 .   ) ) =    Γ -  (     𝔞 . ,   𝔟 . )  |   𝔞 . −   𝔟 . |    𝜏 ′ +  Γ -  (     𝔞 . ,   𝔟 . )  |   𝔞 . −   𝔟 . | ≥    |   𝔞 . −   𝔟 . |    𝜏 ′ +  |   𝔞 . −   𝔟 . | ≥    |   𝔞 . −   𝔟 . |  𝜏 +   𝜏 ′ +  |   𝔞 . −   𝔟 . |


        𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,   𝔞 . ,   𝜏  𝜌  ( 𝔢 ,     𝔞 . ) ) ⋆       𝔏 ~  𝜌 ,  Γ -    (   𝔞 . ,   𝔟 . ,     𝜏 ′   Γ -  (   𝔞 . ,   𝔟 . ) ) ≥  (    | 𝔢 −   𝔞 . |  𝜏 +   𝜏 ′ +  | 𝔢 −   𝔞 . | )  (    |   𝔞 . −   𝔟 . |  𝜏 +   𝜏 ′ +  |   𝔞 . −   𝔟 . | )


                                                                                                                ≥    | 𝔢 −   𝔟 . |  𝜏 +   𝜏 ′ +  | 𝔢 −   𝔟 . | =       𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,   𝔟 . , 𝜏 +   𝜏 ′ )


        𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,   𝔞 . ,   𝜏  𝜌  ( 𝔢 ,     𝔞 . ) ) =   𝜌  ( 𝔢 ,     𝔞 . )  | 𝔢 −   𝔞 . |  𝜏 ≥    | 𝔢 −   𝔞 . |  𝜏 ≥    | 𝔢 −   𝔞 . |  𝜏 +   𝜏 ′


        𝔔 ~  𝜌 ,  Γ -  (   𝔞 . ,   𝔟 . ,     𝜏 ′   Γ -  (   𝔞 . , 𝔴 ) ) =    Γ -  (     𝔞 . ,   𝔟 . )  |   𝔞 . −   𝔟 . |    𝜏 ′ ≥    |   𝔞 . −   𝔟 . |    𝜏 ′ ≥    |   𝔞 . −   𝔟 . |  𝜏 +   𝜏 ′


        𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,   𝔞 . ,   𝜏  𝜌  ( 𝔢 ,     𝔞 . ) ) ⋆       𝔔 ~  𝜌 ,  Γ -  (   𝔞 . ,   𝔟 . ,     𝜏 ′   Γ -  ( 𝔢 ,     𝔞 . ) ) ≥  (    | 𝔢 −   𝔞 . |  𝜏 +   𝜏 ′ )  (    |   𝔞 . −   𝔟 . |  𝜏 +   𝜏 ′ )


                                                                                                                                                                  ≥    | 𝔢 −   𝔟 . |  𝜏 +   𝜏 ′ =       𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,   𝔟 . , 𝜏 +   𝜏 ′ )


   1  1 +  | 𝔢 −   𝔞 . | )  (  1  1 +  |   𝔞 . −   𝔟 . | ) =  1  1 +  | 𝔢 −   𝔞 . | +  |   𝔞 . −   𝔟 . | +  | 𝔢 −   𝔞 . |  |   𝔞 . −   𝔟 . | ≤  1  1 +  | 𝔢 −   𝔞 . | +  |   𝔞 . −   𝔟 . | ≤  1  1 +  | 𝔢 −   𝔟 . |


  𝜏 +   𝜏 ′ .


  𝒥   :   Ξ → Ξ


  𝛼 :  Ξ 2 ×  ( 0 , ∞ ) →  [ 0 , ∞ )


  𝒥  ( 𝔢 ) =  {        𝔢 2 4     i f   𝔢 ∈  [ 0 , 1 ]   2       o t h e r w i s e


  𝛼  ( 𝔢 ,   𝔞 . , 𝜏 ) =  {      1     𝔢 ,   𝔞 . ∈  [ 0 , 1 ] , 𝜏 > 0   .   0       0 t h e r w i s e


  Ψ  ( 𝔯 ) =   𝔯 2


  𝔯 ≥ 0 .


  𝒥


  𝛼


  𝔢 ,   𝔞 . ∈  [ 0 , 1 ] ;  


  𝒥  ( 𝔢 ) ,


  𝒥  (   𝔞 . ) ∈  [ 0 , 1 ]


  𝛼  ( 𝒥 𝔢 , 𝒥   𝔞 . , 𝜏 ) ≥ 1 ,


  𝜏 > 0 .


  𝒥


  𝛼 −   Ψ )


  1 < 𝔢 ,   𝔞 . ,


  𝔢 ,   𝔞 . ∈  [ 0 , 1 ] .


  𝛼  ( 𝔢 ,   𝔞 . , 𝜏 )  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥 𝔢 , 𝒥   𝔞 . , 𝜏 ) − 1 ) ≤  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥 𝔢 , 𝒥   𝔞 . , 𝜏 ) − 1 ) =  (  1      𝔓 ~  𝜌 ,  Γ -  (     𝔢 2 4 ,       𝔞 . 2 4 , 𝜏 ) − 1 ) =  1  4 𝜏  |   𝔢 2 −     𝔞 . 2 |


                                                                                                                          ≤  1 2    | 𝔢 −   𝔞 . |  𝜏 =   Ψ (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,   𝔟 . , 𝜏 ) − 1 )


    𝛼  ( 𝔢 ,     𝔞 . ,   𝜏 )     𝔏 ~  𝜌 ,  Γ -    ( 𝒥 𝔢 ,   𝒥   𝔟 . , 𝜏 ) ≤     𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔟 . , 𝜏 )   ≤       𝔏 ~  𝜌 ,  Γ -    (     𝔢 2 4 ,       𝔞 . 2 4 , 𝜏 )    


       |   𝔢 2 −     𝔞 . 2 |  4 𝜏 +  |   𝔢 2 −     𝔞 . 2 |  


                                                                                                      ≤  1 2    | 𝔢 −   𝔞 . |   | 𝔢 −   𝔞 . | + 𝜏


  Ψ (     𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔟 . , 𝜏 ) )


  𝛼  ( 𝔢 ,     𝔞 . ,   𝜏 )     𝔔 ~  𝜌 ,  Γ -  ( 𝒥 𝔢 ,   𝒥   𝔟 . , 𝜏 ) ≤     𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔟 . , 𝜏 )   ≤       𝔔 ~  𝜌 ,  Γ -  (     𝔢 2 4 ,       𝔞 . 2 4 , 𝜏 )    


     1 2    | 𝔢 −   𝔞 . |  𝜏


  Ψ (     𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔟 . , 𝜏 ) )


    𝔢  i }


  Ξ


  𝛼  (   𝔢  i ,     𝔢  i + 1 ,   𝜏 ) ≥ 1


  i ∈ ℕ ,  


    𝔢  i → 𝔢   a s   i → ∞


   {   𝔢  i } ⊂  [ 0 , 1 ] .


  𝔢 ∈ [ 0 , 1 ]


  𝛼  (   𝔢  i ,   𝔢 ,   𝜏 ) ≥ 1


  i ∈ ℕ


  𝒥


  𝔢 = 0  


  𝔢 = 2 .


  Ξ = C (  [ 0 , Ι ] , ℝ )


  Ι > 0


  𝜌


  ,  Γ -   :  Ξ 2 → [ 1 , ∞ )


  𝜌  ( 𝔢 ,   𝔞 . ) =   𝔢 +   𝔞 . + 1


   Γ -  ( 𝔢 ,   𝔞 . ) =   𝔢 2 +     𝔞 . 2 + 1 .


      𝔓 ~  𝜌 ,  Γ -


      𝔏 ~  𝜌 ,  Γ -  


      𝔔 ~  𝜌 ,  Γ -


      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . , 𝜏 ) =   e  −   s u p  𝜅 ∈ [ 0 , 1 ]    | 𝔢 ( 𝜅 ) −   𝔞 . ( 𝜅 ) |  𝜏


      𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔞 . , 𝜏 ) = 1 −   e  −   s u p  𝜅 ∈ [ 0 , 1 ]    | 𝔢 ( 𝜅 ) −   𝔞 . ( 𝜅 ) |  𝜏


      𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . , 𝜏 ) =   e    s u p  𝜅 ∈ [ 0 , 1 ]    | 𝔢 ( 𝜅 ) −   𝔞 . ( 𝜅 ) |  𝜏 − 1


  𝔢 ,     𝔞 . ∈ Ξ


  𝜏 > 0


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


  𝒥   : Ξ → Ξ


  𝒥 𝔢  ( 𝜅 ) = 𝔮  ( 𝜅 ) +   ∫ 0  𝜅  Υ  ( 𝜅 , t , 𝔲  ( t ) ) d t ,    


  𝔮 ∈ Ξ


  Υ  ( 𝜅 , t , 𝔢  ( t ) ) :   [ 0 , Ι ] 2 → ℝ  


  ℏ   :    [ 0 , Ι ] ×  [ 0 , Ι ] → [ 0 , ∞ )


  𝜅 , t ∈ Ξ


  ℏ ∈   L 1 (  [ 0 , 1 ] , ℝ )  


   | Υ  ( 𝜅 , t , 𝔢  ( t ) ) − Υ  ( 𝜅 , t ,   𝔞 .  ( t ) ) | ≤   ℏ ( 𝜅 , t )  | 𝔢  ( t ) −   𝔞 .  ( t ) |


    ∫ 0  𝜅  ℏ ( 𝜅 , t ) d t


  𝜃 ∈ ( 0 , 1 )


  0 <   s u p  𝜅 ∈ [ 0 , 1 ]   ∫ 0  𝜅  ℏ ( 𝜅 , t ) d t ≤   𝜃 < 1 .


    e  −   s u p  𝜅 ∈ [ 0 , 1 ]   𝜃  | 𝔢 ( 𝜅 ) −   𝔞 . ( 𝜅 ) |  𝜏 ≥ 2   e  −   s u p  𝜅 ∈ [ 0 , 1 ]    | 𝔢 ( 𝜅 ) −   𝔞 . ( 𝜅 ) |  𝜏


  𝛼 :    Ξ 2 ×  ( 0 , ∞ ) →  [ 0 , ∞ )


  𝛼  ( 𝔢 ,   𝔞 . , 𝜏 ) =  {        1 2                               if     𝔢 =   𝔞 .      1 4               if     𝔢 = 0   o r     𝔞 . = 0   0                       o t h e r w i s e


  Ψ  ( 𝔯 ) =   𝔯 2


    𝔢 ,     𝔞 . ∈ Ξ


      𝔓 ~  𝜌 ,  Γ -  ( 𝒥 𝔢 , 𝒥     𝔞 . , 𝜏 ) =   e  −   s u p  𝜅 ∈ [ 0 , 1 ]    | 𝒥 𝔢 ( 𝜅 ) − 𝒥     𝔞 . ( 𝜅 ) |  𝜏


      ≥   e  −   s u p  𝜅 ∈ [ 0 , 1 ]     ∫ 0  𝜅   | Υ  ( 𝜅 , t , 𝔢  ( t ) ) − Υ  ( 𝜅 , t ,     𝔞 .  ( t ) ) |      𝜏 ≥   e  −   s u p  𝜅 ∈ [ 0 , 1 ]       ∫ 0  𝜅      ℏ ( 𝜅 , t )  | 𝔢 ( t ) −     𝔞 . ( t ) |  𝜏


  ≥   e  −   s u p  𝜅 ∈ [ 0 , 1 ]      | 𝔢 ( t ) −     𝔞 . ( t ) | s u p   ∫ 0  𝜅      ℏ ( 𝜅 , t )  𝜏 ≥   e  −   s u p  𝜅 ∈ [ 0 , 1 ]     𝜃  | 𝔢 ( t ) −     𝔞 . ( t ) |  𝜏 ≥ 2   e  −   s u p  𝜅 ∈ [ 0 , 1 ]      | 𝔢 ( t ) −     𝔞 . ( t ) |  𝜏


      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . , 𝜏 ) )


      𝔏 ~  𝜌 ,  Γ -    ( 𝒥 𝔢 , 𝒥     𝔞 . , 𝜏 ) = 1 −   e  −   s u p  𝜅 ∈ [ 0 , 1 ]    | 𝒥 𝔢 ( 𝜅 ) − 𝒥     𝔞 . ( 𝜅 ) |  𝜏


      ≤ 1 −   e  −   s u p  𝜅 ∈  [ 0 , 1 ]     ∫ 0  𝜅   | Υ  ( 𝜅 , t , 𝔢  ( t ) ) − Υ  ( 𝜅 , t ,     𝔞 .  ( t ) ) |      𝜏 ≤ 1 −   e  −   s u p  𝜅 ∈ [ 0 , 1 ]       ∫ 0  𝜅      ℏ ( 𝜅 , t )  | 𝔢 ( t ) −     𝔞 . ( t ) |  𝜏


  ≤ 1 −   e  −   s u p  𝜅 ∈  [ 0 , 1 ]      | 𝔢  ( t ) −     𝔞 .  ( t ) | s u p   ∫ 0  𝜅      ℏ ( 𝜅 , t )  𝜏 ≤ 1 −   e  −   s u p  𝜅 ∈  [ 0 , 1 ]     𝜃  | 𝔢  ( t ) −     𝔞 .  ( t ) |  𝜏 ≤ 2 ( 1 −   e  −   s u p  𝜅 ∈  [ 0 , 1 ]      | 𝔢  ( t ) −     𝔞 .  ( t ) |  𝜏 )


      𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔞 . , 𝜏 ) )


      𝔔 ~  𝜌 ,  Γ -  ( 𝒥 𝔢 , 𝒥     𝔞 . , 𝜏 ) =   e    s u p  𝜅 ∈ [ 0 , 1 ]    | 𝒥 𝔢 ( 𝜅 ) − 𝒥     𝔞 . ( 𝜅 ) |  𝜏 − 1


      ≤   e    s u p  𝜅 ∈  [ 0 , 1 ]     ∫ 0  𝜅   | Υ  ( 𝜅 , t , 𝔢  ( t ) ) − Υ  ( 𝜅 , t ,     𝔞 .  ( t ) ) |      𝜏 − 1 ≤   e    s u p  𝜅 ∈  [ 0 , 1 ]       ∫ 0  𝜅      ℏ  ( 𝜅 , t )  | 𝔢  ( t ) −     𝔞 .  ( t ) |  𝜏 − 1


  ≤   e    s u p  𝜅 ∈  [ 0 , 1 ]      | 𝔢  ( t ) −     𝔞 .  ( t ) | s u p   ∫ 0  𝜅      ℏ ( 𝜅 , t )  𝜏 − 1 ≤   e    s u p  𝜅 ∈  [ 0 , 1 ]     𝜃  | 𝔢  ( t ) −     𝔞 .  ( t ) |  𝜏 − 1 ≤ 2 (   e    s u p  𝜅 ∈  [ 0 , 1 ]      | 𝔢  ( t ) −     𝔞 .  ( t ) |  𝜏 − 1 )


      𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . , 𝜏 ) )


  𝒥


  𝛼 −   Ψ


  𝔢 , 𝔳 ∈ Ξ ,


  𝛼  ( 𝔢 ,     𝔞 . , 𝜏 )  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥 𝔢 , 𝒥     𝔞 . , 𝜏 ) − 1 ) ≤  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥 𝔢 , 𝒥     𝔞 . , 𝜏 ) − 1 ) ≤  (  1      2   𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . , 𝜏 ) − 1 )


                                                                                                                                                            ≤  1 2  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . , 𝜏 ) − 1 )  


    Ψ (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,   𝔟 . , 𝜏 ) − 1 )


    𝛼  ( 𝔢 ,       𝔞 . ,   𝜏 )     𝔏 ~  𝜌 ,  Γ -    ( 𝒥 𝔢 ,   𝒥   𝔟 . , 𝜏 ) ≤ 2     𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔟 . , 𝜏 )   ≤    


  Ψ (     𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔟 . , 𝜏 ) )


  𝛼  ( 𝔢 ,       𝔞 . ,   𝜏 )     𝔔 ~  𝜌 ,  Γ -  ( 𝒥 𝔢 ,   𝒥   𝔟 . , 𝜏 ) ≤     𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔟 . , 𝜏 )   ≤


  Ψ (     𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔟 . , 𝜏 ) )


  𝒥


    𝔢 ∗ ∈ C (  [ 0 , Ι ] , ℝ )


  ( 𝜑 − 𝜓 )


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]



