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Fractional calculus and q-calculus have emerged as significant areas of mathematical analysis 

due to their wide applications in special functions, mathematical physics, and related fields. In 

this paper, we investigate certain q-Weyl fractional integral operators associated with 

generalized basic hypergeometric functions. A q-analogue of the Weyl fractional integral 

operator is employed to derive new integral representations and operational formulas for 

generalized multibasic hypergeometric series. The obtained results provide extensions of 

several classical and q-analogue identities within the framework of fractional q-calculus. 

Furthermore, the action of the proposed q-Weyl fractional integral operator on various important 

classes of q-polynomials, including q-Laguerre, Wall, Stieltjes–Wigert, q-Konhauser, and other 

related q-polynomials, is established. Several special cases are derived as consequences of the 

main results, demonstrating the applicability and generality of the developed formulas. The 

present work establishes a connection between fractional integral operators, generalized basic 

hypergeometric functions, and q-polynomial theory, contributing to the advancement of q-

analysis and special function theory. These results may be useful for further investigations in 

fractional q-calculus, orthogonal polynomials, and applications in mathematical physics and 

related disciplines.  
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1. INTRODUCTION 

Fractional calculus has become an important branch of 

mathematical analysis due to its ability to extend the concepts 

of differentiation and integration to arbitrary non-integer 

orders. During recent decades, fractional integral and 

differential operators have attracted considerable attention 

because of their applications in various fields, including 

mathematical physics, engineering, signal processing, control 

theory, and applied sciences. Among the various fractional 

operators, the Weyl fractional integral operator occupies a 

significant position, particularly in the study of functions 

defined on infinite intervals and in the development of 

integral transformations. 

In parallel with the development of fractional calculus, q-

calculus (quantum calculus) has emerged as a powerful 

generalization of classical calculus. Unlike traditional 

calculus, q-calculus does not depend on limiting processes 

and provides an effective framework for investigating q-

analogues of special functions, orthogonal polynomials, and 

difference equations. The combination of fractional calculus 

and q-calculus has led to the development of q-fractional 

operators, which provide new possibilities for extending 

classical results into the q-domain. 

The q-Weyl fractional integral operator, being a q-analogue 

of the classical Weyl fractional integral operator, plays an 

important role in fractional q-analysis. It has been 

successfully applied in obtaining transformation formulas, 

integral representations, and operational identities for several 

classes of special functions. Such operators establish a 

meaningful connection between fractional calculus, q-series, 

and special function theory. 

https://doi.org/10.47191/ijmcr/v14i7.07
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Generalized basic hypergeometric functions form one of the 

fundamental classes of functions in q-analysis. These 

functions provide natural extensions of classical 

hypergeometric functions and appear in various areas such as 

combinatorics, quantum theory, orthogonal polynomials, and 

mathematical physics. A number of important q-polynomials, 

including q-Laguerre, Wall, Stieltjes–Wigert, q-Konhauser, 

and related polynomial families, can be represented in terms 

of basic hypergeometric functions and possess rich algebraic 

properties. 

Motivated by the importance of fractional q-operators and 

generalized basic hypergeometric functions, the present work 

investigates certain q-Weyl fractional integral operators 

acting on generalized basic hypergeometric functions. The 

main objective is to derive new operational formulas and 

integral representations in the framework of fractional q-

calculus. Furthermore, the applications of these operators to 

various q-polynomials are established, leading to several 

interesting special cases. 

The results obtained in this paper extend existing theories of 

q-fractional integral operators and provide a unified approach 

for studying the interaction between generalized basic 

hypergeometric functions and q-polynomial systems. These 

findings may contribute to further developments in fractional 

q-calculus and may have potential applications in 

mathematical physics, quantum analysis, and related areas. 

  

For real or complex a, q, the q-shifted factorial is defined by 

 (𝑎;  𝑞)𝑛 = 1  𝑖𝑓 𝑛 =  0        𝑎𝑛𝑑    

(𝑎;  𝑞)𝑛 = (1 − 𝑞)(1 − 𝑎𝑞)(1 − 𝑎𝑞2) . . . (1 − 𝑎𝑞𝑛−1)    𝑖𝑓 𝑛 ∈ 𝑁                   (1.1) 

 The q-gamma function is given as 

                                                                                                   (1.2) 

In terms of gamma the equation (1) can be expressed as 

                                                                                                  (1.3) 

also 

                                                                                                   (1.4) 

The generalized basic hypergeometric Series[2,(1.2.22),p.4] is defined as 

 𝑟𝜙𝑠[𝑎1, 𝑎2, . . . , 𝑎𝑟; 𝑏1, 𝑏2, . . . , 𝑏𝑠; 𝑞, 𝑧] 

= ∑∞
𝑛=0

(𝑎1,𝑎2,...,𝑎𝑟)𝑛

(𝑏1,𝑏2 ,...,𝑏𝑠)𝑠
[(−1)𝑛𝑞𝑛(𝑛−1)/2]1+𝑠−𝑟𝑧𝑛                         (1.5) 

 where r and s are positive integers and |q| < 1. The above series converges absolutely for all z if r ≤ s and for |z| < 1 if r = s+1. 

The q-analogue of generalized Weyl fractional integral operator (cf. Al Salam [7]) is given by 

                                               (1.6) 

Also, the basic integral (cf. Gasper & Rahman [3]) is given by 

                                                                 (1.7) 

Also the basic integral (cf. Gasper & Rahman [3] ) is given by 

                           (1.8) 

 

Heine’s q-analogue of Gauss summation formula is given by 

                                                                                  (1.9) 

The above formula is valid for |c/ab| < 1. For the terminating case when  𝑎 = 𝑞−𝑛 , (1.9) reduces to 

                                                                                 (1.10) 

By changing the order of summation, it follows from (1.10) that 

                                                                                  (1.11) 

The q-binomial theorem due to Cauchy [1843], Heine [1847] is given by 

                                                                     (1.12) 
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In the proof of the main result, I will use the following definition of various q-polynomials in the proof of the main results: 

The q-Laguerre polynomials 

                                                             (1.13) 

The Wall polynomials (or Little q-Laguerre polynomial) 

                                           (1.14) 

                                            (1.15) 

The Stieltjes -Wigert polynomials 

                                                                                        (1.16) 

The q-Konhauser polynomials of first Kind 

                                  (1.17) 

  

The q-Konhauser polynomials of Second Kind 

                        (1.18) 

 

The bibasic form of the q-analogue of the Bedient polynomials of first kind is given by: 

 (1.19) 

The bibasic form of the q-analogue of the Bedient polynomials of second kind is given by: 

   
                                                                                                                                             (1.20) 

and the Gegenbauer polynomials 

        (1.21) 

 

2. MAIN RESULTS 

  𝑲𝒏
𝜼,𝜶{(𝟏 − 𝒒−𝜶−𝒌) × 

𝜙[𝒂𝟏, … , 𝒂𝒓: 𝒄𝟏𝟏, … , 𝒄𝟏𝒓𝟏
; … ; 𝒄𝒎𝟏, … , 𝒄𝒎𝒓𝒎

; 𝒃𝟏, … , 𝒃𝒔: 𝒅𝟏𝟏, ⋯ , 𝒅𝟏𝒔𝟏
; ⋯ , 𝒅𝒎𝟏, ⋯ , 𝒅𝒎𝒔𝒎

; 𝒒, 𝒒𝟏, ⋯ , 𝒒𝒎; 𝒛 ]} =

−𝒒−𝜶(𝟏−𝒒)(𝒒; 𝒒)𝜶(𝒒𝜶+𝜼; 𝒒)∞

𝜞𝒒(𝜶)(𝒒𝜼−𝟏; 𝒒)∞
×          

𝜙[𝒂𝟏, … , 𝒂𝒓, 𝒒𝟏−𝜶−𝜼: 𝒄𝟏𝟏, … , 𝒄𝟏𝒓𝟏
; … ; 𝒄𝒎𝟏, … , 𝒄𝒎𝒓𝒎

; 𝒃𝟏, … , 𝒃𝒔, 𝒒𝟐−𝜼: 𝒅𝟏𝟏, ⋯ , 𝒅𝟏𝒔𝟏
; ⋯ , 𝒅𝒎𝟏, ⋯ , 𝒅𝒎𝒔𝒎

; 𝒒, 𝒒𝟏, ⋯ , 𝒒𝒎; 𝒒𝒛 ]} 

           (2.1) 

 

 𝐾𝑛
𝜂,𝛼{(1 − 𝑞−𝛼−𝑘) × 𝐶𝑛

{𝛼}(𝑧;  𝑞)} =
−(𝟏−𝒒)(𝒒; 𝒒)𝜶(𝒒𝜶+𝜼; 𝒒)∞(𝜶; 𝒒)∞

𝑞𝛼𝛤𝒒(𝜶)(𝒒𝜼−𝟏; 𝒒)∞(𝒒; 𝒒)𝒏
(

2𝑥

√𝛼
)𝑛 ×  

𝑛+2𝜙𝑛+1[−: 𝑞−𝑛 , 𝑞−𝑛+1; 𝑞𝜂−1, 𝑞𝜂, … 𝑞𝜂+𝑛−2; 𝑞1−𝑛/𝛼: −; 𝑞𝛼+𝜂 , 𝑞𝛼+𝜂+1, … , 𝑞𝛼+𝜂+𝑛+1; 𝑞, 𝑞2, 𝑞𝑛;
𝑞𝑛(𝛼+1)

𝛼 𝑥𝑛
] 

(2.2) 

Proof of the Main Results: 

To prove the result (2.1), take  

𝒇(𝒙) = 𝑲𝒏
𝜼,𝜶{(𝟏 − 𝒒−𝜶−𝒌) × 

𝜙[𝒂𝟏, … , 𝒂𝒓: 𝒄𝟏𝟏, … , 𝒄𝟏𝒓𝟏
; … ; 𝒄𝒎𝟏, … , 𝒄𝒎𝒓𝒎

; 𝒃𝟏, … , 𝒃𝒔: 𝒅𝟏𝟏, ⋯ , 𝒅𝟏𝒔𝟏
; ⋯ , 𝒅𝒎𝟏, ⋯ , 𝒅𝒎𝒔𝒎

; 𝒒, 𝒒𝟏, ⋯ , 𝒒𝒎; 𝒛]}  

 

in the equation (1.8). After interchanging the order of summation and using the formula (1.12), 

we obtain:  

𝑲𝒏
𝜼,𝜶{(𝟏 − 𝒒−𝜶−𝒌) × 
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𝜙[𝒂𝟏, … , 𝒂𝒓: 𝒄𝟏𝟏, … , 𝒄𝟏𝒓𝟏
; … ; 𝒄𝒎𝟏, … , 𝒄𝒎𝒓𝒎

; 𝒃𝟏, … , 𝒃𝒔: 𝒅𝟏𝟏, ⋯ , 𝒅𝟏𝒔𝟏
; ⋯ , 𝒅𝒎𝟏, ⋯ , 𝒅𝒎𝒔𝒎

; 𝒒, 𝒒𝟏, ⋯ , 𝒒𝒎; 𝒛 ]} =

−𝒒−𝜶(𝟏−𝒒)(𝒒; 𝒒)𝜶(𝒒𝜶+𝜼; 𝒒)∞

𝜞𝒒(𝜶)(𝒒𝜼−𝟏; 𝒒)∞
× ∑∞

𝒏=𝟎
(𝒂𝟏 ...,𝒂𝒓,𝒒𝟏−𝜶−𝜼 ; 𝒒)𝒏 

(𝒒,𝒃𝟏,...,𝒃𝒔,𝒒𝟐−𝜼 ; 𝒒)𝒏
𝒛𝒏𝒒𝒏 𝜫𝒎

𝒋=𝟏
(𝒄𝒋𝟏,𝒄𝒋𝟐,⋯𝒄𝒋𝒓;𝒒𝒋)𝒏

(𝒅𝒋𝟏,𝒅𝒋𝟐,⋯𝒅𝒋𝒔)𝒏
    

 

This in view of definition (1.23) reduces to the result (2.1). 

The proof of result (2.2) follows similarly. 

 

4. CONCLUSION 

In this work, we have investigated certain q-Weyl fractional 

integral operators and examined their applications to generalized 

basic hypergeometric functions and q-polynomials. By 

employing the framework of fractional q-calculus, we have 

extended classical Weyl fractional integrals to the q-domain and 

studied their operational behaviour on important classes of 

special functions. The results obtained in this study demonstrate 

the effectiveness of q-Weyl fractional operators as a powerful 

analytical tool in the theory of special functions. They provide a 

unified approach for extending classical results to the fractional 

q-setting and establish connections between fractional calculus, 

q-series, and orthogonal polynomials. Overall, this work 

contributes to the growing literature on fractional q-calculus and 

opens new avenues for further research. Future investigations 

may focus on the extension of these operators to other classes of 

q-special functions, multidimensional q-fractional operators, or 

potential applications in mathematical physics, quantum theory, 

and applied sciences. 
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