
, I   

Abstract:  

The concept of (α-ψ)-neutrosophic contractive mappings on neutrosophic double controlled metric 

spaces is introduced in this study as a way to extend neutrosophic metric spaces. Triangle 

inequalities involve the two non-comparable functions ρ and φ for this reason.  

We present some results for contraction mappings with non-trivial examples. Ultimately, our 

theoretical work has been utilized to prove the existenc solution of integral integral type operators. 

Keywords: (α-ψ)-contraction; α-admissible mapping; Neutrosophic double controlled metric space; 

Integral equations; Fixed point. 

AMS Mathematics Subject Classification: 47H10, 45D05, 54H25 

1. Introduction 

The fixed-point theory is based on two fundamental ideas: metric spaces and the Banach contraction 

principle. Spaciousness attracts hundreds of researchers with its axiomatic interpretation of metric 

space. Over the years, metric spaces have seen several generalizations. Zadeh [26], laid the foundation for 

fuzzy mathematics in 1965. This concept takes standard set theory to a higher level of analysis. After then, 

the idea received a number of proven improvements, and the reasoning has been used in a variety of 

scientific and engineering fields, including the study of approximation theory, linear systems and matrix 

theory. Several authors investigated at the theory with its topological aspects from their own angle and 

came to some important basic results that seem important when examining the idea in connection 

to different other generalized spaces. Kramosil and Michalek [10] initially introduced the concept of fuzzy 

metric space and then modified by George and Veeramani [4].  The concept of fuzzy b-metric space was 

initially introduced by Nadaban [14]  and Kim et al. established a number of fixedpoint results within this 

framework. The idea of fuzzy double-controlled metric space was introduced by Saleem et al. [24], and 

they also provided an illustration of the Banach contraction principle. Azmi [1] applied (α-ψ)-contractive 

mappings to get certain fixed-point results on double-controlled metrictype spaces. Samet et al. [21], 

established the concept of (α-ψ)-contractive mappings and the αadmissible mappings on complete 

metric spaces with different fixed-point theorems. Park [16] defined the notion of Intuitionistic Fuzzy 

Metric Space with the help of continuous t-norms and continuous. In 1998, Smarandache[25] developed 

the ideas of neutrosophic logic and Neutrosophic Set. The idea of Neutrosophicc Metric Space was 

established by Kirisci and Simsek[11]  which deals with membership, non-membership and neutralness. 

The objective of this work is to expand some fixed point results for contraction mapping and to introduce 

(α-ψ)-contractive mapping in neutrosophic double controlled metric spaces using the approaches described 

in [5]. We conclude by  an application of findings to integral equation which was motivated by the work 

done in [ 5].        

2. Preliminaries 

Definition 2.1[13]  If the binary operation ∗ ∶   [0, 1] × [0, 1] → [0, 1] enjoys the following 

axioms, it is named to be a continuous t-norm: 
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(i) 𝔷 ∗ 𝜍̃ = 𝜍̃ ∗ 𝔷 for all 𝔷, 𝜍̃ ∈ [0, 1]; 

(ii) ∗ is continuous; 

(iii)  𝔷 ∗ 1 = 𝔷, for all 𝔷 ∈  [0, 1]; 

(iv) ∗  is associative; 

(v) If 𝔷 ≤ 𝜍̃ and  𝔡 ≤ 𝜗, with  𝔷, 𝜍̃, 𝔡, 𝜗 ∈ [0,1], then 𝔷 ∗ 𝔡 ≤  𝜍̃ ∗  𝜗. 

Definition 2.2 [13] If the binary operation ⋆ :  [0, 1] × [0, 1] → [0, 1]  fulfils the following claims, 

it is referred to as a continuous t-conorm: 

(i) 𝔷 ⋆ 𝜍̃ = 𝜍̃ ⋆ 𝔷 for all 𝔷, 𝜍̃ ∈ [0, 1];    

(ii) ⋆  is continuous; 

(iii) 𝔷 ⋆  0 = 0 ; 

(iv) ⋆ is associative; 

(v) If 𝔷 ≤ 𝜍̃ and 𝔡 ≤   𝜗, with 𝔷, 𝜍̃, 𝔡, 𝜗 ∈ [0,1], then 𝔷 ⋆  𝔡 ≤  𝜍̃ ⋆   𝜗. 

Definition 2.3 Let Ξ ≠ ∅  and ∗, ⋆ are continuous t-norm and continuous t- conorm and  𝒷 ≥ 1 be a 

given real number, 𝔓̃, 𝔏̃ and 𝔔̃ are neutrosophic sets on Ξ2 × (0, ∞) fulfilling the following assertions. 

Then (Ξ, 𝔓̃, 𝔏̃, 𝔔̃,∗, ⋆, ) named a Neutrosophic b-Metric Space[NbMS]. For all 𝔢, 𝔞̇ , 𝔴 ∈ Ξ and 𝜏, 𝜏′ >

0. 

(Nb1) 𝔓̃(𝔢, 𝔞̇, 𝜏) + 𝔏̃(𝔢, 𝔞̇, 𝜏) + 𝔔̃(𝔢, 𝔞̇, 𝜏) ≤ 3; 

(Nb2)  0 < 𝔓̃(𝔢, 𝔞̇, 𝜏); 

(Nb3)  𝔓̃(𝔢, 𝔞̇, 𝜏) = 1 for every 𝜏 > 0 ⇔ 𝔢 = 𝔞̇; 

(Nb4) 𝔓̃(𝔢, 𝔞̇, 𝜏) = 𝔓̃(𝔞̇, 𝔢, 𝜏); 

(Nb5) 𝔓̃ (𝔢, 𝔞̇,
𝜏

𝒷
) ∗ 𝔓̃ (𝔞̇, 𝔴,

𝜏′

𝒷
) ≤ 𝔓̃(𝔢, 𝔞̇ , 𝜏 + 𝜏′); 

(Nb6) 𝔓̃(𝔢, 𝔞̇, . ) ∶  (0, ∞) → [0,1] is continuous; 

(Nb7) 𝔏̃(𝔢, 𝔞̇, 𝜏) < 1; 

(Nb8) 𝔏̃(𝔢, 𝔞̇, 𝜏) = 0, for all 𝜏 ∈ (0, ∞) ⇔ 𝔢 = 𝔞̇; 

(Nb9) 𝔏̃(𝔢, 𝔞̇, 𝜏) = 𝔏̃(𝔞̇, 𝔢, 𝜏); 

(Nb10) 𝔏̃ (𝔢, 𝔞̇,
𝜏

𝒷
) ⋆ 𝔏̃ (𝔞̇, 𝔴,

𝜏′

𝒷
) ≥ 𝔏̃(𝔢, 𝔴 , 𝜏 + 𝜏′); 

(Nb11) 𝔏̃(𝔢, 𝔞̇, . ) ∶  (0, ∞) → [0,1] is continuous; 

(Nb12) 𝔔̃(𝔢, 𝔞̇, 𝜏); 

(Nb13) 𝔔̃(𝔢, 𝔞̇, 𝜏) = 0, for all 𝜏 ∈ (0, ∞) ⇔ 𝔢 = 𝔞̇; 

(Nb14)𝔔̃(𝔢, 𝔞̇, 𝜏) = 𝔔̃(𝔞̇, 𝔢, 𝜏); 

(Nb15) 𝔔̃ (𝔢, 𝔞̇,
𝜏

𝒷
) ⋆ 𝔔̃ (𝔞̇, 𝔴,

𝜏′

𝒷
) ≥ 𝔔̃(𝔢, 𝔴 , 𝜏 + 𝜏′); 

(Nb16) 𝔔̃(𝔢, 𝔞̇, . ) ∶   (0, ∞) → [0,1] is continuous. 

Definition 2.4  

Consider two non-comparable functions 𝜌, Γ̅ ∶  Ξ2 → [1, ∞). Let Ξ be a nonvoid set, and  ∗, ⋆ are 

continuous t-norm and continuous t-conorm, 𝔓̃𝜌,Γ̅, 𝔏̃𝜌,Γ̅  and 𝔔̃𝜌,Γ̅ are neutrosophic sets on Ξ2 × (0, ∞) 

fulfilling the following assertions. Then (Ξ, 𝔓̃𝜌,Γ̅, 𝔏̃𝜌,Γ̅ , 𝔔̃𝜌,Γ̅,∗, named a Neutrosophic Double controlled 

metric space [NDCMS]. For every 𝔢, 𝔞̇, 𝔟̇ ∈ Ξ and 𝜏, 𝜏′ > 0. 

(1) 𝔓̃𝜌,Γ̅(𝔢, 𝔞̇, 𝜏) + 𝔏̃𝜌,Γ̅ (𝔢, 𝔞̇, 𝜏) + 𝔔̃𝜌,Γ̅(𝔢, 𝔞̇, 𝜏) ≤ 3; 

(2)  0 < 𝔓̃𝜌,Γ̅(𝔢, 𝔞̇, 𝜏); 

(3)  𝔓̃𝜌,Γ̅(𝔢, 𝔞̇, 𝜏) = 1 for every 𝜏 > 0 ⇔ 𝔢 = 𝔞̇; 

(4) 𝔓̃𝜌,Γ̅(𝔢, 𝔞̇, 𝜏) = 𝔓̃𝜌,Γ̅(𝔞̇, 𝔢, 𝜏); 

(5) 𝔓̃𝜌,Γ̅ (𝔢, 𝔞̇,
𝜏

𝜌(𝔢,𝔞̇)
) ∗ 𝔓̃𝜌,Γ̅ (𝔞̇, 𝔟̇,

𝜏′

Γ̅(𝔢,𝔞̇)
) ≤ 𝔓̃𝜌,Γ̅(𝔢, 𝔟̇ , 𝜏 + 𝜏′); 
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(6) 𝔓̃𝜌,Γ̅(𝔢, 𝔞̇, . )  is continuous from (0, ∞) to [0,1]; 

(7) 𝔏̃𝜌,Γ̅ (𝔢, 𝔞̇, 𝜏) < 1; 

(8) 𝔏̃𝜌,Γ̅ (𝔢, 𝔞̇, 𝜏) = 0, for all 𝜏 ∈ (0, ∞) ⇔ 𝔢 = 𝔞̇; 

(9) 𝔏̃𝜌,Γ̅ (𝔢, 𝔞̇, 𝜏) = 𝔏̃𝜌,Γ̅ ( 𝔞̇, 𝔢, 𝜏); 

(10) 𝔏̃𝜌,Γ̅ (𝔢, 𝔞̇,
𝜏

𝜌(𝔢,𝔞̇)
) ⋆ 𝔏̃𝜌,Γ̅ (𝔞̇, 𝔟̇,

𝜏′

Γ̅(𝔢,𝔞̇)
) ≥ 𝔏̃𝜌,Γ̅ (𝔢, 𝔟̇ , 𝜏 + 𝜏′); 

(11) 𝔏̃𝜌,Γ̅ (𝔢, 𝔞̇, . ) ∶  (0, ∞) → [0,1] is continuous; 

(12) 𝔔̃𝜌,Γ̅(𝔢, 𝔞̇, 𝜏); 

(13) 𝔔̃𝜌,Γ̅(𝔢, 𝔞̇, 𝜏) = 0, for all 𝜏 ∈ (0, ∞) ⇔ 𝔢 = 𝔞̇; 

(14) 𝔔̃𝜌,Γ̅(𝔢, 𝔞̇, 𝜏) = 𝔔̃𝜌,Γ̅(𝔞̇, 𝔢, 𝜏); 

(15) 𝔔̃𝜌,Γ̅ (𝔢, 𝔞̇,
𝜏

𝜌(𝔢,𝔞̇)
) ⋆ 𝔔̃𝜌,Γ̅ (𝔞̇, 𝔟̇,

𝜏′

𝜑(𝔢,𝔞̇)
) ≥ 𝔔̃𝜌,Γ̅(𝔢, 𝔟̇, 𝜏 + 𝜏′); 

(16) 𝔔̃𝜌,Γ̅(𝔢, 𝔞̇, . ) ∶   (0, ∞) → [0,1] is continuous. 

Remark 2.5  

Taking 𝜌(𝔢, 𝔞̇) = Γ̅(𝔢, 𝔞̇) = 𝒷, one may see that the class of NDCMS spaces is a super space of class of 

neutrosophic b-metric spaces. Additionally, assuming 𝒷 =1, the class of NbMS is effectively superior 

to  neutrosophic metric spaces. 

Example 2.6   Let Ξ = [0,1], and define 𝜌, Γ̅ : Ξ2 → [1, ∞) by 𝜌(𝔢, 𝔞̇) = 2(𝔢 + 𝔞̇) and Γ̅(𝔢, 𝔞̇) = 2(𝔢2 +

 𝔞̇2 + 1). Let 𝔓̃𝜌,Γ̅(𝔢, 𝔞̇, 𝜏) = 𝑒
−(𝔢−𝔞̇)2

𝜏 , 𝔏̃𝜌,Γ̅ (𝔢, 𝔞̇, 𝜏) = 1 − 𝑒
−(𝔢−𝔞̇)2

𝜏  and 𝔔̃𝜌,Γ̅(𝔢, 𝔞̇, 𝜏) = 𝑒
(𝔢−𝔞̇)2

𝜏 − 1, 

for all 𝔢, 𝔞̇, 𝔟̇ ∈ Ξ and 𝜏, 𝜏′ > 0. Then (Ξ, 𝔓̃𝜌,Γ̅, 𝔏̃𝜌,Γ̅ , 𝔔̃𝜌,Γ̅,∗, ⋆) is an NDCMS with the triangular norm 

𝔢 ∗ 𝔞̇ = 𝔢𝔞̇ and triangular co-norm 𝔢 ⋆ 𝔞̇ = max{𝔢, 𝔞̇}. We need check the triangle inequality only, 

because remaining conditions are straightforward. 

𝔓̃𝜌,Γ̅ (𝔢, 𝔞̇,
𝜏

𝜌(𝔢,𝔞̇)
) = 𝑒

−(𝔢−𝔞̇)2

𝜏
𝜌(𝔢,𝔞̇) = 𝑒

−(𝔢−𝔞̇)2

𝜏
2(𝔢+𝔞̇) ≤ 𝑒

−(𝔢−𝔞̇)2

𝜏 ≤ 𝑒
−(𝔢−𝔞̇)2

𝜏+𝜏′ .  

Moreover, 𝔓̃𝜌,Γ̅ ( 𝔞̇, 𝔟̇,
𝜏′

Γ̅(𝔞̇,𝔟̇)
) = 𝑒

−(𝔞̇−𝔟̇)
2

𝜏′

Γ̅(𝔞̇,𝔟̇) = 𝑒

−(𝔞̇−𝔟̇)
2

𝜏′

2( 𝔞̇2+𝔟̇2+1) ≤ 𝑒
−(𝔞̇−𝔟̇)

2

𝜏′ ≤ 𝑒
−(𝔞̇−𝔟̇)

2

𝜏+𝜏′ . 

Observe      𝔓̃𝜌,Γ̅( 𝔢, 𝔟̇, 𝜏 + 𝜏′) = 𝑒
−(𝔢−𝔟̇)

2

𝜏+𝜏′ = 𝑒
−(𝔢−𝔞̇+𝔞̇−𝔟̇)

2

𝜏+𝜏′ ≥ 𝑒
−(𝔢−𝔞̇)2

𝜏 𝑒
−(𝔞̇−𝔟̇)

2

𝜏+𝜏′  ≥ 𝔓̃𝜌,Γ̅ (𝔢, 𝔞̇,
𝜏

𝜌(𝔢,𝔞̇)
) ∗

𝔓̃𝜌,Γ̅ ( 𝔞̇, 𝔟̇,
𝜏′

Γ̅(𝔞̇,𝔴)
).  

𝔏̃𝜌,Γ̅ (𝔢, 𝔞̇,
𝜏

𝜌(𝔢,𝔞̇)
) = 𝑒

−(𝔢−𝔞̇)2

𝜏
𝜌(𝔢,𝔞̇) = 𝑒

−(𝔢−𝔞̇)2

𝜏
2(𝔢+𝔞̇) ≤ 𝑒

−(𝔢−𝔞̇)2

𝜏 ≤ 𝑒
−(𝔢−𝔞̇)2

𝜏+𝜏′ . 

Moreover, 𝔏̃𝜌,Γ̅ ( 𝔞̇, 𝔟̇,
𝜏′

Γ̅(𝔞̇,𝔟̇)
) = 1 − 𝑒

−(𝔞̇−𝔟̇)
2

𝜏′

Γ̅(𝔞̇,𝔟̇) = 1- 𝑒

−(𝔞̇−𝔟̇)
2

𝜏′

2( 𝔞̇2+𝔟̇2+1) ≤ 1 − 𝑒
−(𝔞̇−𝔟̇)

2

𝜏′ ≤ 1 − 𝑒
−(𝔞̇−𝔟̇)

2

𝜏+𝜏′ . 

Observe      𝔏̃𝜌,Γ̅( 𝔢, 𝔟̇, 𝜏 + 𝜏′) = 1 − 𝑒
−(𝔢−𝔟̇)

2

𝜏+𝜏′ = 1 − 𝑒
−(𝔢−𝔞̇+𝔞̇−𝔟̇)

2

𝜏+𝜏′ ≤ max{1 − 𝑒
−(𝔢−𝔞̇)2

𝜏 , 1 − 𝑒
−(𝔞̇−𝔟̇)

2

𝜏+𝜏′ } ≥

𝔏̃𝜌,Γ̅ (𝔢, 𝔞̇,
𝜏

𝜌(𝔢,𝔞̇)
) ⋆ 𝔏̃𝜌,Γ̅ ( 𝔞̇, 𝔟̇,

𝜏′

Γ̅(𝔞̇,𝔟̇)
).   

𝔔̃𝜌,Γ̅ ( 𝔞̇, 𝔴,
𝜏′

Γ̅(𝔞̇,𝔟̇)
) = 𝑒

(𝔞̇−𝔟̇)
2

𝜏′

Γ̅(𝔞̇,𝔟̇) − 1=  𝑒

(𝔞̇−𝔟̇)
2

𝜏′

2( 𝔞̇2+𝔟̇2+1) − 1 ≤ 𝑒
(𝔞̇−𝔟̇)

2

𝜏′ − 1 ≤ 1 − 𝑒
−(𝔞̇−𝔟̇)

2

𝜏+𝜏′ . 

Observe      𝔔̃𝜌,Γ̅( 𝔢, 𝔟̇, 𝜏 + 𝜏′) = 𝑒
(𝔢−𝔟̇)

2

𝜏+𝜏′ − 1 = 𝑒
(𝔢−𝔞̇+𝔞̇−𝔟̇)

2

𝜏+𝜏′ − 1 ≤ max{𝑒
(𝔢−𝔞̇)2

𝜏 − 1, 𝑒
(𝔞̇−𝔟̇)

2

𝜏+𝜏′ − 1} ≥

𝔔̃𝜌,Γ̅ (𝔢, 𝔞̇,
𝜏

𝜌(𝔢,𝔞̇)
) ⋆ 𝔔̃𝜌,Γ̅ ( 𝔞̇, 𝔟̇,

𝜏′

Γ̅(𝔞̇,𝔟̇)
). Thus, (Ξ, 𝔓̃𝜌,Γ̅, 𝔏̃𝜌,Γ̅ , 𝔔̃𝜌,Γ̅,∗, ⋆) is a NDCMS, which is not a 

NbMS. 
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Example 2.7 Let Ξ = [0,1] and let 𝒷 = 4. Define 𝔓̃(𝔢, 𝔞̇, 𝜏) = 𝑒
−(𝔢−𝔞̇)2

𝜏 , , 𝔏̃(𝔢, 𝔞̇, 𝜏) = 1 − 𝑒
−(𝔢−𝔞̇)2

𝜏  and 

𝔔̃(𝔢, 𝔞̇, 𝜏) = 𝑒
(𝔢−𝔞̇)2

𝜏 − 1, for all 𝔢, 𝔞̇, 𝔟̇ ∈ Ξ and 𝜏 > 0. Then (Ξ, 𝔓̃, 𝔏̃, 𝔔̃,∗, ⋆, 𝒷) is an NbMS that  is not a 

neutrosophic metric space. We need only prove (Nb5), (Nb10) and (Nb15), because the remaining 

conditions are straightforward. 

 

(𝔢−𝔟̇)
2

𝜏+𝜏′ ≤ 4
(𝔢−𝔞̇)2

𝜏+𝜏′ +4
(𝔞̇−𝔟̇)

2

𝜏+𝜏′ ≤
(𝔢−𝔞̇)2

𝜏

4

+
(𝔞̇−𝔟̇)

2

𝜏′

4

. 

Hence,    𝔓̃( 𝔢, 𝔟̇, 𝜏 + 𝜏′) = 𝑒
−(𝔢−𝔟̇)

2

𝜏+𝜏′ ≥ 𝑒
−(𝔢−𝔞̇)2

𝜏 𝑒
−(𝔞̇−𝔟̇)

2

𝜏′  ≥ 𝔓̃ (𝔢, 𝔞̇,
𝜏

4
) ∗ 𝔓̃ ( 𝔞̇, 𝔟̇,

𝜏′

4
). 

This shows that (Ξ, 𝔓̃, 𝔏̃, 𝔔̃,∗, ⋆, 𝒷) is a NbMS that is not a neutrosophic metric space. 

Definition 2.8  Let (Ξ, 𝔓̃𝜌,Γ̅, 𝔏̃𝜌,Γ̅ , 𝔔̃𝜌,Γ̅,∗, ⋆) be a NDCMS. Then the following: 

1. If lim
𝑖→∞

𝔓̃𝜌,Γ̅(𝔢𝑖, 𝔢, 𝜏) = 1, lim
𝑖→∞

𝔏̃𝜌,Γ̅ (𝔢𝑖, 𝔢, 𝜏) = 0 and lim
𝑖→∞

𝔔̃𝜌,Γ̅(𝔢𝑖, 𝔢, 𝜏) = 0 then the 

sequence {𝔢𝑖} converges to 𝔢 belongs to Ξ 

2. A sequence {𝔢𝑖} is called Cauchy, 𝔓̃𝜌,Γ̅(𝔢𝑖, 𝔢𝑖+𝑗, 𝜏) = 1, 𝔏̃𝜌,Γ̅ (𝔢𝑖, 𝔢𝑖+𝑗, 𝜏) = 0 and 

𝔔̃𝜌,Γ̅(𝔢𝑖, 𝔢𝑖+𝑗, 𝜏) = 0, for each 𝑖, 𝑗 ∈ ℕ and 𝜏 > 0. 

3. If every Cauchy sequence is convergent in (Ξ, 𝔓̃𝜌,Γ̅, 𝔏̃𝜌,Γ̅ , 𝔔̃𝜌,Γ̅,∗, ⋆), then it is named 

complete NDCMS. 

4. The open ball ℬ( 𝔢0 , 𝔯, 𝜏) with centre  𝔢0 and radius 𝔯 ∈ (0,1) and 𝜏 > 0 is defined as 

follows:  

     ℬ( 𝔢0 , 𝔯, 𝜏) = {𝔢 ∈  Ξ: 𝔓̃𝜌,Γ̅(𝔢𝑖, 𝔢, 𝜏) > 1 − 𝔯, 𝔏̃𝜌,Γ̅ (𝔢𝑖, 𝔢, 𝜏) < 𝔯 and 𝔔̃𝜌,Γ̅(𝔢𝑖, 𝔢, 𝜏) < 𝔯}. 

Definition 2.9  Let (Ξ, 𝔓̃𝜌,Γ̅, 𝔏̃𝜌,Γ̅ , 𝔔̃𝜌,Γ̅,∗, ⋆) be a NDCMS. (Ξ, 𝔓̃𝜌,Γ̅, 𝔏̃𝜌,Γ̅ , 𝔔̃𝜌,Γ̅,∗, ⋆)  is referred to be 

triangular if it fulfils the condition that is   stated below : 

(
1

𝔓̃𝜌,Γ̅(𝔢,𝔟̇,𝜏)
− 1) ≤ (

1

𝔓̃𝜌,Γ̅(𝔢,𝔞̇,𝜏)
− 1) + (

1

𝔓̃𝜌,Γ̅( 𝔞̇,𝔟̇,𝜏)
− 1),                                                        (1) 

𝔏̃𝜌,Γ̅ (𝔢, 𝔟̇, 𝜏) ≥ 𝔏̃𝜌,Γ̅ (𝔢, 𝔞̇, 𝜏) + 𝔏̃𝜌,Γ̅ ( 𝔞̇, 𝔟̇, 𝜏) and                                                                (2) 

𝔔̃𝜌,Γ̅(𝔢, 𝔟̇, 𝜏) ≥ 𝔔̃𝜌,Γ̅(𝔢, 𝔞̇, 𝜏) + 𝔔̃𝜌,Γ̅( 𝔞̇, 𝔟̇, 𝜏).                                                                     (3) 

Lemma 2.10  Let {𝔢𝒾} be a Cauchy sequence in NDCMS (Ξ, 𝔓̃𝜌,Γ̅, 𝔏̃𝜌,Γ̅ , 𝔔̃𝜌,Γ̅,∗, ⋆) such that 𝔢𝑖 ≠ 𝔢𝑗 

whenever 𝑖, 𝑗 ∈ ℕ. Then, limit point of  the sequence {𝔢𝑖} is unique. 

Main Results 

Definition 3.1    Let (Ξ, 𝔓̃𝜌,Γ̅, 𝔏̃𝜌,Γ̅ , 𝔔̃𝜌,Γ̅,∗, ⋆) be a NDCMS. If there exists 𝛼: Ξ2 × (0, ∞) → [0, ∞), 

such that for all 𝜏 > 0, 𝔢, 𝔞̇  ∈ Ξ, 𝛼(𝔢, 𝔞̇ , 𝜏)  ≥ 1 ⇒ 𝛼(𝒥𝔢, 𝒥𝔞̇ , 𝜏)  ≥ 1.                              (4)            Then 

we  say that  𝒥 ∶  Ξ → Ξ is 𝛼- admissible.  

Let 𝔉 denote the family of all right continuous function Ψ ∶ [0, ∞) → [0, ∞) with Ψ(𝔯) < 𝔯 for all 𝔯 >

0. 

Remark 3.2  For any Ψ ∈ 𝔉, then lim
𝑛→∞

Ψ𝑛(𝔯) = 0, for all 𝔯 > 0, where Ψ𝑛 is the n-th iterate of Ψ. 

Definition 3.3  Let (Ξ, 𝔓̃𝜌,Γ̅, 𝔏̃𝜌,Γ̅ , 𝔔̃𝜌,Γ̅,∗, ⋆) be aNDCMS, and we say that 𝒥 ∶  Ξ → Ξ is a NDCMS, 

and we say 𝒥 ∶  Ξ → Ξ is an (𝛼 − Ψ)- Neutrosophic contractive mapping if there exists two functions 

Ψ ∈ 𝔉 and 𝛼 ∶ Ξ2 × (0, ∞) → [0, ∞) such that 𝛼(𝔢, 𝔞̇ , 𝜏) (
1

𝔓̃𝜌,Γ̅(𝒥𝔢,𝒥𝔟̇,𝜏)
− 1) ≤ Ψ(

1

𝔓̃𝜌,Γ̅(𝔢,𝔟̇,𝜏)
− 1) (5)    

    

                                       𝛼(𝔢, 𝔞̇ , 𝜏) 𝔏̃𝜌,Γ̅ (𝒥𝔢, 𝒥𝔟̇, 𝜏) ≤ Ψ(𝔏̃𝜌,Γ̅ (𝔢, 𝔟̇, 𝜏))        (6) 

                                       𝛼(𝔢, 𝔞̇ , 𝜏) 𝔔̃𝜌,Γ̅(𝒥𝔢, 𝒥𝔟̇, 𝜏) ≤ Ψ(𝔔̃𝜌,Γ̅(𝔢, 𝔟̇, 𝜏))                                    (7) 

for all 𝔢, 𝔞̇, 𝔟̇  ∈ Ξ and 𝜏 > 0. 
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Theorem 3.4 Let (Ξ, 𝔓̃𝜌,Γ̅, 𝔏̃𝜌,Γ̅ , 𝔔̃𝜌,Γ̅,∗, ⋆) be a complete NDCMS, 𝜌, Γ̅ ∶ Ξ2 → [1,
1

𝛿
)  are two non-

comparable functions, where 0< 𝛿 < 1. Let 𝒥 ∶  Ξ → Ξ be a (𝛼 − Ψ)- Neutrosophic contractive 

mapping, for some Ψ ∈ 𝔉, fulfills the requirements listed below: 

 

1. 𝒥 is 𝛼- admissible, 

2. There exists 𝔢0 ∈ Ξ such that 𝛼(𝔢0, 𝒥𝔞̇0, 𝜏) ≥ 1 for all 𝜏 > 0, 

3. 𝒥 is continuous, 

4. For any 𝔢 ∈ Ξ, both lim
𝑖→∞

𝜌( 𝔢𝑖, 𝔢), and lim
𝑛→∞

Γ̅( 𝔢𝑖, 𝔢) exists and are finite, where the sequence {𝔢𝑖} 

is defined as 𝔢𝑖 = 𝒥𝑛𝔢0, for some 𝔢0 ∈ Ξ.                                                         (8) 

Then, 𝒥 admits a fixed point.  

Proof.  Let 𝔢0 ∈ Ξ so that 𝛼(𝔢0, 𝒥𝔞̇0, 𝜏) ≥ 1for all 𝜏 > 0, and  we have a sequence {𝔢𝑖} in Ξ 

with 𝔢𝑖 = 𝒥𝑛𝔢0, for all 𝑖 ∈ ℕ. 

Note that if  𝔢𝑗 = 𝔢𝑗+1 for some 𝑗 ∈ ℕ, then this implies that 𝒥𝑚𝔢0 is a fixed point of the mapping 

𝒥. Thus, without loss of generality, we may assume that 𝔢𝑖 ≠ 𝔢𝑖+1 for every 𝑖 ∈ ℕ.  

  According to the hypothesis, 𝛼(𝔢0, 𝔢1, 𝜏) = 𝛼(𝔢0, 𝒥𝔢0, 𝜏) ≥ 1, as 𝒥 is 𝛼- admissible, this implies 

that 𝛼(𝒥𝔢0, 𝒥𝔢1, 𝜏) = 𝛼(𝔢1, 𝔢2, 𝜏) ≥ 1. By induction, we get 

𝛼(𝔢𝑖, 𝔢𝑖+1, 𝜏) ≥ 1, for every 𝑖 ∈ ℕ, and for every 𝜏 > 0.                                                            (9) 

Thus, using equation  (5), (6), (7) and (9), we obtain 

(
1

𝔓̃𝜌,Γ̅(𝔢𝑖,𝔢𝑖+1,𝜏)
− 1) = (

1

𝔓̃𝜌,Γ̅(𝒥𝔢𝑖−1, 𝒥𝔢𝑖,𝜏)
− 1)≤ 𝛼(𝔢𝑖−1, 𝔢𝑖, 𝜏) (

1

𝔓̃𝜌,Γ̅(𝒥𝔢𝑖−1, 𝒥𝔢𝑖,𝜏)
− 1) 

   ≤  Ψ(
1

𝔓̃𝜌,Γ̅(𝔢𝑖−1,𝔢𝑖,𝜏)
− 1), repeating the process. 

   ≤  Ψ(Ψ(
1

𝔓̃𝜌,Γ̅(𝔢𝑖−1,𝔢𝑖,𝜏)
− 1)) = Ψ2(

1

𝔓̃𝜌,Γ̅(𝔢𝑖−2,𝔢𝑖−1,𝜏)
− 1)     (10) 

   ≤ ⋯ ≤ Ψ𝑛(
1

𝔓̃𝜌,Γ̅(𝔢0,𝔢1,𝜏)
− 1).  

Utilizing the fact that lim
𝑛→∞

Ψ𝑛(𝔯) = 0 and and 𝔯 =  
1

𝔓̃𝜌,Γ̅(𝔢0,𝔢1,𝜏)
− 1. Letting  𝑖 → ∞ in equation (10). 

we get lim
𝑖→∞

𝔓̃𝜌,Γ̅(𝔢0, 𝔢1, 𝜏) = 1  for all 𝜏 > 0.      (11) 

𝔏̃𝜌,Γ̅ (𝔢𝑖, 𝔢𝑖+1, 𝜏) = 𝔏̃𝜌,Γ̅ (𝒥𝔢𝑖−1,  𝒥𝔢𝑖, 𝜏) ≤ 𝛼(𝔢𝑖−1, 𝔢𝑖, 𝜏)𝔏̃𝜌,Γ̅ (𝒥𝔢𝑖−1,  𝒥𝔢𝑖, 𝜏) 

    ≤ Ψ (𝔏̃𝜌,Γ̅ (𝔢𝑖−1, 𝔢𝑖, 𝜏)), repeating the process. 

    ≤ Ψ(Ψ (𝔏̃𝜌,Γ̅ (𝔢𝑖−1, 𝔢𝑖, 𝜏)) = Ψ2(𝔏̃𝜌,Γ̅ (𝔢𝑖−2, 𝔢𝑖−1, 𝜏)) 

    ≤ Ψ𝑛(𝔏̃𝜌,Γ̅ (𝔢0, 𝔢1, 𝜏)).                                                      (12) 

Using the fact that lim
𝑛→∞

Ψ𝑛(𝔯) = 0 and and  𝔯 = 𝔏̃𝜌,Γ̅ (𝔢0, 𝔢1, 𝜏)  . Letting  𝑖 → ∞ in equation (12). 

we obtain lim
𝑖→∞

𝔏̃𝜌,Γ̅ (𝔢0, 𝔢1, 𝜏) = 0  for all 𝜏 > 0.     (13) 

𝔔̃𝜌,Γ̅(𝔢𝑖, 𝔢𝑖+1, 𝜏) = 𝔔̃𝜌,Γ̅(𝒥𝔢𝑖−1,  𝒥𝔢𝑖, 𝜏) ≤ 𝛼(𝔢𝑖−1, 𝔢𝑖, 𝜏)𝔔̃𝜌,Γ̅(𝒥𝔢𝑖−1,  𝒥𝔢𝑖, 𝜏) 
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    ≤ Ψ (𝔔̃𝜌,Γ̅(𝔢𝑖−1, 𝔢𝑖, 𝜏)), repeating the process. 

    ≤ Ψ(Ψ (𝔔̃𝜌,Γ̅(𝔢𝑖−1, 𝔢𝑖, 𝜏)) = Ψ2(𝔔̃𝜌,Γ̅(𝔢𝑖−2, 𝔢𝑖−1, 𝜏)) 

    ≤ Ψ𝑛(𝔔̃𝜌,Γ̅(𝔢0, 𝔢1, 𝜏)).                                           (14) 

Using the fact that lim
𝑛→∞

Ψ𝑛(𝔯) = 0 and and   𝔯 = 𝔔̃𝜌,Γ̅(𝔢0, 𝔢1, 𝜏). Letting  𝑖 → ∞ in equation (14). 

      we obtain lim
𝑖→∞

𝔔̃𝜌,Γ̅(𝔢0, 𝔢1, 𝜏) = 0  for every 𝜏 > 0.     (15) 

For any 𝑖, 𝑗 ∈ ℕ, with 𝑗 > 𝑖, then 

𝔓̃𝜌,Γ̅(𝔢𝑖, 𝔢𝑗, 𝜏) ≥ 𝔓̃𝜌,Γ̅ (𝔢𝑖, 𝔢𝑖+1,

𝜏
2

𝜌(𝔢𝑖, 𝔢𝑖+1)
) ∗ 𝔓̃𝜌,Γ̅ (𝔢𝑖+1, 𝔢𝑗,

𝜏
2

Γ̅(𝔢𝑖+1, 𝔢𝑗)
) 

                          ≥ 𝔓̃𝜌,Γ̅ (𝔢𝑖, 𝔢𝑖+1,
𝜏

2

𝜌(𝔢𝑖,𝔢𝑖+1)
) ∗ 𝔓̃𝜌,Γ̅ (𝔢𝑖+1, 𝔢𝑖+2,

𝜏

22

𝜌(𝔢𝑖+1,𝔢𝑖+2)Γ̅(𝔢𝑖+1,𝔢𝑗)
). 

                            ∗ 𝔓̃𝜌,Γ̅ (𝔢𝑖+2, 𝔢𝑗,
𝜏

22

Γ̅(𝔢𝑖+1,𝔢𝑗)Γ̅(𝔢𝑖+2,𝔢𝑗)
) 

                           ≥ 𝔓̃𝜌,Γ̅ (𝔢𝑖, 𝔢𝑖+1,
𝜏

2

Γ̅(𝔢𝑖,𝔢𝑖+1)
) ∗ 𝔓̃𝜌,Γ̅ (𝔢𝑖+1, 𝔢𝑖+2,

𝜏

22

𝜌(𝔢𝑖+1,𝔢𝑖+2)Γ̅(𝔢𝑖+1,𝔢𝑗)
) 

∗ 𝔓̃𝜌,Γ̅ (𝔢𝑖+2, 𝔢𝑖+3,
𝜏

23

𝜌(𝔢𝑖+2,𝔢𝑖+3)Γ̅(𝔢𝑖+1,𝔢𝑗)
)* 𝔓̃𝜌,Γ̅ (𝔢𝑖+3, 𝔢𝑗,

𝜏

23

Γ̅(𝔢𝑖+1,𝔢𝑗)Γ̅(𝔢𝑖+2,𝔢𝑗)Γ̅(𝔢𝑖+3,𝔢𝑗)
). 

𝔓̃𝜌,Γ̅(𝔢𝑖, 𝔢𝑗, 𝜏) ≥ 𝔓̃𝜌,Γ̅ (𝔢𝑖, 𝔢𝑖+1,
𝜏

2𝜌(𝔢𝑖, 𝔢𝑖+1)
) ∗∗ 𝔓̃𝜌,Γ̅ (𝔢𝑖+2, 𝔢𝑖+3,

𝜏

23𝜌(𝔢𝑖+1, 𝔢𝑖+2)Γ̅(𝔢𝑖+1, 𝔢𝑗)
) … ∗ 

                               𝔓̃𝜌,Γ̅ (𝔢𝑖−2, 𝔢𝑗−1,
𝜏

2𝑗−1𝜌(𝔢𝑗−2,𝔢𝑗−1)Γ̅(𝔢𝑗−2,𝔢𝑗)Γ̅(𝔢𝑗−3,𝔢𝑗)…Γ̅(𝔢𝑗+1,𝔢𝑗)
)* 

                            𝔓̃𝜌,Γ̅ (𝔢𝑗−1, 𝔢𝑗,
𝜏

2𝑗−1Γ̅(𝔢𝑗−1,𝔢𝑗)Γ̅(𝔢𝑗−2,𝔢𝑗)Γ̅(𝔢𝑗−3,𝔢𝑗)…Γ̅(𝔢𝑗+1,𝔢𝑗)
).          (16) 

𝔏̃𝜌,Γ̅ (𝔢𝑖, 𝔢𝑗, 𝜏) ≤ 𝔏̃𝜌,Γ̅ (𝔢𝑖, 𝔢𝑖+1,

𝜏
2

𝜌(𝔢𝑖, 𝔢𝑖+1)
) ⋆ 𝔏̃𝜌,Γ̅ (𝔢𝑖+1, 𝔢𝑗,

𝜏
2

Γ̅(𝔢𝑖+1, 𝔢𝑗)
) 

                          ≤ 𝔏̃𝜌,Γ̅ (𝔢𝑖, 𝔢𝑖+1,
𝜏

2

𝜌(𝔢𝑖,𝔢𝑖+1)
) ⋆ 𝔏̃𝜌,Γ̅ (𝔢𝑖+1, 𝔢𝑖+2,

𝜏

22

𝜌(𝔢𝑖+1,𝔢𝑖+2)Γ̅(𝔢𝑖+1,𝔢𝑗)
) 

                          ⋆ 𝔏̃𝜌,Γ̅ (𝔢𝑖+2, 𝔢𝑗,
𝜏

22

Γ̅(𝔢𝑖+1,𝔢𝑗)Γ̅(𝔢𝑖+2,𝔢𝑗)
) 

                         ≤ 𝔏̃𝜌,Γ̅ (𝔢𝑖, 𝔢𝑖+1,
𝜏

2

𝜌(𝔢𝑖,𝔢𝑖+1)
) ⋆ 𝔏̃𝜌,Γ̅ (𝔢𝑖+1, 𝔢𝑖+2,

𝜏

22

𝜌(𝔢𝑖+1,𝔢𝑖+2)Γ̅(𝔢𝑖+1,𝔢𝑗)
) 

                          ⋆ 𝔏̃𝜌,Γ̅ (𝔢𝑖+2, 𝔢𝑖+3,
𝜏

23

𝜌(𝔢𝑖+2,𝔢𝑖+3)Γ̅(𝔢𝑖+1,𝔢𝑗)
) ⋆

                            𝔏̃𝜌,Γ̅ (𝔢𝑖+3, 𝔢𝑗,
𝜏

23

Γ̅(𝔢𝑖+1,𝔢𝑗)Γ̅(𝔢𝑖+2,𝔢𝑗)Γ̅(𝔢𝑖+3,𝔢𝑗)
). 
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𝔏̃𝜌,Γ̅ (𝔢𝑖, 𝔢𝑗, 𝜏) ≤ 𝔏̃𝜌,Γ̅ (𝔢𝑖, 𝔢𝑖+1,
𝜏

2𝜌(𝔢𝑖, 𝔢𝑖+1)
) 

⋆ 𝔏̃𝜌,Γ̅ (𝔢𝑖+1, 𝔢𝑖+2,
𝜏

22𝜌(𝔢𝑖+1, 𝔢𝑖+2)Γ̅(𝔢𝑖+1, 𝔢𝑗)
) ⋆ 𝔏̃𝜌,Γ̅ (𝔢𝑖+2, 𝔢𝑖+3,

𝜏

23𝜌(𝔢𝑖+1, 𝔢𝑖+2)Γ̅(𝔢𝑖+1, 𝔢𝑗)
) … ⋆ 

                          𝔏̃𝜌,Γ̅ (𝔢𝑗−2, 𝔢𝑗−1,
𝜏

2𝑗−1𝜌(𝔢𝑗−2,𝔢𝑗−1)Γ̅(𝔢𝑗−2,𝔢𝑗)Γ̅(𝔢𝑗−3,𝔢𝑗)…Γ̅(𝔢𝑖+1,𝔢𝑗)
) ⋆ 

                                     𝔏̃𝜌,Γ̅ (𝔢𝑗−1, 𝔢𝑗,
𝜏

2𝑗−1Γ̅(𝔢𝑗−1,𝔢𝑗)Γ̅(𝔢𝑗−2,𝔢𝑗)Γ̅(𝔢𝑗−3,𝔢𝑗)…Γ̅(𝔢𝑖+1,𝔢𝑗)
)                 (17) 

𝔔̃𝜌,Γ̅(𝔢𝑖, 𝔢𝑗, 𝜏) ≤ 𝔔̃𝜌,Γ̅ (𝔢𝑖, 𝔢𝑖+1,

𝜏
2

𝜌(𝔢𝑖, 𝔢𝑖+1)
) ⋆ 𝔔̃𝜌,Γ̅ (𝔢𝑖+1, 𝔢𝑗,

𝜏
2

Γ̅(𝔢𝑖+1, 𝔢𝑗)
) 

                       ≤ 𝔔̃𝜌,Γ̅ (𝔢𝑖, 𝔢𝑖+1,

𝜏
2

𝜌(𝔢𝑖, 𝔢𝑖+1)
) ⋆ 𝔔̃𝜌,Γ̅ (𝔢𝑖+1, 𝔢𝑖+2,

𝜏
22

𝜌(𝔢𝑖+1, 𝔢𝑖+2)Γ̅(𝔢𝑖+1, 𝔢𝑗)
) 

                      ⋆ 𝔔̃𝜌,Γ̅ (𝔢𝑖+2, 𝔢𝑗,

𝜏
22

Γ̅(𝔢𝑖+1, 𝔢𝑗)Γ̅(𝔢𝑖+2, 𝔢𝑗)
) 

≤ 𝔔̃𝜌,Γ̅ (𝔢𝑖, 𝔢𝑖+1,

𝜏
2

𝜌(𝔢𝑖 , 𝔢𝑖+1)
) ⋆ 𝔔̃𝜌,Γ̅ (𝔢𝑖+1, 𝔢𝑖+2,

𝜏
22

𝜌(𝔢𝑖+1, 𝔢𝑖+2)Γ̅(𝔢𝑖+1, 𝔢𝑗)
) 

⋆ 𝔔̃𝜌,Γ̅ (𝔢𝑖+2, 𝔢𝑖+3,
𝜏

23

𝜌(𝔢𝑖+2,𝔢𝑖+3)Γ̅(𝔢𝑖+1,𝔢𝑗)
) ⋆ 𝔔̃𝜌,Γ̅ (𝔢𝑖+3, 𝔢𝑗,

𝜏

23

Γ̅(𝔢𝑖+1,𝔢𝑗)Γ̅(𝔢𝑖+2,𝔢𝑗)Γ̅(𝔢𝑖+3,𝔢𝑗)
). 

𝔔̃𝜌,Γ̅(𝔢𝑖, 𝔢𝑗, 𝜏) ≤ 𝔔̃𝜌,Γ̅ (𝔢𝑖, 𝔢𝑖+1,
𝜏

2𝜌(𝔢𝑖, 𝔢𝑖+1)
). 

⋆ 𝔔̃𝜌,Γ̅ (𝔢𝑖+1, 𝔢𝑖+2,
𝜏

22𝜌(𝔢𝑖+1, 𝔢𝑖+2)Γ̅(𝔢𝑖+1, 𝔢𝑗)
) ⋆ 𝔔̃𝜌,Γ̅ (𝔢𝑖+2, 𝔢𝑖+3,

𝜏

23𝜌(𝔢𝑖+1, 𝔢𝑖+2)Γ̅(𝔢𝑖+1, 𝔢𝑗)
) … ⋆ 

𝔔̃𝜌,Γ̅ (𝔢𝑗−2, 𝔢𝑗−1,
𝜏

2𝑗−1𝜌(𝔢𝑗−2, 𝔢𝑗−1)Γ̅(𝔢𝑗−2, 𝔢𝑗)Γ̅(𝔢𝑗−3, 𝔢𝑗) … Γ̅(𝔢𝑖+1, 𝔢𝑗)
) ⋆ 

      𝔔̃𝜌,Γ̅ (𝔢𝑗−1, 𝔢𝑗,
𝜏

2𝑗−1Γ̅(𝔢𝑗−1,𝔢𝑗)Γ̅(𝔢𝑗−2,𝔢𝑗)Γ̅(𝔢𝑗−3,𝔢𝑗)…Γ̅(𝔢𝑖+1,𝔢𝑗)
).                                (18) 

Taking the limit as 𝑖 → ∞ in (16), (17), (18) and using equation (11), (13), (15) and (8), we obtain 

lim
𝑖→∞

𝔓̃𝜌,Γ̅(𝔢𝑖, 𝔢𝑗, 𝜏) = 1 ∗ 1 ∗ … ∗ 1 = 1, lim
𝑖→∞

𝔏̃𝜌,Γ̅ (𝔢𝑖, 𝔢𝑗, 𝜏) = 0 ⋆ 0 ⋆ … ⋆ 0 = 0  and lim
𝑖→∞

𝔔̃𝜌,Γ̅(𝔢𝑖,

𝔢𝑗, 𝜏) = 0 ⋆ 0 ⋆ … ⋆ 0 = 0.      (19) 

This implies that the sequence {𝔢𝑖} is a Cauchy sequence in Ξ, as Ξ is a complete NDCMS, so there 

exists some 𝔢∗ ∈ Ξ such that 𝔢𝑖 → 𝔢∗, i.e., 

lim
𝑖→∞

𝔓̃𝜌,Γ̅(𝔢𝑖, 𝔢∗, 𝜏) = 1, lim
𝑖→∞

𝔏̃𝜌,Γ̅ (𝔢𝑖, 𝔢∗, 𝜏) = 0  and lim
𝑖→∞

𝔔̃𝜌,Γ̅(𝔢𝑖, 𝔢∗, 𝜏) = 0                    (20) 

The continuity of 𝒥 implies that 𝒥(𝔢𝑖) → 𝒥(𝔢∗), i.e., lim
𝑖→∞

𝔓̃𝜌,Γ̅(𝒥(𝔢𝑖), 𝒥(𝔢∗), 𝜏) = 1, 

lim
𝑖→∞

𝔏̃𝜌,Γ̅ (𝒥(𝔢𝑖), 𝒥(𝔢∗), 𝜏) = 0 and lim
𝑖→∞

𝔔̃𝜌,Γ̅(𝒥(𝔢𝑖), 𝒥(𝔢∗), 𝜏) = 0 for all 𝜏 > 0. Thus, we have 
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lim
𝑖→∞

𝔓̃𝜌,Γ̅(𝔢𝑖+1, 𝒥(𝔢∗), 𝜏) = lim
𝑖→∞

𝔓̃𝜌,Γ̅(𝒥(𝔢𝑖), 𝒥(𝔢∗), 𝜏) = 1,  lim
𝑖→∞

𝔏̃𝜌,Γ̅ (𝔢𝑖+1, 𝒥(𝔢∗), 𝜏) =

 lim
𝑖→∞

𝔏̃𝜌,Γ̅ (𝒥(𝔢𝑖), 𝒥(𝔢∗), 𝜏) = 0 andlim
𝑖→∞

𝔔̃𝜌,Γ̅(𝔢𝑖+1, 𝒥(𝔢∗), 𝜏) = lim
𝑖→∞

𝔔̃𝜌,Γ̅(𝒥(𝔢𝑖), 𝒥(𝔢∗), 𝜏) = 0, for all 

𝜏 > 0.            (21) 

This yields 𝒥( 𝔢𝑖) → 𝒥(𝔢∗), and by Lemma(2.10) we obtain 𝒥(𝔢∗) =  𝔢∗, so 𝔢∗ is an invariant point of 

𝒥. 

Corollary 3.5 Let (Ξ, 𝔓̃, 𝔏̃, 𝔔̃,∗, ⋆, 𝒷)  be a neutrosophic metric space which is also complete. Let 𝒥 ∶

 Ξ → Ξ be a (𝛼 − Ψ)- Neutrosophic contractive mapping, for some Ψ ∈ 𝔉, fulfils the condition stated 

below: 

1. 𝒥 is continuous. 

2. There exists 𝔢0 ∈ Ξ such that 𝛼(𝔢0, 𝒥𝔞̇0, 𝜏) ≥ 1 for every 𝜏 > 0, 

3. 𝒥 is 𝛼- admissible, 

Then, 𝒥 admits a fixed point.  

Proof.   By applying  𝜌(𝔢, 𝔞̇ ) = Γ̅(𝔢, 𝔞̇ ) = 1 in Theorem 3.4 and doing the proof. 𝒥 fulfils all the 

conditions of Theorem 3.4. Hence, it has a fixed point. 

Example 3.6   Let Ξ = [0,1], define the control functions, 𝜌, Γ̅ ∶ Ξ2 → [1, ∞) as 𝜌(𝔢, 𝔞̇ ) = 𝔢 + 𝔞̇  +

1 and Γ̅(𝔢, 𝔞̇ ) = 𝔢2 + 𝔞̇ 2 + 1. Define the neutrosophic sets 𝔓̃𝜌,Γ̅, 𝔏̃𝜌,Γ̅  and 𝔔̃𝜌,Γ̅ by  

𝔓̃𝜌,Γ̅(𝔢, 𝔞̇ , 𝜏) = 𝑒
−|𝔢−𝔞̇ |

𝜏 , 𝔏̃𝜌,Γ̅ (𝔢, 𝔞̇ , 𝜏) = 1 − 𝑒
−|𝔢−𝔞̇ |

𝜏  and 𝔔̃𝜌,Γ̅(𝔢, 𝔞̇ , 𝜏) = 𝑒
|𝔢−𝔞̇ |

𝜏 − 1. Then one can 

easily show that (Ξ, 𝔓̃𝜌,Γ̅, 𝔏̃𝜌,Γ̅ , 𝔔̃𝜌,Γ̅,∗, ⋆) is a complete NDCMS, and we will check the triangle 

inequality only.  

𝔓̃𝜌,Γ̅ (𝔢, 𝔞̇ ,
𝜏

𝜌(𝔢,𝔞̇ )
) = 𝑒

−|𝔢−𝔞̇ |
𝜏

𝜌(𝔢,𝔞̇ ) = 𝑒
−𝜌(𝔢,𝔞̇ )|𝔢−𝔞̇ |

𝜏 ≤ 𝑒
−|𝔢−𝔞̇ |

𝜏 ≤ 𝑒
−|𝔢−𝔞̇ |

𝜏+𝜏′ . 

Similarly, 𝔓̃𝜌,Γ̅ ( 𝔞̇ , 𝔟̇ ,
𝜏

𝜌( 𝔞̇ ,𝔟̇)
) = 𝑒

−| 𝔞̇ −𝔟̇|
𝜏

𝜌( 𝔞̇ ,𝔟̇) = 𝑒
−𝜌( 𝔞̇ ,𝔟̇)| 𝔞̇ −𝔟̇|

𝜏 ≤ 𝑒
−| 𝔞̇ −𝔟̇|

𝜏 ≤ 𝑒
−| 𝔞̇ −𝔟̇|

𝜏+𝜏′ . Hence, for 𝜏, 𝜏′ > 0, 

𝔓̃𝜌,Γ̅ (𝔢, 𝔞̇ ,
𝜏

𝜌(𝔢, 𝔞̇ )
) ∗ 𝔓̃𝜌,Γ̅ ( 𝔞̇ , 𝔟̇,

𝜏

𝜌( 𝔞̇ , 𝔟̇)
) ≤ 𝑒

−|𝔢−𝔞̇ |
𝜏+𝜏′ . 𝑒

−| 𝔞̇ −𝔟̇|

𝜏+𝜏′ ≤ 𝑒
−| 𝔢−𝔟̇|

𝜏+𝜏′ ≤ 𝔓̃𝜌,Γ̅(𝔢, 𝔟̇, 𝜏 + 𝜏′). 

𝔏̃𝜌,Γ̅ (𝔢, 𝔞̇ ,
𝜏

𝜌(𝔢,𝔞̇ )
) = 1 − 𝑒

−|𝔢−𝔞̇ |
𝜏

𝜌(𝔢,𝔞̇ ) = 1 − 𝑒
−𝜌(𝔢,𝔞̇ )|𝔢−𝔞̇ |

𝜏 ≥ 1 − 𝑒
−|𝔢−𝔞̇ |

𝜏 ≥ 1 − 𝑒
−|𝔢−𝔞̇ |

𝜏+𝜏′ . 

Similarly, 𝔏̃𝜌,Γ̅ ( 𝔞̇ , 𝔟̇,
𝜏

𝜌( 𝔞̇ ,𝔟̇)
) = 1 − 𝑒

−| 𝔞̇ −𝔟̇|
𝜏

𝜌( 𝔞̇ ,𝔟̇) =1- 𝑒
−𝜌( 𝔞̇ ,𝔟̇)| 𝔞̇ −𝔟̇|

𝜏 ≥ 1 − 𝑒
−| 𝔞̇ −𝔟̇|

𝜏 ≥ 1 − 𝑒
−| 𝔞̇ −𝔟̇|

𝜏+𝜏′ . Hence, for 

𝜏, 𝜏′ > 0, 

𝔏̃𝜌,Γ̅ (𝔢, 𝔞̇ ,
𝜏

𝜌(𝔢,𝔞̇ )
) ⋆ 𝔏̃𝜌,Γ̅ ( 𝔞̇ , 𝔟̇,

𝜏

𝜌( 𝔞̇ ,𝔟̇)
) ≥ 1 − 𝑒

−|𝔢−𝔞̇ |

𝜏+𝜏′ . 1 − 𝑒
−| 𝔞̇ −𝔟̇|

𝜏+𝜏′ ≥ 1 − 𝑒
−| 𝔢−𝔟̇|

𝜏+𝜏′ ≥ 𝔏̃𝜌,Γ̅ (𝔢, 𝔟̇, 𝜏 + 𝜏′) and  

𝔔̃𝜌,Γ̅ (𝔢, 𝔞̇ ,
𝜏

𝜌(𝔢,𝔞̇)
) = 𝑒

|𝔢−𝔞̇ |
𝜏

𝜌(𝔢,𝔞̇ ) − 1= 𝑒
𝜌(𝔢,𝔞̇ )|𝔢−𝔞̇ |

𝜏 − 1 ≥ 𝑒
|𝔢−𝔞̇ |

𝜏 − 1 ≥ 𝑒
|𝔢−𝔞̇ |

𝜏+𝜏′ − 1. 

Similarly, 𝔔̃𝜌,Γ̅ ( 𝔞̇ , 𝔟̇ ,
𝜏

𝜌( 𝔞̇,𝔟̇)
) = 𝑒

| 𝔞̇ −𝔟̇|
𝜏

𝜌( 𝔞̇ ,𝔟̇) − 1= 𝑒
𝜌( 𝔞̇ ,𝔟̇)| 𝔞̇ −𝔟̇|

𝜏 − 1 ≥ 𝑒
| 𝔞̇ −𝔟̇|

𝜏 − 1 ≥ 𝑒
| 𝔞̇ −𝔟̇|

𝜏+𝜏′ − 1. Hence, for 

𝜏, 𝜏′ > 0, 

𝔔̃𝜌,Γ̅ (𝔢, 𝔞̇ ,
𝜏

𝜌(𝔢, 𝔞̇ )
) ⋆ 𝔔̃𝜌,Γ̅ ( 𝔞̇ , 𝔟̇,

𝜏

𝜌( 𝔞̇ , 𝔟̇)
) ≥ 𝑒

|𝔢−𝔞̇ |
𝜏+𝜏′ − 1. 𝑒

| 𝔞̇ −𝔟̇|

𝜏+𝜏′ − 1 ≥ 𝑒
| 𝔢−𝔟̇|

𝜏+𝜏′ − 1

≥ 𝔔̃𝜌,Γ̅(𝔢, 𝔟̇, 𝜏 + 𝜏′) 

Let 𝒥 ∶  Ξ → Ξ, 𝛼: Ξ2 × (0, ∞) → [0, ∞) and Ψ ∶ [0, ∞) → [0, ∞) be defined as 

6730

"Fixed point results for (α-ψ)- contraction mapping on neutrosophic double controlled metric spaces"



 𝒥(𝔢, 𝔞̇ , 𝜏) = {
1       𝑖𝑓      0 <  𝔢, 𝔞̇  ≤ 1

0               𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
. 

It is simple to demonstrate that 𝒥 is 𝛼 −admissible and continuous, since for 𝔢, 𝔞, 𝔟̇̇  ∈ Ξ, with 

𝛼(𝔢, 𝔞̇ , 𝜏) ≥ 1, then 𝛼(𝒥𝔢, 𝒥𝔞̇ , 𝜏) =  𝛼(1 −
𝔢

4
, 1 −

𝔞̇ 

4
, 𝜏)  ≥ 1. 

We must demonstrate that equation (5), (6), (7) holds in order to demonstrate that 𝒥 is a (𝛼 − Ψ)-

neutrosophic contractive mapping. 

𝛼(𝔢, 𝔞̇ , 𝜏) (
1

𝔓̃𝜌,Γ̅(𝒥𝔢,𝒥𝔟̇,𝜏)
− 1) ≤ (

1

𝔓̃𝜌,Γ̅(𝒥𝔢,𝒥𝔟̇,𝜏)
− 1) = (

1

𝑒
−|𝒥𝔢−𝒥𝔟̇|

𝜏

− 1) = (
1

𝑒
−|𝔢−𝔟̇|

𝜏

− 1) ≤
𝑒

|𝔢−𝔟̇|
𝜏 −1

2
=

Ψ (
1

𝔓̃𝜌,Γ̅(𝔢,𝔟̇,𝜏)
− 1).      

    𝛼(𝔢, 𝔞̇ , 𝜏)𝔏̃𝜌,Γ̅ (𝒥𝔢, 𝒥𝔟̇, 𝜏) ≤ 𝔏̃𝜌,Γ̅ (𝒥𝔢, 𝒥𝔟̇, 𝜏) = 1 − 𝑒
−|𝒥𝔢−𝒥𝔟̇|

𝜏 ≤ 1 − 𝑒
−|𝔢−𝔟̇|

𝜏 =  Ψ(𝔏̃𝜌,Γ̅ (𝔢, 𝔟̇, 𝜏))      

    𝛼(𝔢, 𝔞̇ , 𝜏)𝔔̃𝜌,Γ̅(𝒥𝔢, 𝒥𝔟̇, 𝜏) ≤ 𝔔̃𝜌,Γ̅(𝒥𝔢, 𝒥𝔟̇, 𝜏) = 𝑒
|𝒥𝔢−𝒥𝔟̇|

𝜏 − 1 ≤ 𝑒
|𝔢−𝔟̇|

𝜏 − 1 =  Ψ(𝔔̃𝜌,Γ̅(𝔢, 𝔟̇, 𝜏)). 

Thus, 𝒥 fulfils the assumptions of Theorem 3.4, so we get a  fixed point 𝔢∗ =
4

5
, such that 𝒥 (

4

5
) =

4

5
. 

Theorem 3.7 Let (Ξ, 𝔓̃𝜌,Γ̅, 𝔏̃𝜌,Γ̅ , 𝔔̃𝜌,Γ̅,∗, ⋆) be a triangular complete NDCMS, 𝜌, Γ̅ ∶ Ξ2 → [1,
1

𝛿
)  are 

two non-comparable function (for some 𝛿 ∈ (0,1)). Let 𝒥 ∶  Ξ → Ξ be a (𝛼 − Ψ)- Neutrosophic 

contractive mapping, for some Ψ ∈ 𝔉, fulfills the requirements listed below: 

1. 𝒥 is 𝛼- admissible, 

2. There exists 𝔢0 ∈ Ξ such that 𝛼(𝔢0, 𝒥𝔞̇ 0, 𝜏) ≥ 1 for all 𝜏 > 0, 

3. If {𝔢𝑖} is a sequence in Ξ such that 𝛼(𝔢𝑖, 𝔢𝑖+1, 𝜏)  ≥ 1 for every 𝑖 ∈ ℕ and 𝔢𝑖 → 𝔢 as 𝑖 → ∞, then 

𝛼(𝔢𝑖, 𝔢, 𝜏)  ≥ 1 for all 𝑖 ∈ ℕ 

4. For any 𝔢 ∈ Ξ, both lim
𝑖→∞

𝜌( 𝔢𝑖, 𝔢), and limΓ̅
𝑖→∞

( 𝔢𝑖, 𝔢) exists and are finite, where the sequence {𝔢𝑖} 

is defined as 𝔢𝑖 = 𝒥𝑛𝔢0, for some 𝔢0 ∈ Ξ.                                                           (22) 

Then, 𝒥 admits a fixed point.  

Proof.  

ccording the proof of the Theorem 3.4, we get that {𝔢𝑖} is a Cauchy sequence in a complete NDCMS 

(Ξ, 𝔓̃𝜌,Γ̅, 𝔏̃𝜌,Γ̅ , 𝔔̃𝜌,Γ̅,∗, ⋆). This implies there exists some 𝔢0 ∈ Ξ such that 𝔢𝑖 → 𝔢∗ as 𝑖 → ∞. Thus, 

by assumption (3),  

We get 𝛼(𝔢𝑖 , 𝔢∗ 𝜏)  ≥ 1 for all 𝑖 ∈ ℕ and for all 𝜏 > 0.    (23) 

Using the fact that 𝔓̃𝜌,Γ̅, 𝔏̃𝜌,Γ̅ , 𝔔̃𝜌,Γ̅ are triangular and by (22) and equation (5), (6), (7), we have 

(
1

𝔓̃𝜌,Γ̅(𝒥𝔢∗,𝔢∗,𝜏)
− 1) = (

1

𝔓̃𝜌,Γ̅(𝒥𝔢∗, 𝒥𝔢𝑖,𝜏)
− 1)+ (

1

𝔓̃𝜌,Γ̅(𝒥𝔢𝑖+1,𝔢∗,𝜏)
− 1) 

                                  ≤ 𝛼(𝔢𝑖, 𝔢∗, 𝜏) (
1

𝔓̃𝜌,Γ̅(𝒥𝔢𝑖,𝒥 𝔢∗,𝜏)
− 1) + (

1

𝔓̃𝜌,Γ̅(𝒥𝔢𝑖+1,𝔢∗,𝜏)
− 1) 

                                  ≤ Ψ (
1

𝔓̃𝜌,Γ̅(𝔢𝑖,𝔢∗,𝜏)
− 1) + (

1

𝔓̃𝜌,Γ̅(𝒥𝔢𝑖+1,𝔢∗,𝜏)
− 1), because Ψ(𝔯) < 𝔯 

                                  ≤ (
1

𝔓̃𝜌,Γ̅(𝔢𝑖,𝔢∗,𝜏)
− 1) + (

1

𝔓̃𝜌,Γ̅(𝒥𝔢𝑖+1,𝔢∗,𝜏)
− 1)      (24) 

𝔏̃𝜌,Γ̅ (𝒥𝔢∗, 𝔢∗, 𝜏) = 𝔏̃𝜌,Γ̅ (𝒥𝔢∗,  𝒥𝔢𝑖, 𝜏) + 𝔏̃𝜌,Γ̅ (𝒥𝔢𝑖+1, 𝔢∗, 𝜏) 
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                                  ≥ 𝛼(𝔢𝑖, 𝔢∗, 𝜏) 𝔏̃𝜌,Γ̅ (𝒥𝔢𝑖, 𝒥 𝔢∗, 𝜏) +𝔏̃𝜌,Γ̅ (𝒥𝔢𝑖+1, 𝔢∗, 𝜏) 

                                   ≥ Ψ(𝔏̃𝜌,Γ̅ (𝔢𝑖, 𝔢∗, 𝜏)) + 𝔏̃𝜌,Γ̅ (𝒥𝔢𝑖+1, 𝔢∗, 𝜏), because Ψ(𝔯) < 𝔯 

                                   ≥ 𝔏̃𝜌,Γ̅ (𝔢𝑖, 𝔢∗, 𝜏) + 𝔏̃𝜌,Γ̅ (𝒥𝔢𝑖+1, 𝔢∗, 𝜏)     (25) 

𝔔̃𝜌,Γ̅(𝒥𝔢∗, 𝔢∗, 𝜏) = 𝔔̃𝜌,Γ̅(𝒥𝔢∗,  𝒥𝔢𝑖, 𝜏) + 𝔔̃𝜌,Γ̅(𝒥𝔢𝑖+1, 𝔢∗, 𝜏) 

                                  ≥ 𝛼(𝔢𝑖, 𝔢∗, 𝜏) 𝔔̃𝜌,Γ̅(𝒥𝔢𝑖, 𝒥 𝔢∗, 𝜏) +𝔔̃𝜌,Γ̅ (𝒥𝔢𝑖+1, 𝔢∗, 𝜏) 

                                   ≥ Ψ(𝔔̃𝜌,Γ̅(𝔢𝑖, 𝔢∗, 𝜏)) + 𝔔̃𝜌,Γ̅(𝒥𝔢𝑖+1, 𝔢∗, 𝜏), because Ψ(𝔯) < 𝔯 

                                   ≥ 𝔔̃𝜌,Γ̅(𝔢𝑖, 𝔢∗, 𝜏) + 𝔔̃𝜌,Γ̅(𝒥𝔢𝑖+1, 𝔢∗, 𝜏)     (26) 

Letting 𝑖 → ∞ in equation(24), (25) and (26), we obtain 

lim
𝑖→∞

𝔓̃𝜌,Γ̅(𝒥𝔢∗, 𝔢∗, 𝜏)  = 1,
𝑛→∞

lim
𝑖→∞

 𝔏̃𝜌,Γ̅ (𝒥𝔢∗, 𝔢∗, 𝜏) = 0 and lim
𝑖→∞

 𝔔̃𝜌,Γ̅(𝒥𝔢∗, 𝔢∗, 𝜏) = 0 for all 𝜏 > 0, that 

is, 𝒥(𝔢∗) = 𝔢∗, so 𝒥 has a fixed point.  

Example 3.8 Consider Ξ = [0, ∞) and let the control functions 𝜌, Γ̅ ∶ Ξ2 → [1, ∞) be 

defined as 𝜌(𝔢, 𝔞̇ ) = {
max{𝔢, 𝔞̇ } + 1    𝑖𝑓    𝔢, 𝔞̇  ∈ [0,1] 

1                        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 and 

                 Γ̅(𝔢, 𝔞̇ ) = {
max{𝔢, 𝔞̇ } + 2    𝑖𝑓𝔢, 𝔞̇  ∈ [1,2] 

1                        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
. The neutrosophic set 𝔓̃𝜌,Γ̅, 𝔏̃𝜌,Γ̅ , 𝔔̃𝜌,Γ̅ is 

defined by 𝔓̃𝜌,Γ̅(𝔢, 𝔞̇ , 𝜏) =
𝜏

𝜏+|𝔢−𝔞̇ |
, 𝔏̃𝜌,Γ̅ (𝔢, 𝔞̇ , 𝜏) =

|𝔢−𝔞̇ |

𝜏+|𝔢−𝔞̇ |
 and 𝔔̃𝜌,Γ̅(𝔢, 𝔞̇ , 𝜏) =

|𝔢−𝔞̇ |

𝜏
           (27) 

Then it is simple to demonstrate that (Ξ, 𝔓̃𝜌,Γ̅, 𝔏̃𝜌,Γ̅ , 𝔔̃𝜌,Γ̅,∗, ⋆) is a complete NDCMS which is 

triangular, and we will check triangle inequality only.  

𝔓̃𝜌,Γ̅ (𝔢, 𝔞̇ ,
𝜏

𝜌(𝔢,𝔞̇ )
) =

𝜏

𝜏+𝜌(𝔢,𝔞̇ )|𝔢−𝔞̇ |
≤

𝜏

𝜏+|𝔢−𝔞̇ |
≤

𝜏+𝜏′

𝜏+𝜏′+|𝔢−𝔞̇ |
. 

Similarly, 𝔓̃𝜌,Γ̅ (𝔞̇ , 𝔟̇,
𝜏′

Γ̅(𝔞̇ ,𝔴)
) =

𝜏′

𝜏′+Γ̅( 𝔞̇ ,𝔟̇)|𝔞̇ −𝔟̇|
≤

𝜏′

𝜏′+|𝔞̇ −𝔟̇|
≤

𝜏+𝜏′

𝜏+𝜏′+|𝔞̇ −𝔟̇|
. 

Thus, 𝔓̃𝜌,Γ̅ (𝔢, 𝔞̇ ,
𝜏

𝜌(𝔢,𝔞̇ )
) ∗ 𝔓̃𝜌,Γ̅ (𝔞̇ , 𝔟̇

𝜏′

Γ̅(𝔢,𝔞̇ )
) ≤ (

𝜏+𝜏′

𝜏+𝜏′+|𝔢−𝔞̇ |
) (

𝜏+𝜏′

𝜏+𝜏′+|𝔞̇ −𝔟̇|
) 

                                                                               ≤
𝜏+𝜏′

𝜏+𝜏′+|𝔢−𝔟̇|
= 𝔓̃𝜌,Γ̅(𝔢, 𝔟̇, 𝜏 + 𝜏′),  (28) 

 𝔏̃𝜌,Γ̅ (𝔢, 𝔞̇ ,
𝜏

𝜌(𝔢,𝔞̇ )
) =

𝜌(𝔢,𝔞̇ )|𝔢−𝔞̇ |

𝜏+𝜌(𝔢,𝔞̇ )|𝔢−𝔞̇ |
≥

|𝔢−𝔞̇ |

𝜏+|𝔢−𝔞̇ |
≥

|𝔢−𝔞̇ |

𝜏+𝜏′+|𝔢−𝔞̇ |
. 

Similarly,  𝔏̃𝜌,Γ̅ (𝔞̇ , 𝔟̇,
𝜏′

Γ̅(𝔢,𝔞̇ )
) =

Γ̅( 𝔞̇,𝔟̇)|𝔞̇−𝔟̇|

𝜏′+Γ̅( 𝔞̇,𝔟̇)|𝔞̇−𝔟̇|
≥

|𝔞̇−𝔟̇|

𝜏′+|𝔞̇−𝔟̇|
≥

|𝔞̇−𝔟̇|

𝜏+𝜏′+|𝔞̇−𝔟̇|
. 

Thus, 𝔏̃𝜌,Γ̅ (𝔢, 𝔞̇,
𝜏

𝜌(𝔢,𝔞̇)
) ⋆ 𝔏̃𝜌,Γ̅ (𝔞̇, 𝔟̇,

𝜏′

Γ̅(𝔞̇,𝔟̇)
) ≥ (

|𝔢−𝔞̇|

𝜏+𝜏′+|𝔢−𝔞̇|
) (

|𝔞̇−𝔟̇|

𝜏+𝜏′+|𝔞̇−𝔟̇|
) 

                                                       ≥
|𝔢−𝔟̇|

𝜏+𝜏′+|𝔢−𝔟̇|
=  𝔏̃𝜌,Γ̅ (𝔢, 𝔟̇, 𝜏 + 𝜏′) and    (29) 

 𝔔̃𝜌,Γ̅ (𝔢, 𝔞̇,
𝜏

𝜌(𝔢,𝔞̇)
) =

𝜌(𝔢,𝔞̇)|𝔢−𝔞̇|

𝜏
≥

|𝔢−𝔞̇|

𝜏
≥

|𝔢−𝔞̇|

𝜏+𝜏′. 

Similarly,  𝔔̃𝜌,Γ̅ (𝔞̇, 𝔟̇,
𝜏′

Γ̅(𝔞̇,𝔴)
) =

Γ̅( 𝔞̇,𝔟̇)|𝔞̇−𝔟̇|

𝜏′ ≥
|𝔞̇−𝔟̇|

𝜏′ ≥
|𝔞̇−𝔟̇|

𝜏+𝜏′ . 
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Thus, 𝔔̃𝜌,Γ̅ (𝔢, 𝔞̇,
𝜏

𝜌(𝔢,𝔞̇)
) ⋆  𝔔̃𝜌,Γ̅ (𝔞̇, 𝔟̇,

𝜏′

Γ̅(𝔢,𝔞̇)
) ≥ (

|𝔢−𝔞̇|

𝜏+𝜏′) (
|𝔞̇−𝔟̇|

𝜏+𝜏′ ) 

                                                                                ≥
|𝔢−𝔟̇|

𝜏+𝜏′ =  𝔔̃𝜌,Γ̅(𝔢, 𝔟̇, 𝜏 + 𝜏′).   (30) 

Note that Equation (28), (29) and (30) follows the below inequality: 

(
1

1+|𝔢−𝔞̇|
) (

1

1+|𝔞̇−𝔟̇|
) =

1

1+|𝔢−𝔞̇|+|𝔞̇−𝔟̇|+|𝔢−𝔞̇||𝔞̇−𝔟̇|
≤

1

1+|𝔢−𝔞̇|+|𝔞̇−𝔟̇|
≤

1

1+|𝔢−𝔟̇|
, then replace 1 by 𝜏 + 𝜏′. 

Then 𝒥 ∶  Ξ → Ξ and 𝛼: Ξ2 × (0, ∞) → [0, ∞), be defined as 𝒥(𝔢) = {
𝔢2

4
  𝑖𝑓 𝔢 ∈ [0,1]

2   𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
   and 

𝛼(𝔢, 𝔞̇, 𝜏) = {
 1  𝔢, 𝔞̇ ∈ [0,1], 𝜏 > 0 .

0   0𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 Let Ψ(𝔯) =

𝔯

2
 for 𝔯 ≥ 0. To show that 𝒥 is 𝛼-admissible, for any 

𝔢, 𝔞̇ ∈ [0,1];  hence, both 𝒥(𝔢), 𝒥(𝔞̇) ∈ [0,1] which implies that 𝛼(𝒥𝔢, 𝒥𝔞̇, 𝜏) ≥ 1, for every 𝜏 > 0. 

In order to establish 𝒥 is (𝛼 −  Ψ)-neutrosophic contractive mapping, we have to demonstrate the 

equation (5),(6) and (7) holds. For 1 < 𝔢, 𝔞̇, the case is obvious, thus, we consider the case 𝔢, 𝔞̇ ∈
[0,1]. 

𝛼(𝔢, 𝔞̇, 𝜏) (
1

𝔓̃𝜌,Γ̅(𝒥𝔢, 𝒥𝔞̇, 𝜏)
− 1) ≤ (

1

𝔓̃𝜌,Γ̅(𝒥𝔢, 𝒥𝔞̇, 𝜏)
− 1) = (

1

𝔓̃𝜌,Γ̅ (
𝔢2

4 ,
𝔞̇2

4 , 𝜏)
− 1) =

1

4𝜏
|𝔢2 − 𝔞̇2| 

                                                            ≤
1

2

|𝔢−𝔞̇|

𝜏
=  Ψ(

1

𝔓̃𝜌,Γ̅(𝔢,𝔟̇,𝜏)
− 1).  

 𝛼(𝔢, 𝔞̇, 𝜏)𝔏̃𝜌,Γ̅ (𝒥𝔢, 𝒥𝔟̇, 𝜏) ≤ 𝔏̃𝜌,Γ̅ (𝔢, 𝔟̇, 𝜏)  ≤  𝔏̃𝜌,Γ̅ (
𝔢2

4
,

𝔞̇2

4
, 𝜏)  = 

|𝔢2−𝔞̇2|

4𝜏+|𝔢2−𝔞̇2|
  

                                                  ≤
1

2

|𝔢−𝔞̇|

|𝔢−𝔞̇|+𝜏
 = Ψ(𝔏̃𝜌,Γ̅ (𝔢, 𝔟̇, 𝜏)), 

𝛼(𝔢, 𝔞̇, 𝜏)𝔔̃𝜌,Γ̅(𝒥𝔢, 𝒥𝔟̇, 𝜏) ≤ 𝔔̃𝜌,Γ̅(𝔢, 𝔟̇, 𝜏)  ≤  𝔔̃𝜌,Γ̅ (
𝔢2

4
,

𝔞̇2

4
, 𝜏)  = 

1

2

|𝔢−𝔞̇|

𝜏
 = Ψ(𝔔̃𝜌,Γ̅(𝔢, 𝔟̇, 𝜏)). If {𝔢𝑖} is any 

sequence in Ξ such that 𝛼(𝔢𝑖 , 𝔢𝑖+1, 𝜏) ≥ 1 for all 𝑖 ∈ ℕ, and 𝔢𝑖 → 𝔢 𝑎𝑠 𝑖 → ∞, then {𝔢𝑖} ⊂ [0,1]. Hence, 

we have 𝔢 ∈ [0,1] which implies that 𝛼(𝔢𝑖, 𝔢, 𝜏) ≥ 1 for every 𝑖 ∈ ℕ. Hence, all the assumption of 

Theorem 3.8 are fulfilled, therefore, 𝒥 has an invariant points, which are 𝔢 = 0 and 𝔢 = 2. 

4. Application  

 Let Ξ = C([0, Ι], ℝ) be the space of all continuous real-valued functions defined on the interval 

[0,1], for some Ι > 0.  Define the control functions 𝜌 , Γ̅ ∶ Ξ2 → [1, ∞) by 𝜌(𝔢, 𝔞̇) =  𝔢 + 𝔞̇ + 1 and 

Γ̅(𝔢, 𝔞̇) = 𝔢2 + 𝔞̇2 + 1. Define the neutrosophic sets 𝔓̃𝜌,Γ̅, 𝔏̃𝜌,Γ̅  and 𝔔̃𝜌,Γ̅ by  

𝔓̃𝜌,Γ̅(𝔢, 𝔞̇, 𝜏) = 𝑒−𝑠𝑢𝑝𝜅∈[0,1]
|𝔢(𝜅)−𝔞̇(𝜅)|

𝜏 ,  𝔏̃𝜌,Γ̅ (𝔢, 𝔞̇, 𝜏) = 1 − 𝑒−𝑠𝑢𝑝𝜅∈[0,1]
|𝔢(𝜅)−𝔞̇(𝜅)|

𝜏  and 𝔔̃𝜌,Γ̅(𝔢, 𝔞̇, 𝜏) =

𝑒𝑠𝑢𝑝𝜅∈[0,1]
|𝔢(𝜅)−𝔞̇(𝜅)|

𝜏 − 1, 𝔢, 𝔞̇ ∈ Ξ where 𝜏 > 0.      (31) 

Then (Ξ, 𝔓̃𝜌,Γ̅, 𝔏̃𝜌,Γ̅ , 𝔔̃𝜌,Γ̅,∗, ⋆) is a complete NDCM. 

Theorem 4.1.  Let (Ξ, 𝔓̃𝜌,Γ̅, 𝔏̃𝜌,Γ̅ , 𝔔̃𝜌,Γ̅,∗, ⋆) be a complete NDCMS, as defined above. Let integral 

operator 𝒥 ∶ Ξ → Ξ is defined by 𝒥𝔢(𝜅) = 𝔮(𝜅) + ∫ Υ(𝜅, 𝑡, 𝔲(𝑡))𝑑𝑡,
𝜅

0
  (32) where 𝔮 ∈ Ξ, and 

Υ(𝜅, 𝑡, 𝔢(𝑡)): [0, Ι]2 → ℝ is a continuous function. If there exists a function ℏ ∶  [0, Ι] × [0, Ι] → [0, ∞) 

such that for every 𝜅, 𝑡 ∈ Ξ, we have ℏ ∈ 𝐿1([0,1], ℝ) satisfying the following: 

I. |Υ(𝜅, 𝑡, 𝔢(𝑡)) − Υ(𝜅, 𝑡, 𝔞̇(𝑡))| ≤  ℏ(𝜅, 𝑡)|𝔢(𝑡) − 𝔞̇(𝑡)| 
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II. The integral ∫ ℏ(𝜅, 𝑡)𝑑𝑡
𝜅

0
 is bounded, i.e., there exists some 𝜃 ∈ (0,1) such that 

 0 < 𝑠𝑢𝑝𝜅∈[0,1] ∫ ℏ(𝜅, 𝑡)𝑑𝑡
𝜅

0
≤  𝜃 < 1. Furthermore, this holds 

𝑒−𝑠𝑢𝑝𝜅∈[0,1]
𝜃|𝔢(𝜅)−𝔞̇(𝜅)|

𝜏 ≥ 2𝑒−𝑠𝑢𝑝𝜅∈[0,1]
|𝔢(𝜅)−𝔞̇(𝜅)|

𝜏 . Then, the integral equation (32) has a 

solution. 

Proof. Define 𝛼: Ξ2 × (0, ∞) → [0, ∞) by 𝛼(𝔢, 𝔞̇, 𝜏) = {

1

2
               if  𝔢 = 𝔞̇

 
1

4
       if  𝔢 = 0 𝑜𝑟 𝔞̇ = 0

0           𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  (33) 

and  Ψ(𝔯) =
𝔯

2
 for  𝔢, 𝔞̇ ∈ Ξ, consider the neutrosophic metrics  

𝔓̃𝜌,Γ̅(𝒥𝔢, 𝒥 𝔞̇, 𝜏) = 𝑒−𝑠𝑢𝑝𝜅∈[0,1]
|𝒥𝔢(𝜅)−𝒥 𝔞̇(𝜅)|

𝜏  

                           ≥ 𝑒−𝑠𝑢𝑝𝜅∈[0,1]
∫ |Υ(𝜅,𝑡,𝔢(𝑡))−Υ(𝜅,𝑡,𝔞̇(𝑡))|  

𝜅
0

𝜏 ≥ 𝑒−𝑠𝑢𝑝𝜅∈[0,1]
 ∫   

𝜅
0 ℏ(𝜅,𝑡)|𝔢(𝑡)− 𝔞̇(𝑡)|

𝜏  

                    ≥ 𝑒−𝑠𝑢𝑝𝜅∈[0,1]
 |𝔢(𝑡)− 𝔞̇(𝑡)|𝑠𝑢𝑝 ∫   

𝜅
0 ℏ(𝜅,𝑡)

𝜏 ≥ 𝑒−𝑠𝑢𝑝𝜅∈[0,1]
 𝜃|𝔢(𝑡)− 𝔞̇(𝑡)|

𝜏 ≥ 2𝑒−𝑠𝑢𝑝𝜅∈[0,1]
 |𝔢(𝑡)− 𝔞̇(𝑡)|

𝜏  

                    = 2(𝔓̃𝜌,Γ̅(𝔢, 𝔞̇, 𝜏)),         (34) 

𝔏̃𝜌,Γ̅ (𝒥𝔢, 𝒥 𝔞̇, 𝜏) = 1 − 𝑒−𝑠𝑢𝑝𝜅∈[0,1]
|𝒥𝔢(𝜅)−𝒥 𝔞̇(𝜅)|

𝜏  

       ≤ 1 − 𝑒−𝑠𝑢𝑝𝜅∈[0,1]
∫ |Υ(𝜅,𝑡,𝔢(𝑡))−Υ(𝜅,𝑡,𝔞̇(𝑡))|  

𝜅
0

𝜏 ≤ 1 − 𝑒−𝑠𝑢𝑝𝜅∈[0,1]
 ∫   

𝜅
0 ℏ(𝜅,𝑡)|𝔢(𝑡)− 𝔞̇(𝑡)|

𝜏  

       ≤ 1 − 𝑒−𝑠𝑢𝑝𝜅∈[0,1]
 |𝔢(𝑡)− 𝔞̇(𝑡)|𝑠𝑢𝑝 ∫   

𝜅
0 ℏ(𝜅,𝑡)

𝜏 ≤ 1 − 𝑒−𝑠𝑢𝑝𝜅∈[0,1]
 𝜃|𝔢(𝑡)− 𝔞̇(𝑡)|

𝜏 ≤ 2(1 − 𝑒−𝑠𝑢𝑝𝜅∈[0,1]
 |𝔢(𝑡)− 𝔞̇(𝑡)|

𝜏 ) 

       = 2(𝔏̃𝜌,Γ̅ (𝔢, 𝔞̇, 𝜏)) and         (35) 

𝔔̃𝜌,Γ̅(𝒥𝔢, 𝒥 𝔞̇, 𝜏) = 𝑒𝑠𝑢𝑝𝜅∈[0,1]
|𝒥𝔢(𝜅)−𝒥 𝔞̇(𝜅)|

𝜏 − 1 

       ≤ 𝑒𝑠𝑢𝑝𝜅∈[0,1]
∫ |Υ(𝜅,𝑡,𝔢(𝑡))−Υ(𝜅,𝑡,𝔞̇(𝑡))|  

𝜅
0

𝜏 − 1 ≤ 𝑒𝑠𝑢𝑝𝜅∈[0,1]
 ∫   

𝜅
0 ℏ(𝜅,𝑡)|𝔢(𝑡)− 𝔞̇(𝑡)|

𝜏 − 1 

      ≤ 𝑒𝑠𝑢𝑝𝜅∈[0,1]
 |𝔢(𝑡)− 𝔞̇(𝑡)|𝑠𝑢𝑝 ∫   

𝜅
0 ℏ(𝜅,𝑡)

𝜏 − 1 ≤ 𝑒𝑠𝑢𝑝𝜅∈[0,1]
 𝜃|𝔢(𝑡)− 𝔞̇(𝑡)|

𝜏 − 1 ≤ 2(𝑒𝑠𝑢𝑝𝜅∈[0,1]
 |𝔢(𝑡)− 𝔞̇(𝑡)|

𝜏 − 1) 

      = 2(𝔔̃𝜌,Γ̅(𝔢, 𝔞̇, 𝜏)).         (36) 

To sow that that 𝒥 is a (𝛼 −  Ψ)-neutrosophic contractive mapping, we must demonstrate that equations 

(5), (6), and (7) are true. For 𝔢, 𝔳 ∈ Ξ, then by Equation (32), (33), (34) and (35) we have 

𝛼(𝔢, 𝔞̇, 𝜏) (
1

𝔓̃𝜌,Γ̅(𝒥𝔢, 𝒥 𝔞̇, 𝜏)
− 1) ≤ (

1

𝔓̃𝜌,Γ̅(𝒥𝔢, 𝒥 𝔞̇, 𝜏)
− 1) ≤ (

1

 2𝔓̃𝜌,Γ̅(𝔢, 𝔞̇, 𝜏)
− 1) 

                                                                             ≤
1

2
(

1

𝔓̃𝜌,Γ̅(𝔢,𝔞̇,𝜏)
− 1) = Ψ(

1

𝔓̃𝜌,Γ̅(𝔢,𝔟̇,𝜏)
− 1).  

 𝛼(𝔢, 𝔞̇, 𝜏)𝔏̃𝜌,Γ̅ (𝒥𝔢, 𝒥𝔟̇, 𝜏) ≤ 2𝔏̃𝜌,Γ̅ (𝔢, 𝔟̇, 𝜏)  ≤   Ψ(𝔏̃𝜌,Γ̅ (𝔢, 𝔟̇, 𝜏)), 

𝛼(𝔢, 𝔞̇, 𝜏)𝔔̃𝜌,Γ̅(𝒥𝔢, 𝒥𝔟̇, 𝜏) ≤ 𝔔̃𝜌,Γ̅(𝔢, 𝔟̇, 𝜏)  ≤ Ψ(𝔔̃𝜌,Γ̅(𝔢, 𝔟̇, 𝜏)).  

Since all the requirements of Theorem 3.4 are fulfilled, hence the operator 𝒥 has a fixed point 𝔢∗ ∈
C([0, Ι], ℝ), which is a solution of the integral equation (31). 
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Conclusion      In this paper we have defined (α-ψ)-neutrosophic contractive mappings on 

neutrosophic double controlled metric spaces and we have proved fixed point theorems  on complex 

valued neutrosophic metric like space We hope that the results proved in this paper will form new 

connection for those who are working in this field. 
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   Γ -  ( 𝔢 ,     𝔞 . ) = 2 (   𝔢 2 +       𝔞 . 2 + 1 )


      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . , 𝜏 ) =   e    −    ( 𝔢 −   𝔞 . ) 2  𝜏


      𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔞 . , 𝜏 ) = 1 −   e    −    ( 𝔢 −   𝔞 . ) 2  𝜏


      𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . , 𝜏 ) =   e       ( 𝔢 −   𝔞 . ) 2  𝜏 − 1


  for   all   𝔢 ,     𝔞 . ,   𝔟 . ∈ Ξ


  𝜏 ,   𝜏 ′ > 0 .


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


  𝔢 ∗   𝔞 . = 𝔢   𝔞 .


  𝔢 ⋆   𝔞 . = max { 𝔢 ,   𝔞 . }


      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . ,   𝜏  𝜌  ( 𝔢 ,     𝔞 . ) ) =   e    −    ( 𝔢 −   𝔞 . ) 2    𝜏  𝜌  ( 𝔢 ,     𝔞 . )


    e    −    ( 𝔢 −   𝔞 . ) 2    𝜏  2 ( 𝔢 +   𝔞 . ) ≤   e    −    ( 𝔢 −   𝔞 . ) 2  𝜏 ≤   e    −    ( 𝔢 −   𝔞 . ) 2  𝜏 +   𝜏 ′


      𝔓 ~  𝜌 ,  Γ -  (     𝔞 . ,   𝔟 . ,     𝜏 ′   Γ -  (   𝔞 . ,   𝔟 . ) ) =   e    −    (   𝔞 . −   𝔟 . ) 2      𝜏 ′   Γ -  (   𝔞 . ,   𝔟 . )


    e    −    (   𝔞 . −   𝔟 . ) 2      𝜏 ′  2 (       𝔞 . 2 +     𝔟 . 2 + 1 ) ≤   e    −    (   𝔞 . −   𝔟 . ) 2    𝜏 ′ ≤   e    −    (   𝔞 . −   𝔟 . ) 2  𝜏 +   𝜏 ′


                𝔓 ~  𝜌 ,  Γ -  (   𝔢 ,   𝔟 . , 𝜏 +   𝜏 ′ ) =   e    −    ( 𝔢 −   𝔟 . ) 2  𝜏 +   𝜏 ′ =   e    −    ( 𝔢 −   𝔞 . +   𝔞 . −   𝔟 . ) 2  𝜏 +   𝜏 ′ ≥   e    −    ( 𝔢 −   𝔞 . ) 2  𝜏   e    −    (   𝔞 . −   𝔟 . ) 2  𝜏 +   𝜏 ′


  ≥     𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . ,   𝜏  𝜌  ( 𝔢 ,     𝔞 . ) ) ∗     𝔓 ~  𝜌 ,  Γ -  (     𝔞 . ,   𝔟 . ,     𝜏 ′   Γ -  (   𝔞 . , 𝔴 ) ) .


      𝔏 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . ,   𝜏  𝜌  ( 𝔢 ,     𝔞 . ) ) =   e    −    ( 𝔢 −   𝔞 . ) 2    𝜏  𝜌  ( 𝔢 ,     𝔞 . )


    e    −    ( 𝔢 −   𝔞 . ) 2    𝜏  2 ( 𝔢 +   𝔞 . ) ≤   e    −    ( 𝔢 −   𝔞 . ) 2  𝜏 ≤   e    −    ( 𝔢 −   𝔞 . ) 2  𝜏 +   𝜏 ′


      𝔏 ~  𝜌 ,  Γ -  (     𝔞 . ,   𝔟 . ,     𝜏 ′   Γ -  (   𝔞 . ,   𝔟 . ) ) = 1 −   e    −    (   𝔞 . −   𝔟 . ) 2      𝜏 ′   Γ -  (   𝔞 . ,   𝔟 . )


    e    −    (   𝔞 . −   𝔟 . ) 2      𝜏 ′  2 (       𝔞 . 2 +     𝔟 . 2 + 1 ) ≤ 1 −   e    −    (   𝔞 . −   𝔟 . ) 2    𝜏 ′ ≤ 1 −   e    −    (   𝔞 . −   𝔟 . ) 2  𝜏 +   𝜏 ′


                𝔏 ~  𝜌 ,  Γ -  (   𝔢 ,   𝔟 . , 𝜏 +   𝜏 ′ ) = 1 −   e    −    ( 𝔢 −   𝔟 . ) 2  𝜏 +   𝜏 ′ = 1 −   e    −    ( 𝔢 −   𝔞 . +   𝔞 . −   𝔟 . ) 2  𝜏 +   𝜏 ′ ≤ max ⁡ { 1 −   e    −    ( 𝔢 −   𝔞 . ) 2  𝜏 , 1 −   e    −    (   𝔞 . −   𝔟 . ) 2  𝜏 +   𝜏 ′ }


  ≥     𝔏 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . ,   𝜏  𝜌  ( 𝔢 ,     𝔞 . ) ) ⋆     𝔏 ~  𝜌 ,  Γ -  (     𝔞 . ,   𝔟 . ,     𝜏 ′   Γ -  (   𝔞 . ,   𝔟 . ) ) .


      𝔔 ~  𝜌 ,  Γ -  (     𝔞 . , 𝔴 ,     𝜏 ′   Γ -  (   𝔞 . ,   𝔟 . ) ) =   e       (   𝔞 . −   𝔟 . ) 2      𝜏 ′   Γ -  (   𝔞 . ,   𝔟 . ) − 1


    e       (   𝔞 . −   𝔟 . ) 2      𝜏 ′  2 (       𝔞 . 2 +     𝔟 . 2 + 1 ) − 1 ≤   e       (   𝔞 . −   𝔟 . ) 2    𝜏 ′ − 1 ≤ 1 −   e    −    (   𝔞 . −   𝔟 . ) 2  𝜏 +   𝜏 ′


                𝔔 ~  𝜌 ,  Γ -  (   𝔢 ,   𝔟 . , 𝜏 +   𝜏 ′ ) =   e       ( 𝔢 −   𝔟 . ) 2  𝜏 +   𝜏 ′ − 1 =   e       ( 𝔢 −   𝔞 . +   𝔞 . −   𝔟 . ) 2  𝜏 +   𝜏 ′ − 1 ≤ max ⁡ {   e       ( 𝔢 −   𝔞 . ) 2  𝜏 − 1 ,   e       (   𝔞 . −   𝔟 . ) 2  𝜏 +   𝜏 ′ − 1 }


  ≥     𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . ,   𝜏  𝜌  ( 𝔢 ,     𝔞 . ) ) ⋆     𝔔 ~  𝜌 ,  Γ -  (     𝔞 . ,   𝔟 . ,     𝜏 ′   Γ -  (   𝔞 . ,   𝔟 . ) ) .


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


  Ξ = [ 0 , 1 ]


  𝒷 = 4 .


    𝔓 ~  ( 𝔢 ,     𝔞 . , 𝜏 ) =   e    −    ( 𝔢 −   𝔞 . ) 2  𝜏 ,


    𝔏 ~  ( 𝔢 ,     𝔞 . , 𝜏 ) = 1 −   e    −    ( 𝔢 −   𝔞 . ) 2  𝜏


    𝔔 ~  ( 𝔢 ,     𝔞 . , 𝜏 ) =   e       ( 𝔢 −   𝔞 . ) 2  𝜏 − 1


  for   all   𝔢 ,     𝔞 . ,   𝔟 . ∈ Ξ


  𝜏 > 0 .


  Ξ ,   𝔓 ~ ,   𝔏 ~ ,     𝔔 ~ ,   ∗


  ⋆ ,   𝒷 )


       ( 𝔢 −   𝔟 . ) 2  𝜏 +   𝜏 ′ ≤ 4      ( 𝔢 −   𝔞 . ) 2  𝜏 +   𝜏 ′ +


       (   𝔞 . −   𝔟 . ) 2  𝜏 +   𝜏 ′ ≤      ( 𝔢 −   𝔞 . ) 2    𝜏 4 +      (   𝔞 . −   𝔟 . ) 2      𝜏 ′ 4


          𝔓 ~  (   𝔢 ,   𝔟 . , 𝜏 +   𝜏 ′ ) =   e    −    ( 𝔢 −   𝔟 . ) 2  𝜏 +   𝜏 ′ ≥   e    −    ( 𝔢 −   𝔞 . ) 2  𝜏   e    −    (   𝔞 . −   𝔟 . ) 2    𝜏 ′


  ≥   𝔓 ~  ( 𝔢 ,     𝔞 . ,   𝜏 4 ) ∗   𝔓 ~  (     𝔞 . ,   𝔟 . ,     𝜏 ′ 4 ) .


  Ξ ,   𝔓 ~ ,   𝔏 ~ ,     𝔔 ~ ,   ∗


  ⋆ ,   𝒷 )


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


     lim  i → ∞ ⁡      𝔓 ~  𝜌 ,  Γ -


    𝔢  i ,   𝔢 ,


  𝜏 ) = 1


     lim  i → ∞ ⁡      𝔏 ~  𝜌 ,  Γ -  


    𝔢  i ,   𝔢 ,


  𝜏 ) = 0


     lim  i → ∞ ⁡      𝔔 ~  𝜌 ,  Γ -


    𝔢  i ,   𝔢 ,


  𝜏 ) = 0


   {   𝔢  i }


  𝔢


  Ξ


   {   𝔢  i }


      𝔓 ~  𝜌 ,  Γ - (   𝔢  i ,     𝔢  i + j ,


  𝜏 ) = 1


      𝔏 ~  𝜌 ,  Γ -   (   𝔢  i ,     𝔢  i + j ,


  𝜏 ) = 0


      𝔔 ~  𝜌 ,  Γ - (   𝔢  i ,     𝔢  i + j ,


  𝜏 ) = 0 ,


  i , j ∈ ℕ


  𝜏 > 0 .


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


  ℬ (     𝔢  0   , 𝔯 , 𝜏 )


      𝔢  0  


  𝔯 ∈ ( 0 , 1 )


  𝜏 > 0


  ℬ  (     𝔢  0   , 𝔯 , 𝜏 ) = { 𝔢 ∈   Ξ


      𝔓 ~  𝜌 ,  Γ - (   𝔢  i ,   𝔢 ,


  𝜏 ) > 1 − 𝔯


      𝔏 ~  𝜌 ,  Γ -   (   𝔢  i ,   𝔢 ,


  𝜏 ) < 𝔯


      𝔔 ~  𝜌 ,  Γ - (   𝔢  i ,   𝔢 ,


  𝜏 ) < 𝔯 } .


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔟 . , 𝜏 ) − 1 ) ≤


   (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . , 𝜏 ) − 1 ) + (  1      𝔓 ~  𝜌 ,  Γ -  (     𝔞 . ,     𝔟 . , 𝜏 ) − 1 )


      𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔟 . , 𝜏 )


  ≥     𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔞 . , 𝜏 ) +     𝔏 ~  𝜌 ,  Γ -    (     𝔞 . ,     𝔟 . , 𝜏 )


      𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔟 . , 𝜏 )


  ≥     𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . , 𝜏 ) +     𝔔 ~  𝜌 ,  Γ -  (     𝔞 . ,     𝔟 . , 𝜏 ) .


   {   𝔢  𝒾 }


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


    𝔢  i ≠   𝔢  j


  i ,   j ∈ ℕ .


   {   𝔢  i }


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


  𝛼 :  Ξ 2 ×  ( 0 , ∞ ) →  [ 0 , ∞ ) ,


  𝜏 > 0


  𝔢 ,     𝔞 .   ∈ Ξ


  𝛼 ( 𝔢 ,     𝔞 .   ,   𝜏 )   ≥ 1 ⇒ 𝛼 ( 𝒥 𝔢 ,   𝒥   𝔞 .   ,   𝜏 )   ≥ 1


  𝒥   :   Ξ → Ξ


  𝛼


  𝔉


  Ψ   : [ 0 , ∞ ) →  [ 0 , ∞ )


  Ψ ( 𝔯 ) < 𝔯


  𝔯 > 0 .


  Ψ ∈ 𝔉


     lim  n → ∞ ⁡   Ψ  n  ( 𝔯 ) = 0 ,


  𝔯 > 0 ,


   Ψ  n


  Ψ .


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


  𝒥   :   Ξ → Ξ


  𝒥   :   Ξ → Ξ


  𝛼 − Ψ )


  Ψ ∈ 𝔉


  and   𝛼   :  Ξ 2 ×  ( 0 , ∞ ) → [ 0 , ∞ )


  𝛼 ( 𝔢 ,     𝔞 .   ,   𝜏 )   (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥 𝔢 ,   𝒥   𝔟 . , 𝜏 ) − 1 ) ≤ Ψ (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔟 . , 𝜏 ) − 1 )


                                                                                𝛼 ( 𝔢 ,     𝔞 .   ,   𝜏 )       𝔏 ~  𝜌 ,  Γ -    ( 𝒥 𝔢 ,   𝒥   𝔟 . , 𝜏 ) ≤ Ψ (     𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔟 . , 𝜏 ) )


                                                                                𝛼 ( 𝔢 ,     𝔞 .   ,   𝜏 )       𝔔 ~  𝜌 ,  Γ -  ( 𝒥 𝔢 ,   𝒥   𝔟 . , 𝜏 ) ≤ Ψ (     𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔟 . , 𝜏 ) )


  𝔢 ,     𝔞 . ,     𝔟 .   ∈ Ξ


  𝜏 > 0 .


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


  𝜌 ,  Γ -   :  Ξ 2 → [ 1 ,  1  𝛿 )


  𝛿 < 1 .   Let


  𝒥   :   Ξ → Ξ


  𝛼 − Ψ )


  Ψ ∈ 𝔉 ,  


  𝒥


  𝛼


    𝔢 0 ∈ Ξ


  𝛼 (   𝔢 0 ,   𝒥   𝔞 . 0 ,   𝜏 ) ≥ 1


  𝜏 > 0


  𝒥


  𝔢 ∈ Ξ


     lim  i → ∞ ⁡  𝜌 (   𝔢  i ,   𝔢 ) ,


     lim  n → ∞ ⁡   Γ - (   𝔢  i ,   𝔢 )


    𝔢  i }


    𝔢  i =   𝒥  n   𝔢 0


    𝔢 0 ∈ Ξ .


  𝒥


    𝔢 0 ∈ Ξ


  𝛼 (   𝔢 0 ,   𝒥   𝔞 . 0 ,   𝜏 ) ≥ 1 for   all   𝜏 > 0


    𝔢  i }


  Ξ


    𝔢  i =   𝒥  n   𝔢 0


  i ∈ ℕ .


    𝔢  j =   𝔢  j + 1


  j ∈ ℕ


    𝒥  m   𝔢 0


  𝒥


    𝔢  i ≠   𝔢  i + 1


  i ∈ ℕ


  𝛼  (   𝔢 0 ,   𝔢 1 ,   𝜏 ) = 𝛼  (   𝔢 0 ,   𝒥 𝔢 0 ,   𝜏 ) ≥ 1


  𝒥


  𝛼


  𝛼  ( 𝒥   𝔢 0 ,   𝒥 𝔢 1 ,   𝜏 ) = 𝛼  (   𝔢 1 ,   𝔢 2 ,   𝜏 ) ≥ 1 .


  𝛼  (   𝔢  i ,   𝔢  i + 1 ,   𝜏 ) ≥ 1 ,


  i ∈ ℕ ,


  𝜏 > 0


  (  1      𝔓 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  i + 1 , 𝜏 ) − 1


  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥   𝔢  i − 1 ,       𝒥 𝔢  i , 𝜏 ) − 1


  ≤ 𝛼  (   𝔢  i − 1 ,   𝔢  i ,   𝜏 )   (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥   𝔢  i − 1 ,       𝒥 𝔢  i , 𝜏 ) − 1


  ≤   Ψ (  1      𝔓 ~  𝜌 ,  Γ -  (   𝔢  i − 1 ,       𝔢  i , 𝜏 ) − 1


  ≤   Ψ


  Ψ (  1      𝔓 ~  𝜌 ,  Γ -  (   𝔢  i − 1 ,       𝔢  i , 𝜏 ) − 1


   Ψ 2 (  1      𝔓 ~  𝜌 ,  Γ -  (   𝔢  i − 2 ,     𝔢  i − 1 , 𝜏 ) − 1


  ≤ … ≤  Ψ  n (  1      𝔓 ~  𝜌 ,  Γ -  (   𝔢 0 ,     𝔢 1 , 𝜏 ) − 1


     lim  n → ∞ ⁡   Ψ  n  ( 𝔯 ) = 0


  𝔯 =    1      𝔓 ~  𝜌 ,  Γ -  (   𝔢 0 ,     𝔢 1 , 𝜏 ) − 1


  i → ∞


     lim  i → ∞ ⁡      𝔓 ~  𝜌 ,  Γ -  (   𝔢 0 ,       𝔢 1 , 𝜏 ) = 1  


  𝜏 > 0 .


      𝔏 ~  𝜌 ,  Γ -    (   𝔢  i ,     𝔢  i + 1 , 𝜏 ) =     𝔏 ~  𝜌 ,  Γ -    ( 𝒥   𝔢  i − 1 ,       𝒥 𝔢  i , 𝜏 ) ≤ 𝛼  (   𝔢  i − 1 ,   𝔢  i ,   𝜏 )     𝔏 ~  𝜌 ,  Γ -    ( 𝒥   𝔢  i − 1 ,       𝒥 𝔢  i , 𝜏 )


  ≤ Ψ


      𝔏 ~  𝜌 ,  Γ -    (   𝔢  i − 1 ,       𝔢  i , 𝜏 ) )


  ≤ Ψ ( Ψ


      𝔏 ~  𝜌 ,  Γ -    (   𝔢  i − 1 ,       𝔢  i , 𝜏 ) ) =  Ψ 2 (     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i − 2 ,     𝔢  i − 1 , 𝜏 ) )


  ≤  Ψ  n (     𝔏 ~  𝜌 ,  Γ -    (   𝔢 0 ,     𝔢 1 , 𝜏 ) )


     lim  n → ∞ ⁡   Ψ  n  ( 𝔯 ) = 0


  𝔯 =     𝔏 ~  𝜌 ,  Γ -    (   𝔢 0 ,     𝔢 1 , 𝜏 )    


  i → ∞


     lim  i → ∞ ⁡      𝔏 ~  𝜌 ,  Γ -    (   𝔢 0 ,       𝔢 1 , 𝜏 ) = 0  


  𝜏 > 0 .


      𝔔 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  i + 1 , 𝜏 ) =     𝔔 ~  𝜌 ,  Γ -  ( 𝒥   𝔢  i − 1 ,       𝒥 𝔢  i , 𝜏 ) ≤ 𝛼  (   𝔢  i − 1 ,   𝔢  i ,   𝜏 )     𝔔 ~  𝜌 ,  Γ -  ( 𝒥   𝔢  i − 1 ,       𝒥 𝔢  i , 𝜏 )


  ≤ Ψ


      𝔔 ~  𝜌 ,  Γ -  (   𝔢  i − 1 ,       𝔢  i , 𝜏 ) )


  ≤ Ψ ( Ψ


      𝔔 ~  𝜌 ,  Γ -  (   𝔢  i − 1 ,       𝔢  i , 𝜏 ) ) =  Ψ 2 (     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i − 2 ,     𝔢  i − 1 , 𝜏 ) )


  ≤  Ψ  n (     𝔔 ~  𝜌 ,  Γ -  (   𝔢 0 ,     𝔢 1 , 𝜏 ) )


     lim  n → ∞ ⁡   Ψ  n  ( 𝔯 ) = 0


  𝔯 =     𝔔 ~  𝜌 ,  Γ -  (   𝔢 0 ,     𝔢 1 , 𝜏 )


  i → ∞


     lim  i → ∞ ⁡      𝔔 ~  𝜌 ,  Γ -  (   𝔢 0 ,       𝔢 1 , 𝜏 ) = 0  


  𝜏 > 0 .


  i , j ∈ ℕ


  j > i


      𝔓 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  j , 𝜏 ) ≥     𝔓 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  i + 1 ,     𝜏 2  𝜌 (   𝔢  i ,     𝔢  i + 1 ) ) ∗     𝔓 ~  𝜌 ,  Γ -  (   𝔢  i + 1 ,     𝔢  j ,     𝜏 2   Γ - (   𝔢  i + 1 ,     𝔢  j ) )


  ≥     𝔓 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  i + 1 ,     𝜏 2  𝜌 (   𝔢  i ,     𝔢  i + 1 ) ) ∗     𝔓 ~  𝜌 ,  Γ -  (   𝔢  i + 1 ,     𝔢  i + 2 ,     𝜏   2 2  𝜌 (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ - (   𝔢  i + 1 ,     𝔢  j ) )


  ∗     𝔓 ~  𝜌 ,  Γ -  (   𝔢  i + 2 ,     𝔢  j ,     𝜏   2 2   Γ - (   𝔢  i + 1 ,   𝔢  j )  Γ - (   𝔢  i + 2 ,     𝔢  j ) )


  ≥     𝔓 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  i + 1 ,     𝜏 2   Γ - (   𝔢  i ,     𝔢  i + 1 ) ) ∗     𝔓 ~  𝜌 ,  Γ -  (   𝔢  i + 1 ,     𝔢  i + 2 ,     𝜏   2 2  𝜌 (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ - (   𝔢  i + 1 ,     𝔢  j ) )


  ∗     𝔓 ~  𝜌 ,  Γ -  (   𝔢  i + 2 ,     𝔢  i + 3 ,     𝜏   2 3  𝜌 (   𝔢  i + 2 ,     𝔢  i + 3 )  Γ - (   𝔢  i + 1 ,     𝔢  j ) )


      𝔓 ~  𝜌 ,  Γ -  (   𝔢  i + 3 ,     𝔢  j ,     𝜏   2 3   Γ - (   𝔢  i + 1 ,     𝔢  j )  Γ - (   𝔢  i + 2 ,     𝔢  j )  Γ - (   𝔢  i + 3 ,     𝔢  j ) )


      𝔓 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  j , 𝜏 ) ≥     𝔓 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  i + 1 ,   𝜏  2 𝜌  (   𝔢  i ,     𝔢  i + 1 ) ) ∗ ∗     𝔓 ~  𝜌 ,  Γ -  (   𝔢  i + 2 ,     𝔢  i + 3 ,   𝜏   2 3 𝜌  (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ -  (   𝔢  i + 1 ,     𝔢  j ) ) … ∗


                                                                    𝔓 ~  𝜌 ,  Γ -  (   𝔢  i − 2 ,     𝔢  j − 1 ,   𝜏   2  j − 1 𝜌  (   𝔢  j − 2 ,     𝔢  j − 1 )  Γ -  (   𝔢  j − 2 ,     𝔢  j )  Γ -  (   𝔢  j − 3 ,     𝔢  j ) …  Γ -  (   𝔢  j + 1 ,     𝔢  j ) )


      𝔓 ~  𝜌 ,  Γ -  (   𝔢  j − 1 ,     𝔢  j ,   𝜏   2  j − 1  Γ -  (   𝔢  j − 1 ,     𝔢  j )  Γ -  (   𝔢  j − 2 ,     𝔢  j )  Γ -  (   𝔢  j − 3 ,     𝔢  j ) …  Γ -  (   𝔢  j + 1 ,     𝔢  j ) )


      𝔏 ~  𝜌 ,  Γ -    (   𝔢  i ,     𝔢  j , 𝜏 ) ≤     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i ,     𝔢  i + 1 ,     𝜏 2  𝜌 (   𝔢  i ,     𝔢  i + 1 ) ) ⋆     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i + 1 ,     𝔢  j ,     𝜏 2   Γ - (   𝔢  i + 1 ,     𝔢  j ) )


  ≤     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i ,     𝔢  i + 1 ,     𝜏 2  𝜌 (   𝔢  i ,     𝔢  i + 1 ) ) ⋆     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i + 1 ,     𝔢  i + 2 ,     𝜏   2 2  𝜌 (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ - (   𝔢  i + 1 ,     𝔢  j ) )


  ⋆     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i + 2 ,     𝔢  j ,     𝜏   2 2   Γ - (   𝔢  i + 1 ,     𝔢  j )  Γ - (   𝔢  i + 2 ,     𝔢  j ) )


  ≤     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i ,     𝔢  i + 1 ,     𝜏 2  𝜌 (   𝔢  i ,     𝔢  i + 1 ) ) ⋆     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i + 1 ,     𝔢  i + 2 ,     𝜏   2 2  𝜌 (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ - (   𝔢  i + 1 ,     𝔢  j ) )


  ⋆     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i + 2 ,     𝔢  i + 3 ,     𝜏   2 3  𝜌 (   𝔢  i + 2 ,     𝔢  i + 3 )  Γ - (   𝔢  i + 1 ,     𝔢  j ) ) ⋆                                                             𝔏 ~  𝜌 ,  Γ -    (   𝔢  i + 3 ,     𝔢  j ,     𝜏   2 3   Γ - (   𝔢  i + 1 ,     𝔢  j )  Γ - (   𝔢  i + 2 ,     𝔢  j )  Γ - (   𝔢  i + 3 ,     𝔢  j ) )


      𝔏 ~  𝜌 ,  Γ -    (   𝔢  i ,     𝔢  j , 𝜏 ) ≤     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i ,     𝔢  i + 1 ,   𝜏  2 𝜌  (   𝔢  i ,     𝔢  i + 1 ) )


  ⋆     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i + 1 ,     𝔢  i + 2 ,   𝜏   2 2 𝜌  (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ -  (   𝔢  i + 1 ,     𝔢  j ) ) ⋆     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i + 2 ,     𝔢  i + 3 ,   𝜏   2 3 𝜌  (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ -  (   𝔢  i + 1 ,     𝔢  j ) ) … ⋆


  ⋆     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i + 1 ,     𝔢  i + 2 ,   𝜏   2 2 𝜌  (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ -  (   𝔢  i + 1 ,     𝔢  j ) ) ⋆     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i + 2 ,     𝔢  i + 3 ,   𝜏   2 3 𝜌  (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ -  (   𝔢  i + 1 ,     𝔢  j ) ) … ⋆


      𝔏 ~  𝜌 ,  Γ -    (   𝔢  j − 2 ,     𝔢  j − 1 ,   𝜏   2  j − 1 𝜌  (   𝔢  j − 2 ,     𝔢  j − 1 )  Γ -  (   𝔢  j − 2 ,     𝔢  j )  Γ -  (   𝔢  j − 3 ,     𝔢  j ) …  Γ -  (   𝔢  i + 1 ,     𝔢  j ) ) ⋆


                                                                                𝔏 ~  𝜌 ,  Γ -    (   𝔢  j − 1 ,     𝔢  j ,   𝜏   2  j − 1  Γ -  (   𝔢  j − 1 ,     𝔢  j )  Γ -  (   𝔢  j − 2 ,     𝔢  j )  Γ -  (   𝔢  j − 3 ,     𝔢  j ) …  Γ -  (   𝔢  i + 1 ,     𝔢  j ) )


      𝔔 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  j , 𝜏 ) ≤     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  i + 1 ,     𝜏 2  𝜌 (   𝔢  i ,     𝔢  i + 1 ) ) ⋆     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i + 1 ,     𝔢  j ,     𝜏 2   Γ - (   𝔢  i + 1 ,     𝔢  j ) )


                                                ≤     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  i + 1 ,     𝜏 2  𝜌 (   𝔢  i ,     𝔢  i + 1 ) ) ⋆     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i + 1 ,     𝔢  i + 2 ,     𝜏   2 2  𝜌 (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ - (   𝔢  i + 1 ,     𝔢  j ) )


                                                ≤     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  i + 1 ,     𝜏 2  𝜌 (   𝔢  i ,     𝔢  i + 1 ) ) ⋆     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i + 1 ,     𝔢  i + 2 ,     𝜏   2 2  𝜌 (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ - (   𝔢  i + 1 ,     𝔢  j ) )


                                              ⋆     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i + 2 ,     𝔢  j ,     𝜏   2 2   Γ - (   𝔢  i + 1 ,     𝔢  j )  Γ - (   𝔢  i + 2 ,     𝔢  j ) )


                                              ⋆     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i + 2 ,     𝔢  j ,     𝜏   2 2   Γ - (   𝔢  i + 1 ,     𝔢  j )  Γ - (   𝔢  i + 2 ,     𝔢  j ) )


  ≤     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  i + 1 ,     𝜏 2  𝜌 (   𝔢  i ,     𝔢  i + 1 ) ) ⋆     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i + 1 ,     𝔢  i + 2 ,     𝜏   2 2  𝜌 (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ - (   𝔢  i + 1 ,     𝔢  j ) )


  ≤     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  i + 1 ,     𝜏 2  𝜌 (   𝔢  i ,     𝔢  i + 1 ) ) ⋆     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i + 1 ,     𝔢  i + 2 ,     𝜏   2 2  𝜌 (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ - (   𝔢  i + 1 ,     𝔢  j ) )


  ⋆     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i + 2 ,     𝔢  i + 3 ,     𝜏   2 3  𝜌 (   𝔢  i + 2 ,     𝔢  i + 3 )  Γ - (   𝔢  i + 1 ,     𝔢  j ) ) ⋆


      𝔔 ~  𝜌 ,  Γ -  (   𝔢  i + 3 ,     𝔢  j ,     𝜏   2 3   Γ - (   𝔢  i + 1 ,     𝔢  j )  Γ - (   𝔢  i + 2 ,     𝔢  j )  Γ - (   𝔢  i + 3 ,     𝔢  j ) )


      𝔔 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  j , 𝜏 ) ≤     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢  i + 1 ,   𝜏  2 𝜌  (   𝔢  i ,     𝔢  i + 1 ) ) .


  ⋆     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i + 1 ,     𝔢  i + 2 ,   𝜏   2 2 𝜌  (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ -  (   𝔢  i + 1 ,     𝔢  j ) ) ⋆     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i + 2 ,     𝔢  i + 3 ,   𝜏   2 3 𝜌  (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ -  (   𝔢  i + 1 ,     𝔢  j ) ) … ⋆


  ⋆     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i + 1 ,     𝔢  i + 2 ,   𝜏   2 2 𝜌  (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ -  (   𝔢  i + 1 ,     𝔢  j ) ) ⋆     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i + 2 ,     𝔢  i + 3 ,   𝜏   2 3 𝜌  (   𝔢  i + 1 ,     𝔢  i + 2 )  Γ -  (   𝔢  i + 1 ,     𝔢  j ) ) … ⋆


      𝔔 ~  𝜌 ,  Γ -  (   𝔢  j − 2 ,     𝔢  j − 1 ,   𝜏   2  j − 1 𝜌  (   𝔢  j − 2 ,     𝔢  j − 1 )  Γ -  (   𝔢  j − 2 ,     𝔢  j )  Γ -  (   𝔢  j − 3 ,     𝔢  j ) …  Γ -  (   𝔢  i + 1 ,     𝔢  j ) ) ⋆


      𝔔 ~  𝜌 ,  Γ -  (   𝔢  j − 2 ,     𝔢  j − 1 ,   𝜏   2  j − 1 𝜌  (   𝔢  j − 2 ,     𝔢  j − 1 )  Γ -  (   𝔢  j − 2 ,     𝔢  j )  Γ -  (   𝔢  j − 3 ,     𝔢  j ) …  Γ -  (   𝔢  i + 1 ,     𝔢  j ) ) ⋆


                  𝔔 ~  𝜌 ,  Γ -  (   𝔢  j − 1 ,     𝔢  j ,   𝜏   2  j − 1  Γ -  (   𝔢  j − 1 ,     𝔢  j )  Γ -  (   𝔢  j − 2 ,     𝔢  j )  Γ -  (   𝔢  j − 3 ,     𝔢  j ) …  Γ -  (   𝔢  i + 1 ,     𝔢  j ) )


  i → ∞


     lim  i → ∞ ⁡      𝔓 ~  𝜌 ,  Γ -  (   𝔢  i ,       𝔢  j , 𝜏 ) = 1 ∗ 1 ∗ … ∗ 1 = 1 ,  


     lim  i → ∞ ⁡      𝔏 ~  𝜌 ,  Γ -    (   𝔢  i ,       𝔢  j , 𝜏 ) = 0 ⋆ 0 ⋆ … ⋆ 0 = 0  


     lim  i → ∞ ⁡      𝔔 ~  𝜌 ,  Γ -  (   𝔢  i ,       𝔢  j , 𝜏 ) = 0 ⋆ 0 ⋆ … ⋆ 0 = 0 .  


   {   𝔢  i }


  Ξ


  Ξ


    𝔢 ∗ ∈ Ξ


    𝔢  i →   𝔢 ∗ ,


     lim  i → ∞ ⁡      𝔓 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢 ∗ , 𝜏 ) = 1 ,  


     lim  i → ∞ ⁡      𝔏 ~  𝜌 ,  Γ -    (   𝔢  i ,     𝔢 ∗ , 𝜏 ) = 0    


     lim  i → ∞ ⁡      𝔔 ~  𝜌 ,  Γ -  (   𝔢  i ,     𝔢 ∗ , 𝜏 ) = 0  


  𝒥


  𝒥


    𝔢  i ) → 𝒥   ( 𝔢 ∗ )


     lim  i → ∞ ⁡      𝔓 ~  𝜌 ,  Γ -  ( 𝒥 (   𝔢  i ) ,     𝒥 ( 𝔢 ∗ ) , 𝜏 ) = 1 ,  


     lim  i → ∞ ⁡      𝔏 ~  𝜌 ,  Γ -    ( 𝒥 (   𝔢  i ) ,     𝒥 ( 𝔢 ∗ ) , 𝜏 ) = 0


     lim  i → ∞ ⁡      𝔔 ~  𝜌 ,  Γ -  ( 𝒥 (   𝔢  i ) ,     𝒥 ( 𝔢 ∗ ) , 𝜏 ) = 0


  𝜏 > 0 .


     lim  i → ∞ ⁡      𝔓 ~  𝜌 ,  Γ -  (   𝔢  i + 1 ,     𝒥 ( 𝔢 ∗ ) , 𝜏 ) =      lim  i → ∞ ⁡      𝔓 ~  𝜌 ,  Γ -  ( 𝒥 (   𝔢  i ) ,     𝒥 ( 𝔢 ∗ ) , 𝜏 ) = 1 ,  


     lim  i → ∞ ⁡      𝔏 ~  𝜌 ,  Γ -    (   𝔢  i + 1 ,     𝒥 ( 𝔢 ∗ ) , 𝜏 ) =      lim  i → ∞ ⁡      𝔏 ~  𝜌 ,  Γ -    ( 𝒥 (   𝔢  i ) ,     𝒥 ( 𝔢 ∗ ) , 𝜏 ) = 0  


     lim  i → ∞ ⁡      𝔔 ~  𝜌 ,  Γ -  (   𝔢  i + 1 ,     𝒥 ( 𝔢 ∗ ) , 𝜏 ) =      lim  i → ∞ ⁡      𝔔 ~  𝜌 ,  Γ -  ( 𝒥 (   𝔢  i ) ,     𝒥 ( 𝔢 ∗ ) , 𝜏 ) = 0 ,  


  𝜏 > 0 .


  𝒥 (


    𝔢  i ) →   𝒥 ( 𝔢 ∗ ) ,


    𝒥 ( 𝔢 ∗ ) =     𝔢 ∗ ,


    𝔢 ∗


  𝒥 .


  Ξ ,   𝔓 ~ ,   𝔏 ~ ,     𝔔 ~ ,   ∗


  ⋆ ,   𝒷 )


    which   is   also   complete .   Let


  𝒥   :   Ξ → Ξ


  𝛼 − Ψ )


  Ψ ∈ 𝔉 ,


  𝒥


    𝔢 0 ∈ Ξ


  𝛼 (   𝔢 0 ,   𝒥   𝔞 . 0 ,   𝜏 ) ≥ 1


  𝜏 > 0


  𝒥


  𝛼


  𝒥


  𝜌  ( 𝔢 ,   𝔞 .   ) =  Γ -  ( 𝔢 ,   𝔞 .   ) = 1


  𝒥


  Ξ =  [ 0 , 1 ] ,


  𝜌 ,  Γ -   :  Ξ 2 →  [ 1 , ∞ )  


  𝜌  ( 𝔢 ,   𝔞 .   ) =


  𝔢 +   𝔞 .   + 1


   Γ -  ( 𝔢 ,   𝔞 .   ) =   𝔢 2 +     𝔞 .   2 + 1 .


      𝔓 ~  𝜌 ,  Γ -


      𝔏 ~  𝜌 ,  Γ -  


      𝔔 ~  𝜌 ,  Γ -


      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 .   , 𝜏 ) =   e    −  | 𝔢 −   𝔞 .   |  𝜏


      𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔞 .   , 𝜏 ) = 1 −   e    −  | 𝔢 −   𝔞 .   |  𝜏


      𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 .   , 𝜏 ) =   e     | 𝔢 −   𝔞 .   |  𝜏 − 1


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 .   ,   𝜏  𝜌  ( 𝔢 ,     𝔞 .   ) ) =   e    −  | 𝔢 −   𝔞 .   |    𝜏  𝜌  ( 𝔢 ,     𝔞 .   )


      e    − 𝜌  ( 𝔢 ,   𝔞 .   )  | 𝔢 −   𝔞 .   |  𝜏 ≤ e    −  | 𝔢 −   𝔞 .   |  𝜏 ≤   e    −  | 𝔢 −   𝔞 .   |  𝜏 +   𝜏 ′


      𝔓 ~  𝜌 ,  Γ -  (     𝔞 .   ,   𝔟 .   ,   𝜏  𝜌  (     𝔞 .   ,     𝔟 . ) ) =   e    −  |     𝔞 .   −   𝔟 . |    𝜏  𝜌  (     𝔞 .   ,     𝔟 . )


      e    − 𝜌  (     𝔞 .   ,   𝔟 . )  |     𝔞 .   −   𝔟 . |  𝜏 ≤ e    −  |     𝔞 .   −   𝔟 . |  𝜏 ≤   e    −  |     𝔞 .   −   𝔟 . |  𝜏 +   𝜏 ′


  𝜏 ,   𝜏 ′ > 0 ,


      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 .   ,   𝜏  𝜌  ( 𝔢 ,     𝔞 .   ) ) ∗     𝔓 ~  𝜌 ,  Γ -  (     𝔞 .   ,     𝔟 . ,   𝜏  𝜌  (     𝔞 .   ,     𝔟 . ) ) ≤   e    −  | 𝔢 −   𝔞 .   |  𝜏 +   𝜏 ′ .     e    −  |     𝔞 .   −   𝔟 . |  𝜏 +   𝜏 ′ ≤   e    −  |   𝔢 −   𝔟 . |  𝜏 +   𝜏 ′ ≤     𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔟 . , 𝜏 +   𝜏 ′ ) .


      𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔞 .   ,   𝜏  𝜌  ( 𝔢 ,     𝔞 .   ) ) = 1 −   e    −  | 𝔢 −   𝔞 .   |    𝜏  𝜌  ( 𝔢 ,     𝔞 .   )


  1 −     e    − 𝜌  ( 𝔢 ,   𝔞 .   )  | 𝔢 −   𝔞 .   |  𝜏 ≥ 1 − e    −  | 𝔢 −   𝔞 .   |  𝜏 ≥ 1 −   e    −  | 𝔢 −   𝔞 .   |  𝜏 +   𝜏 ′


      𝔏 ~  𝜌 ,  Γ -    (     𝔞 .   ,     𝔟 . ,   𝜏  𝜌  (     𝔞 .   ,     𝔟 . ) ) = 1 −   e    −  |     𝔞 .   −   𝔟 . |    𝜏  𝜌  (     𝔞 .   ,     𝔟 . )


      e    − 𝜌  (     𝔞 .   ,   𝔟 . )  |     𝔞 .   −   𝔟 . |  𝜏 ≥ 1 − e    −  |     𝔞 .   −   𝔟 . |  𝜏 ≥ 1 −   e    −  |     𝔞 .   −   𝔟 . |  𝜏 +   𝜏 ′


  𝜏 ,   𝜏 ′ > 0 ,


      𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔞 .   ,   𝜏  𝜌  ( 𝔢 ,     𝔞 .   ) ) ⋆     𝔏 ~  𝜌 ,  Γ -    (     𝔞 .   ,     𝔟 . ,   𝜏  𝜌  (     𝔞 .   ,     𝔟 . ) ) ≥   1 − e    −  | 𝔢 −   𝔞 .   |  𝜏 +   𝜏 ′ .     1 − e    −  |     𝔞 .   −   𝔟 . |  𝜏 +   𝜏 ′ ≥ 1 −   e    −  |   𝔢 −   𝔟 . |  𝜏 +   𝜏 ′ ≥     𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔟 . , 𝜏 +   𝜏 ′ )


      𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 .   ,   𝜏  𝜌  ( 𝔢 ,       𝔞 . ) ) =   e     | 𝔢 −   𝔞 .   |    𝜏  𝜌  ( 𝔢 ,     𝔞 .   ) − 1


      e    𝜌  ( 𝔢 ,   𝔞 .   )  | 𝔢 −   𝔞 .   |  𝜏 − 1 ≥ e     | 𝔢 −   𝔞 .   |  𝜏 − 1 ≥   e     | 𝔢 −   𝔞 .   |  𝜏 +   𝜏 ′ − 1


      𝔔 ~  𝜌 ,  Γ -  (     𝔞 .   ,   𝔟 .   ,   𝜏  𝜌  (     𝔞 . ,     𝔟 . ) ) =   e     |     𝔞 .   −   𝔟 . |    𝜏  𝜌  (     𝔞 .   ,     𝔟 . ) − 1


      e    𝜌  (     𝔞 .   ,   𝔟 . )  |     𝔞 .   −   𝔟 . |  𝜏 − 1 ≥ e     |     𝔞 .   −   𝔟 . |  𝜏 − 1 ≥   e     |     𝔞 .   −   𝔟 . |  𝜏 +   𝜏 ′ − 1


  𝜏 ,   𝜏 ′ > 0 ,


      𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 .   ,   𝜏  𝜌  ( 𝔢 ,     𝔞 .   ) ) ⋆     𝔔 ~  𝜌 ,  Γ -  (     𝔞 .   ,     𝔟 . ,   𝜏  𝜌  (     𝔞 .   ,     𝔟 . ) ) ≥   e     | 𝔢 −   𝔞 .   |  𝜏 +   𝜏 ′ − 1 .     e     |     𝔞 .   −   𝔟 . |  𝜏 +   𝜏 ′ − 1 ≥   e     |   𝔢 −   𝔟 . |  𝜏 +   𝜏 ′ − 1 ≥     𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔟 . , 𝜏 +   𝜏 ′ )


  𝒥   :   Ξ → Ξ


  𝛼 :  Ξ 2 ×  ( 0 , ∞ ) →  [ 0 , ∞ )


  Ψ   : [ 0 , ∞ ) →  [ 0 , ∞ )


  𝒥  ( 𝔢 ,     𝔞 .   , 𝜏 ) =  {    1               i f             0 <   𝔢 ,     𝔞 .   ≤ 1   0                               o t h e r w i s e


  𝒥


  𝛼 −


  𝔢 ,     𝔞 ,   𝔟 . .   ∈ Ξ


  𝛼 ( 𝔢 ,     𝔞 .   , 𝜏 ) ≥ 1 ,


  𝛼  ( 𝒥 𝔢 , 𝒥   𝔞 .   , 𝜏 ) =   𝛼 ( 1 −   𝔢 4 ,   1 −     𝔞 .   4 ,   𝜏 )   ≥ 1 .


  𝒥


  ( 𝛼 − Ψ )


  𝛼  ( 𝔢 ,     𝔞 .   ,   𝜏 )  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥 𝔢 ,   𝒥   𝔟 . , 𝜏 ) − 1 ) ≤  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥 𝔢 ,   𝒥   𝔟 . , 𝜏 ) − 1 ) =  (  1    e    −  | 𝒥 𝔢 − 𝒥   𝔟 . |  𝜏 − 1 ) =  (  1    e    −  | 𝔢 −   𝔟 . |  𝜏 − 1 ) ≤     e     | 𝔢 −   𝔟 . |  𝜏 − 1 2 = Ψ  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔟 . , 𝜏 ) − 1 ) .


          𝛼  ( 𝔢 ,     𝔞 .   ,   𝜏 )     𝔏 ~  𝜌 ,  Γ -    ( 𝒥 𝔢 ,   𝒥   𝔟 . , 𝜏 ) ≤     𝔏 ~  𝜌 ,  Γ -    ( 𝒥 𝔢 ,   𝒥   𝔟 . , 𝜏 ) = 1 −   e    −  | 𝒥 𝔢 − 𝒥   𝔟 . |  𝜏 ≤ 1 −   e    −  | 𝔢 −   𝔟 . |  𝜏 =   Ψ (     𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔟 . , 𝜏 ) )


          𝛼  ( 𝔢 ,     𝔞 .   ,   𝜏 )     𝔔 ~  𝜌 ,  Γ -  ( 𝒥 𝔢 ,   𝒥   𝔟 . , 𝜏 ) ≤     𝔔 ~  𝜌 ,  Γ -  ( 𝒥 𝔢 ,   𝒥   𝔟 . , 𝜏 ) =   e     | 𝒥 𝔢 − 𝒥   𝔟 . |  𝜏 − 1 ≤   e     | 𝔢 −   𝔟 . |  𝜏 − 1 =   Ψ (     𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔟 . , 𝜏 ) )


  𝒥


    𝔢 ∗ =  4 5 ,


  𝒥  (  4 5 ) =  4 5 .


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


  𝜌 ,  Γ -   :  Ξ 2 → [ 1 ,  1  𝛿 )


  𝛿 ∈ ( 0 , 1 ) ) .   Let


  𝒥   :   Ξ → Ξ


  𝛼 − Ψ )


  Ψ ∈ 𝔉 ,


  𝒥


  𝛼


    𝔢 0 ∈ Ξ


  𝛼 (   𝔢 0 ,   𝒥   𝔞 .   0 ,   𝜏 ) ≥ 1


  𝜏 > 0


    𝔢  i }


  Ξ


  𝛼 (   𝔢  i ,   𝔢  i + 1 ,   𝜏 )   ≥ 1


  i ∈ ℕ


    𝔢  i → 𝔢


  i → ∞ ,


  𝛼 (   𝔢  i , 𝔢 ,     𝜏 )   ≥ 1


  i ∈ ℕ


  𝔢 ∈ Ξ


     lim  i → ∞ ⁡  𝜌 (   𝔢  i ,   𝔢 ) ,


      lim  Γ -  i → ∞ ⁡ (   𝔢  i ,   𝔢 )


    𝔢  i }


    𝔢  i =   𝒥  n   𝔢 0


    𝔢 0 ∈ Ξ .


  𝒥


    𝔢  i }


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


    𝔢 0 ∈ Ξ


    𝔢  i →   𝔢 ∗


  i → ∞


  𝛼 (   𝔢  i ,   𝔢 ∗   𝜏 )   ≥ 1


  i ∈ ℕ


  𝜏 > 0 .


      𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ -


  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥   𝔢 ∗ ,     𝔢 ∗ , 𝜏 ) − 1


  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥   𝔢 ∗ ,       𝒥 𝔢  i , 𝜏 ) − 1


  +  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥   𝔢  i + 1 ,   𝔢 ∗ ,   𝜏 ) − 1 )


                                                                      ≤ 𝛼  (   𝔢  i ,   𝔢 ∗ ,   𝜏 )   (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥   𝔢  i , 𝒥     𝔢 ∗ , 𝜏 ) − 1


  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥   𝔢  i + 1 ,   𝔢 ∗ ,   𝜏 ) − 1 )


                                                                      ≤ Ψ  (  1      𝔓 ~  𝜌 ,  Γ -  (   𝔢  i ,   𝔢 ∗ ,   𝜏 ) − 1 ) +  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥   𝔢  i + 1 ,   𝔢 ∗ ,   𝜏 ) − 1 )


  Ψ  ( 𝔯 ) < 𝔯


                                                                      ≤  (  1      𝔓 ~  𝜌 ,  Γ -  (   𝔢  i ,   𝔢 ∗ ,   𝜏 ) − 1 ) +  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥   𝔢  i + 1 ,   𝔢 ∗ ,   𝜏 ) − 1 )


      𝔏 ~  𝜌 ,  Γ -    ( 𝒥   𝔢 ∗ ,     𝔢 ∗ , 𝜏 )


      𝔏 ~  𝜌 ,  Γ -    ( 𝒥   𝔢 ∗ ,       𝒥 𝔢  i , 𝜏 ) +     𝔏 ~  𝜌 ,  Γ -    ( 𝒥   𝔢  i + 1 ,   𝔢 ∗ ,   𝜏 )


                                                                      ≥ 𝛼  (   𝔢  i ,   𝔢 ∗ ,   𝜏 )       𝔏 ~  𝜌 ,  Γ -    ( 𝒥   𝔢  i , 𝒥     𝔢 ∗ , 𝜏 )


      𝔏 ~  𝜌 ,  Γ -    ( 𝒥   𝔢  i + 1 ,   𝔢 ∗ ,   𝜏 )


                                                                        ≥ Ψ (     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i ,   𝔢 ∗ ,   𝜏 ) ) +     𝔏 ~  𝜌 ,  Γ -    ( 𝒥   𝔢  i + 1 ,   𝔢 ∗ ,   𝜏 )


  Ψ  ( 𝔯 ) < 𝔯


                                                                        ≥     𝔏 ~  𝜌 ,  Γ -    (   𝔢  i ,   𝔢 ∗ ,   𝜏 ) +     𝔏 ~  𝜌 ,  Γ -    ( 𝒥   𝔢  i + 1 ,   𝔢 ∗ ,   𝜏 )


      𝔔 ~  𝜌 ,  Γ -  ( 𝒥   𝔢 ∗ ,     𝔢 ∗ , 𝜏 )


      𝔔 ~  𝜌 ,  Γ -  ( 𝒥   𝔢 ∗ ,       𝒥 𝔢  i , 𝜏 ) +     𝔔 ~  𝜌 ,  Γ -  ( 𝒥   𝔢  i + 1 ,   𝔢 ∗ ,   𝜏 )


                                                                      ≥ 𝛼  (   𝔢  i ,   𝔢 ∗ ,   𝜏 )       𝔔 ~  𝜌 ,  Γ -  ( 𝒥   𝔢  i , 𝒥     𝔢 ∗ , 𝜏 )


      𝔔 ~  𝜌 ,  Γ -


   ( 𝒥   𝔢  i + 1 ,   𝔢 ∗ ,   𝜏 )


                                                                        ≥ Ψ (     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i ,   𝔢 ∗ ,   𝜏 ) ) +     𝔔 ~  𝜌 ,  Γ -  ( 𝒥   𝔢  i + 1 ,   𝔢 ∗ ,   𝜏 )


  Ψ  ( 𝔯 ) < 𝔯


                                                                        ≥     𝔔 ~  𝜌 ,  Γ -  (   𝔢  i ,   𝔢 ∗ ,   𝜏 ) +     𝔔 ~  𝜌 ,  Γ -  ( 𝒥   𝔢  i + 1 ,   𝔢 ∗ ,   𝜏 )


  i → ∞


       lim  i → ∞ ⁡      𝔓 ~  𝜌 ,  Γ -  ( 𝒥   𝔢 ∗ ,     𝔢 ∗ , 𝜏 )   = 1 ,  n → ∞  lim  i → ∞       𝔏 ~  𝜌 ,  Γ -    ( 𝒥   𝔢 ∗ ,     𝔢 ∗ , 𝜏 ) = 0   and    lim  i → ∞       𝔔 ~  𝜌 ,  Γ -  ( 𝒥   𝔢 ∗ ,     𝔢 ∗ , 𝜏 ) = 0   for   all   𝜏 > 0 ,


  𝒥   ( 𝔢 ∗ ) =   𝔢 ∗


  𝒥


  Ξ = [ 0 , ∞ )


  𝜌 ,  Γ -   :  Ξ 2 → [ 1 , ∞ )


  𝜌  ( 𝔢 ,   𝔞 .   ) =  {     max ⁡   { 𝔢 ,   𝔞 .   } + 1         i f         𝔢 ,   𝔞 .   ∈ [ 0 , 1 ]     1                                                 o t h e r w i s e  


   Γ -  ( 𝔢 ,   𝔞 .   ) =  {     max ⁡   { 𝔢 ,   𝔞 .   } + 2         i f 𝔢 ,   𝔞 .   ∈ [ 1 , 2 ]     1                                                 o t h e r w i s e


      𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ -


      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,   𝔞 .   , 𝜏 ) =   𝜏  𝜏 +  | 𝔢 −   𝔞 .   |


      𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,   𝔞 .   , 𝜏 ) =    | 𝔢 −   𝔞 .   |  𝜏 +  | 𝔢 −   𝔞 .   |


      𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,   𝔞 .   , 𝜏 ) =    | 𝔢 −   𝔞 .   |  𝜏


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,   𝔞 .   ,   𝜏  𝜌  ( 𝔢 ,     𝔞 .   ) ) =   𝜏  𝜏 + 𝜌  ( 𝔢 ,     𝔞 .   )  | 𝔢 −   𝔞 .   | ≤   𝜏  𝜏 +  | 𝔢 −   𝔞 .   | ≤   𝜏 +   𝜏 ′  𝜏 +   𝜏 ′ +  | 𝔢 −   𝔞 .   |


      𝔓 ~  𝜌 ,  Γ -  (   𝔞 .   ,   𝔟 . ,     𝜏 ′   Γ -  (   𝔞 .   , 𝔴 ) ) =     𝜏 ′    𝜏 ′ +  Γ -  (     𝔞 .   ,   𝔟 . )  |   𝔞 .   −   𝔟 . | ≤     𝜏 ′    𝜏 ′ +  |   𝔞 .   −   𝔟 . | ≤   𝜏 +   𝜏 ′  𝜏 +   𝜏 ′ +  |   𝔞 .   −   𝔟 . |


      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,   𝔞 .   ,   𝜏  𝜌  ( 𝔢 ,       𝔞 .   ) ) ∗     𝔓 ~  𝜌 ,  Γ -  (   𝔞 .   ,   𝔟 .     𝜏 ′   Γ -  ( 𝔢 ,     𝔞 .   ) ) ≤  (   𝜏 +   𝜏 ′  𝜏 +   𝜏 ′ +  | 𝔢 −   𝔞 .   | )  (   𝜏 +   𝜏 ′  𝜏 +   𝜏 ′ +  |   𝔞 .   −   𝔟 . | )


                                                                                                                                                                ≤   𝜏 +   𝜏 ′  𝜏 +   𝜏 ′ +  | 𝔢 −   𝔟 . | =     𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,   𝔟 . , 𝜏 +   𝜏 ′ )


        𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,   𝔞 .   ,   𝜏  𝜌  ( 𝔢 ,     𝔞 .   ) ) =   𝜌  ( 𝔢 ,     𝔞 .   )  | 𝔢 −   𝔞 .   |  𝜏 + 𝜌  ( 𝔢 ,     𝔞 .   )  | 𝔢 −   𝔞 .   | ≥    | 𝔢 −   𝔞 .   |  𝜏 +  | 𝔢 −   𝔞 .   | ≥    | 𝔢 −   𝔞 .   |  𝜏 +   𝜏 ′ +  | 𝔢 −   𝔞 .   |


        𝔏 ~  𝜌 ,  Γ -    (   𝔞 .   ,   𝔟 . ,     𝜏 ′   Γ -  ( 𝔢 ,     𝔞 .   ) ) =    Γ -  (     𝔞 . ,   𝔟 . )  |   𝔞 . −   𝔟 . |    𝜏 ′ +  Γ -  (     𝔞 . ,   𝔟 . )  |   𝔞 . −   𝔟 . | ≥    |   𝔞 . −   𝔟 . |    𝜏 ′ +  |   𝔞 . −   𝔟 . | ≥    |   𝔞 . −   𝔟 . |  𝜏 +   𝜏 ′ +  |   𝔞 . −   𝔟 . |


        𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,   𝔞 . ,   𝜏  𝜌  ( 𝔢 ,     𝔞 . ) ) ⋆       𝔏 ~  𝜌 ,  Γ -    (   𝔞 . ,   𝔟 . ,     𝜏 ′   Γ -  (   𝔞 . ,   𝔟 . ) ) ≥  (    | 𝔢 −   𝔞 . |  𝜏 +   𝜏 ′ +  | 𝔢 −   𝔞 . | )  (    |   𝔞 . −   𝔟 . |  𝜏 +   𝜏 ′ +  |   𝔞 . −   𝔟 . | )


                                                                                                                ≥    | 𝔢 −   𝔟 . |  𝜏 +   𝜏 ′ +  | 𝔢 −   𝔟 . | =       𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,   𝔟 . , 𝜏 +   𝜏 ′ )


        𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,   𝔞 . ,   𝜏  𝜌  ( 𝔢 ,     𝔞 . ) ) =   𝜌  ( 𝔢 ,     𝔞 . )  | 𝔢 −   𝔞 . |  𝜏 ≥    | 𝔢 −   𝔞 . |  𝜏 ≥    | 𝔢 −   𝔞 . |  𝜏 +   𝜏 ′


        𝔔 ~  𝜌 ,  Γ -  (   𝔞 . ,   𝔟 . ,     𝜏 ′   Γ -  (   𝔞 . , 𝔴 ) ) =    Γ -  (     𝔞 . ,   𝔟 . )  |   𝔞 . −   𝔟 . |    𝜏 ′ ≥    |   𝔞 . −   𝔟 . |    𝜏 ′ ≥    |   𝔞 . −   𝔟 . |  𝜏 +   𝜏 ′


        𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,   𝔞 . ,   𝜏  𝜌  ( 𝔢 ,     𝔞 . ) ) ⋆       𝔔 ~  𝜌 ,  Γ -  (   𝔞 . ,   𝔟 . ,     𝜏 ′   Γ -  ( 𝔢 ,     𝔞 . ) ) ≥  (    | 𝔢 −   𝔞 . |  𝜏 +   𝜏 ′ )  (    |   𝔞 . −   𝔟 . |  𝜏 +   𝜏 ′ )


                                                                                                                                                                  ≥    | 𝔢 −   𝔟 . |  𝜏 +   𝜏 ′ =       𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,   𝔟 . , 𝜏 +   𝜏 ′ )


   1  1 +  | 𝔢 −   𝔞 . | )  (  1  1 +  |   𝔞 . −   𝔟 . | ) =  1  1 +  | 𝔢 −   𝔞 . | +  |   𝔞 . −   𝔟 . | +  | 𝔢 −   𝔞 . |  |   𝔞 . −   𝔟 . | ≤  1  1 +  | 𝔢 −   𝔞 . | +  |   𝔞 . −   𝔟 . | ≤  1  1 +  | 𝔢 −   𝔟 . |


  𝜏 +   𝜏 ′ .


  𝒥   :   Ξ → Ξ


  𝛼 :  Ξ 2 ×  ( 0 , ∞ ) →  [ 0 , ∞ )


  𝒥  ( 𝔢 ) =  {        𝔢 2 4     i f   𝔢 ∈  [ 0 , 1 ]   2       o t h e r w i s e


  𝛼  ( 𝔢 ,   𝔞 . , 𝜏 ) =  {      1     𝔢 ,   𝔞 . ∈  [ 0 , 1 ] , 𝜏 > 0   .   0       0 t h e r w i s e


  Ψ  ( 𝔯 ) =   𝔯 2


  𝔯 ≥ 0 .


  𝒥


  𝛼


  𝔢 ,   𝔞 . ∈  [ 0 , 1 ] ;  


  𝒥  ( 𝔢 ) ,


  𝒥  (   𝔞 . ) ∈  [ 0 , 1 ]


  𝛼  ( 𝒥 𝔢 , 𝒥   𝔞 . , 𝜏 ) ≥ 1 ,


  𝜏 > 0 .


  𝒥


  𝛼 −   Ψ )


  1 < 𝔢 ,   𝔞 . ,


  𝔢 ,   𝔞 . ∈  [ 0 , 1 ] .


  𝛼  ( 𝔢 ,   𝔞 . , 𝜏 )  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥 𝔢 , 𝒥   𝔞 . , 𝜏 ) − 1 ) ≤  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥 𝔢 , 𝒥   𝔞 . , 𝜏 ) − 1 ) =  (  1      𝔓 ~  𝜌 ,  Γ -  (     𝔢 2 4 ,       𝔞 . 2 4 , 𝜏 ) − 1 ) =  1  4 𝜏  |   𝔢 2 −     𝔞 . 2 |


                                                                                                                          ≤  1 2    | 𝔢 −   𝔞 . |  𝜏 =   Ψ (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,   𝔟 . , 𝜏 ) − 1 )


    𝛼  ( 𝔢 ,     𝔞 . ,   𝜏 )     𝔏 ~  𝜌 ,  Γ -    ( 𝒥 𝔢 ,   𝒥   𝔟 . , 𝜏 ) ≤     𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔟 . , 𝜏 )   ≤       𝔏 ~  𝜌 ,  Γ -    (     𝔢 2 4 ,       𝔞 . 2 4 , 𝜏 )    


       |   𝔢 2 −     𝔞 . 2 |  4 𝜏 +  |   𝔢 2 −     𝔞 . 2 |  


                                                                                                      ≤  1 2    | 𝔢 −   𝔞 . |   | 𝔢 −   𝔞 . | + 𝜏


  Ψ (     𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔟 . , 𝜏 ) )


  𝛼  ( 𝔢 ,     𝔞 . ,   𝜏 )     𝔔 ~  𝜌 ,  Γ -  ( 𝒥 𝔢 ,   𝒥   𝔟 . , 𝜏 ) ≤     𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔟 . , 𝜏 )   ≤       𝔔 ~  𝜌 ,  Γ -  (     𝔢 2 4 ,       𝔞 . 2 4 , 𝜏 )    


     1 2    | 𝔢 −   𝔞 . |  𝜏


  Ψ (     𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔟 . , 𝜏 ) )


    𝔢  i }


  Ξ


  𝛼  (   𝔢  i ,     𝔢  i + 1 ,   𝜏 ) ≥ 1


  i ∈ ℕ ,  


    𝔢  i → 𝔢   a s   i → ∞


   {   𝔢  i } ⊂  [ 0 , 1 ] .


  𝔢 ∈ [ 0 , 1 ]


  𝛼  (   𝔢  i ,   𝔢 ,   𝜏 ) ≥ 1


  i ∈ ℕ


  𝒥


  𝔢 = 0  


  𝔢 = 2 .


  Ξ = C (  [ 0 , Ι ] , ℝ )


  Ι > 0


  𝜌


  ,  Γ -   :  Ξ 2 → [ 1 , ∞ )


  𝜌  ( 𝔢 ,   𝔞 . ) =   𝔢 +   𝔞 . + 1


   Γ -  ( 𝔢 ,   𝔞 . ) =   𝔢 2 +     𝔞 . 2 + 1 .


      𝔓 ~  𝜌 ,  Γ -


      𝔏 ~  𝜌 ,  Γ -  


      𝔔 ~  𝜌 ,  Γ -


      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . , 𝜏 ) =   e  −   s u p  𝜅 ∈ [ 0 , 1 ]    | 𝔢 ( 𝜅 ) −   𝔞 . ( 𝜅 ) |  𝜏


      𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔞 . , 𝜏 ) = 1 −   e  −   s u p  𝜅 ∈ [ 0 , 1 ]    | 𝔢 ( 𝜅 ) −   𝔞 . ( 𝜅 ) |  𝜏


      𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . , 𝜏 ) =   e    s u p  𝜅 ∈ [ 0 , 1 ]    | 𝔢 ( 𝜅 ) −   𝔞 . ( 𝜅 ) |  𝜏 − 1


  𝔢 ,     𝔞 . ∈ Ξ


  𝜏 > 0


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


  Ξ ,     𝔓 ~  𝜌 ,  Γ -


        𝔏 ~  𝜌 ,  Γ -   ,


      𝔔 ~  𝜌 ,  Γ - ,   ∗


  ⋆ )


  𝒥   : Ξ → Ξ


  𝒥 𝔢  ( 𝜅 ) = 𝔮  ( 𝜅 ) +   ∫ 0  𝜅  Υ  ( 𝜅 , t , 𝔲  ( t ) ) d t ,    


  𝔮 ∈ Ξ


  Υ  ( 𝜅 , t , 𝔢  ( t ) ) :   [ 0 , Ι ] 2 → ℝ  


  ℏ   :    [ 0 , Ι ] ×  [ 0 , Ι ] → [ 0 , ∞ )


  𝜅 , t ∈ Ξ


  ℏ ∈   L 1 (  [ 0 , 1 ] , ℝ )  


   | Υ  ( 𝜅 , t , 𝔢  ( t ) ) − Υ  ( 𝜅 , t ,   𝔞 .  ( t ) ) | ≤   ℏ ( 𝜅 , t )  | 𝔢  ( t ) −   𝔞 .  ( t ) |


    ∫ 0  𝜅  ℏ ( 𝜅 , t ) d t


  𝜃 ∈ ( 0 , 1 )


  0 <   s u p  𝜅 ∈ [ 0 , 1 ]   ∫ 0  𝜅  ℏ ( 𝜅 , t ) d t ≤   𝜃 < 1 .


    e  −   s u p  𝜅 ∈ [ 0 , 1 ]   𝜃  | 𝔢 ( 𝜅 ) −   𝔞 . ( 𝜅 ) |  𝜏 ≥ 2   e  −   s u p  𝜅 ∈ [ 0 , 1 ]    | 𝔢 ( 𝜅 ) −   𝔞 . ( 𝜅 ) |  𝜏


  𝛼 :    Ξ 2 ×  ( 0 , ∞ ) →  [ 0 , ∞ )


  𝛼  ( 𝔢 ,   𝔞 . , 𝜏 ) =  {        1 2                               if     𝔢 =   𝔞 .      1 4               if     𝔢 = 0   o r     𝔞 . = 0   0                       o t h e r w i s e


  Ψ  ( 𝔯 ) =   𝔯 2


    𝔢 ,     𝔞 . ∈ Ξ


      𝔓 ~  𝜌 ,  Γ -  ( 𝒥 𝔢 , 𝒥     𝔞 . , 𝜏 ) =   e  −   s u p  𝜅 ∈ [ 0 , 1 ]    | 𝒥 𝔢 ( 𝜅 ) − 𝒥     𝔞 . ( 𝜅 ) |  𝜏


      ≥   e  −   s u p  𝜅 ∈ [ 0 , 1 ]     ∫ 0  𝜅   | Υ  ( 𝜅 , t , 𝔢  ( t ) ) − Υ  ( 𝜅 , t ,     𝔞 .  ( t ) ) |      𝜏 ≥   e  −   s u p  𝜅 ∈ [ 0 , 1 ]       ∫ 0  𝜅      ℏ ( 𝜅 , t )  | 𝔢 ( t ) −     𝔞 . ( t ) |  𝜏


  ≥   e  −   s u p  𝜅 ∈ [ 0 , 1 ]      | 𝔢 ( t ) −     𝔞 . ( t ) | s u p   ∫ 0  𝜅      ℏ ( 𝜅 , t )  𝜏 ≥   e  −   s u p  𝜅 ∈ [ 0 , 1 ]     𝜃  | 𝔢 ( t ) −     𝔞 . ( t ) |  𝜏 ≥ 2   e  −   s u p  𝜅 ∈ [ 0 , 1 ]      | 𝔢 ( t ) −     𝔞 . ( t ) |  𝜏


      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . , 𝜏 ) )


      𝔏 ~  𝜌 ,  Γ -    ( 𝒥 𝔢 , 𝒥     𝔞 . , 𝜏 ) = 1 −   e  −   s u p  𝜅 ∈ [ 0 , 1 ]    | 𝒥 𝔢 ( 𝜅 ) − 𝒥     𝔞 . ( 𝜅 ) |  𝜏


      ≤ 1 −   e  −   s u p  𝜅 ∈  [ 0 , 1 ]     ∫ 0  𝜅   | Υ  ( 𝜅 , t , 𝔢  ( t ) ) − Υ  ( 𝜅 , t ,     𝔞 .  ( t ) ) |      𝜏 ≤ 1 −   e  −   s u p  𝜅 ∈ [ 0 , 1 ]       ∫ 0  𝜅      ℏ ( 𝜅 , t )  | 𝔢 ( t ) −     𝔞 . ( t ) |  𝜏


  ≤ 1 −   e  −   s u p  𝜅 ∈  [ 0 , 1 ]      | 𝔢  ( t ) −     𝔞 .  ( t ) | s u p   ∫ 0  𝜅      ℏ ( 𝜅 , t )  𝜏 ≤ 1 −   e  −   s u p  𝜅 ∈  [ 0 , 1 ]     𝜃  | 𝔢  ( t ) −     𝔞 .  ( t ) |  𝜏 ≤ 2 ( 1 −   e  −   s u p  𝜅 ∈  [ 0 , 1 ]      | 𝔢  ( t ) −     𝔞 .  ( t ) |  𝜏 )


      𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔞 . , 𝜏 ) )


      𝔔 ~  𝜌 ,  Γ -  ( 𝒥 𝔢 , 𝒥     𝔞 . , 𝜏 ) =   e    s u p  𝜅 ∈ [ 0 , 1 ]    | 𝒥 𝔢 ( 𝜅 ) − 𝒥     𝔞 . ( 𝜅 ) |  𝜏 − 1


      ≤   e    s u p  𝜅 ∈  [ 0 , 1 ]     ∫ 0  𝜅   | Υ  ( 𝜅 , t , 𝔢  ( t ) ) − Υ  ( 𝜅 , t ,     𝔞 .  ( t ) ) |      𝜏 − 1 ≤   e    s u p  𝜅 ∈  [ 0 , 1 ]       ∫ 0  𝜅      ℏ  ( 𝜅 , t )  | 𝔢  ( t ) −     𝔞 .  ( t ) |  𝜏 − 1


  ≤   e    s u p  𝜅 ∈  [ 0 , 1 ]      | 𝔢  ( t ) −     𝔞 .  ( t ) | s u p   ∫ 0  𝜅      ℏ ( 𝜅 , t )  𝜏 − 1 ≤   e    s u p  𝜅 ∈  [ 0 , 1 ]     𝜃  | 𝔢  ( t ) −     𝔞 .  ( t ) |  𝜏 − 1 ≤ 2 (   e    s u p  𝜅 ∈  [ 0 , 1 ]      | 𝔢  ( t ) −     𝔞 .  ( t ) |  𝜏 − 1 )


      𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . , 𝜏 ) )


  𝒥


  𝛼 −   Ψ


  𝔢 , 𝔳 ∈ Ξ ,


  𝛼  ( 𝔢 ,     𝔞 . , 𝜏 )  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥 𝔢 , 𝒥     𝔞 . , 𝜏 ) − 1 ) ≤  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝒥 𝔢 , 𝒥     𝔞 . , 𝜏 ) − 1 ) ≤  (  1      2   𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . , 𝜏 ) − 1 )


                                                                                                                                                            ≤  1 2  (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔞 . , 𝜏 ) − 1 )  


    Ψ (  1      𝔓 ~  𝜌 ,  Γ -  ( 𝔢 ,   𝔟 . , 𝜏 ) − 1 )


    𝛼  ( 𝔢 ,       𝔞 . ,   𝜏 )     𝔏 ~  𝜌 ,  Γ -    ( 𝒥 𝔢 ,   𝒥   𝔟 . , 𝜏 ) ≤ 2     𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔟 . , 𝜏 )   ≤    


  Ψ (     𝔏 ~  𝜌 ,  Γ -    ( 𝔢 ,     𝔟 . , 𝜏 ) )


  𝛼  ( 𝔢 ,       𝔞 . ,   𝜏 )     𝔔 ~  𝜌 ,  Γ -  ( 𝒥 𝔢 ,   𝒥   𝔟 . , 𝜏 ) ≤     𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔟 . , 𝜏 )   ≤


  Ψ (     𝔔 ~  𝜌 ,  Γ -  ( 𝔢 ,     𝔟 . , 𝜏 ) )


  𝒥


    𝔢 ∗ ∈ C (  [ 0 , Ι ] , ℝ )


  ( 𝜑 − 𝜓 )


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]


  ∗     :      [ 0 ,   1 ] ×  [ 0 ,   1 ] → [ 0 ,   1 ]



