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Abstract

This paper develops a computational and analytical framework for inves-
tigating bounds on the Goldbach partition function 𝑅(2𝑚) for even integers
2𝑚. We study the inequality

17
50 ⋅ 𝜋(2𝑚)2

2𝑚 ≤ 𝑅(2𝑚) ≤ 45
32 ⋅ 𝜋(2𝑚)2

2𝑚 ,,
using empirical datasets of the prime-counting function 𝜋(𝑥) and known

values of 𝑅(2𝑚).
A normalized representation of the partition function is introduced in the

form
𝑅(2𝑚) = 𝜋(2𝑚)2

2𝑚𝑠𝑚
,

where 𝑠𝑚 acts as a scaling parameter linking additive Goldbach structure
to quadratic prime-density growth. This formulation induces a fixed constraint
interval

5
4 ≤ 𝑠𝑚 ≤ 50

17 .
Computational analysis across multiple scales shows that 𝑠𝑚 remains

tightly bounded and numerically stable, with values clustering near an
empirical constant

𝑠∗ ≈ 1.139.
Equivalently, the framework yields the reconstruction identity
𝜋(2𝑚) = √2𝑚𝑅(2𝑚)𝑠𝑚,
demonstrating that the prime-counting function, Goldbach partition func-

tion, and normalization parameter are structurally coupled.
These results suggest that the Goldbach partition function behaves as a

renormalized quadratic prime-density model governed by a stable normaliza-
tion structure. The proposed framework validates the bounds and reveals an
intrinsic coupling between prime distribution and additive partition behavior,
providing a basis for refined asymptotic modeling and further theoretical in-
vestigation.
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Introduction

The Goldbach partition function 𝑅(2𝑚) counts the number of representations of
an even integer 2𝑚 as a sum of two primes. Its behavior lies at the intersection of
additive and multiplicative number theory and is closely connected to the distri-
bution of prime numbers. Despite substantial progress, including deep heuristic
models and extensive computational verification, a precise characterization of
𝑅(2𝑚) remains an open problem.
A natural first-order approximation arises from prime-density considerations, sug-
gesting that the number of admissible prime pairs should scale quadratically with
the prime-counting function. This leads to the heuristic relation

𝑅(2𝑚) ∼ 𝜋(2𝑚)2
2𝑚 ,

which reflects the expected density of prime pairs under probabilistic indepen-
dence assumptions.
In this work, we investigate a bounded refinement of this approximation, given by
17
50 ⋅ 𝜋(2𝑚)2

2𝑚 ≤ 𝑅(2𝑚) ≤ 5
4 ⋅ 𝜋(2𝑚)2

2𝑚 , [5].
The main objective of this study is to examine the validity and structural implica-
tions of these bounds using empirical datasets for 𝜋(𝑥) and𝑅(2𝑚). We introduce
a normalized representation

𝑅(2𝑚) = 𝜋(2𝑚)2
2𝑚𝑠𝑚

,
which defines a scaling parameter 𝑠𝑚 capturing deviations from the quadratic
prime-density model.
Our analysis shows that 𝑠𝑚 remains bounded within a fixed interval and exhibits
strong numerical stability across a wide range of values of 2𝑚. This leads to
the identification of an intrinsic normalization structure governing the growth of
Goldbach partitions and provides a new perspective on the relationship between
additive prime partitions and multiplicative prime density.

Computational Methodology

Let 𝜋(2𝑚) be the prime-counting function obtained from a precomputed dataset.
Define the lower and upper bounds:
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𝑅𝑙(2𝑚) = 17
50 ⋅ (𝜋(2𝑚))2

2𝑚 , (1)

𝑅𝑢(2𝑚) = 5
4 ⋅ (𝜋(2𝑚))2

2𝑚 . (2)

The validation condition is:
𝑅𝑙(2𝑚) ≤ 𝑅(2𝑚) ≤ 𝑅𝑢(2𝑚).

Algorithmic Procedure

The computational procedure follows:
1. Input even integer 2𝑚.
2. Retrieve 𝜋(2𝑚) from dataset.

3. Compute (𝜋(2𝑚))2/(2𝑚).
4. Evaluate lower and upper bounds.
5. Retrieve 𝑅(2𝑚) from dataset.
6. Test inequality validity.
7. Repeat over increasing values of 2𝑚.

Results Structure

2𝑚 𝜋(2𝑚) 𝑅𝑙(2𝑚) 𝑅(2𝑚) 𝑅𝑢(2𝑚) Valid
4 2 0.34 1 1.25 True
10 4 0.544 2 2 True
20 8 1.088 2 4 True
30 10 1.13 3 4.167 True
68 19 1.805 2 6.636 True
100 25 2.125 6 7.8125 True
128 30 2.391 3 8.789 True

Table 1: Validation of Goldbach Partition Bounds
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Boundary Behavior at Small Scale. For 2𝑚 = 60, we have
𝜋(60) = 17, 𝑅(60) = 6.
Then
𝜋(60)2

2𝑚 = 289
60 ≈ 4.8167,

and
𝑅(60)

𝜋(60)2/(2𝑚) ≈ 1.245.
Thus,

𝑅(60) ≈ 5
4 ⋅ 𝜋(60)2

2𝑚 ,
showing that small values of 2𝑚 may lie close to the upper bound.
However, no violation occurs, and the inequality
17
50 ⋅ 𝜋(2𝑚)2

2𝑚 ≤ 𝑅(2𝑚) ≤ 5
4 ⋅ 𝜋(2𝑚)2

2𝑚
remains valid.
This supports the interpretation that the upper bound is approached at small
scales but not exceeded.

Discussion

The inequality
17
50 ⋅ 𝜋(2𝑚)2

2𝑚 ≤ 𝑅(2𝑚) ≤ 5
4 ⋅ 𝜋(2𝑚)2

2𝑚
indicates that the Goldbach partition function is governed by a quadratic depen-
dence on the prime-counting function, scaled by 2𝑚. The constants 17

50 and 5
4

define an empirical multiplicative envelope within which all observed values of
𝑅(2𝑚) lie.
This formulation suggests that deviations of 𝑅(2𝑚) from the central quadratic
density model arise from:

• local irregularities in prime distribution,
• fluctuations in prime density over short intervals,
• and finite-scale deviations from asymptotic behavior.

Constant Multiplicative Envelope

A key structural feature of the bounds is that the ratio of the upper to lower bound
is constant:
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𝑅𝑢(2𝑚)
𝑅𝑙(2𝑚) = 5

4
17
50

= 125
34 ≈ 3.676.

Thus, the admissible range for 𝑅(2𝑚) is controlled by a fixed scaling factor in-
dependent of 2𝑚. This indicates that the variability of the Goldbach partition
function is constrained within a stable multiplicative band, rather than exhibiting
unbounded growth or contraction.
Accordingly, 𝑅(2𝑚) may be expressed in normalized form as

𝑅(2𝑚) = 𝐶(2𝑚) ⋅ 𝜋(2𝑚)2
2𝑚 ,

where the density factor satisfies
17
50 ≤ 𝐶(2𝑚) ≤ 5

4 .
The function 𝐶(2𝑚) captures deviations from the quadratic density model and
reflects underlying fluctuations in the distribution of primes.

Central Tendency and Scaling Behavior

Empirical evidence suggests that, for small values of 2𝑚, the partition count
𝑅(2𝑚) tends to lie closer to the lower bound. However, as 2𝑚 increases, 𝑅(2𝑚)
shifts toward a more central position within the admissible interval.
This behavior may be quantified using the ratios
𝑅(2𝑚)
𝑅𝑙(2𝑚) and 𝑅𝑢(2𝑚)

𝑅(2𝑚) .
Numerical data indicate that
𝑅(2𝑚)
𝑅𝑙(2𝑚) increases, 𝑅𝑢(2𝑚)

𝑅(2𝑚) decreases,
as 2𝑚 grows. This suggests the emergence of a stabilizing density factor 𝐶(2𝑚),
which may approach an intermediate limiting value within the admissible range.
Such behavior is consistent with the expectation that local fluctuations dominate
at small scales, while more regular asymptotic structure emerges at larger mag-
nitudes.

Large-Scale Numerical Evidence

For 2𝑚 = 1,000,000, we have
𝜋(2𝑚) = 78,498, 𝑅𝑙(2𝑚) ≈ 2095, 𝑅(2𝑚) = 5402, 𝑅𝑢(2𝑚) ≈ 7702.42.
The corresponding ratios are
𝑅(2𝑚)
𝑅𝑙(2𝑚) ≈ 2.58, 𝑅𝑢(2𝑚)

𝑅(2𝑚) ≈ 1.43.
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These values show that 𝑅(2𝑚) lies well within the admissible interval and is no
longer concentrated near the lower bound. This provides evidence that the parti-
tion function moves toward a central region of the multiplicative envelope as 2𝑚
increases.

Multiplicative Coupling of Boundary Ratios

The ratios
𝑅(2𝑚)
𝑅𝑙(2𝑚) and 𝑅𝑢(2𝑚)

𝑅(2𝑚)
are not independent. Their product satisfies the identity

( 𝑅(2𝑚)
𝑅𝑙(2𝑚))(𝑅𝑢(2𝑚)

𝑅(2𝑚) ) = 𝑅𝑢(2𝑚)
𝑅𝑙(2𝑚) = 125

34 .
Thus, the position of 𝑅(2𝑚) within the admissible interval is governed by a fixed
multiplicative constraint. An increase in one ratio necessarily induces a decrease
in the other, revealing an intrinsic coupling in the distribution of Goldbach parti-
tions within the bounding envelope.

Goldbach Partition Balance Law

We introduce the normalized representation

𝑅(2𝑚) = 𝜋(2𝑚)2
2𝑚𝑠𝑚

,
where 𝑠𝑚 > 0 is a scaling parameter measuring deviation from the quadratic
prime-density model.
Substituting into the bounds
17
50 ⋅ 𝜋(2𝑚)2

2𝑚 ≤ 𝑅(2𝑚) ≤ 5
4 ⋅ 𝜋(2𝑚)2

2𝑚 ,
yields
17
50 ≤ 1

𝑠𝑚
≤ 5

4 ,
and hence
4
5 ≤ 𝑠𝑚 ≤ 50

17 .
Thus, the Goldbach partition function admits the structured form

𝑅(2𝑚) = 𝜋(2𝑚)2
2𝑚𝑠𝑚

, 𝑠𝑚 ∈ [4
5 , 50

17] .
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Structure of the Balance Interval

The admissible interval for 𝑠𝑚 is bounded but not symmetric in its observed be-
havior. While the arithmetic midpoint is
𝑠avg = 1

2 (4
5 + 50

17) ,
the multiplicative nature of the normalization suggests that the geometric and
harmonic means provide more relevant reference levels:

𝑠geom = √4
5 ⋅ 50

17 , 𝑠harm = 2𝑎𝑏
𝑎+𝑏 .

Empirical values of 𝑠𝑚 consistently lie below these central values, indicating a
persistent skew toward the lower bound.

Empirical Stability and Limiting Behavior

Numerical computations for large values of 2𝑚 show that 𝑠𝑚 remains tightly con-
centrated:
𝑠𝑚(106) ≈ 1.1407, 𝑠𝑚(107) ≈ 1.1381, 𝑠𝑚(108) ≈ 1.1391.
This suggests the emergence of a limiting value
𝑠𝑚 → 𝑠∗ ≈ 1.139,
indicating strong asymptotic stability.
Consequently, the Goldbach partition function admits the approximation

𝑅(2𝑚) ∼ 𝜋(2𝑚)2
2𝑚𝑠∗ .

Prime-Density Renormalization

Define
𝜋(2𝑚)2

2𝑚 = 𝑟𝑚 ⋅ 2𝑚
(log2𝑚)2 .

By the Prime Number Theorem,
𝑟𝑚 → 1.
Combining with the normalized form gives
𝑅(2𝑚) ∼ 𝑟𝑚𝑠𝑚

⋅ 2𝑚
(log2𝑚)2 .

Thus, the effective density coefficient is governed by
𝑟𝑚𝑠𝑚

→ 1
𝑠∗ .
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Constraint Surface Representation

The normalized formulation induces the invariant relation
𝜋(2𝑚)2 = 2𝑚𝑅(2𝑚)𝑠𝑚.
This defines a constraint surface in ℝ3

+ on which the quantities 𝜋(2𝑚), 𝑅(2𝑚),
and 𝑠𝑚 are mutually dependent. Each variable can be recovered from the other
two via algebraic reconstruction:

𝜋(2𝑚) = √2𝑚𝑅(2𝑚)𝑠𝑚, 𝑅(2𝑚) = 𝜋(2𝑚)2
2𝑚𝑠𝑚

, 𝑠𝑚 = 𝜋(2𝑚)2
2𝑚𝑅(2𝑚) .

This representation emphasizes that prime density and Goldbach partitions are
coupled through a common structural constraint rather than behaving as inde-
pendent quantities.

Asymptotic Product Law

Using the Prime Number Theorem,
𝜋(2𝑚) ∼ 2𝑚

log(2𝑚) ,
we obtain
𝑅(2𝑚)𝑠𝑚 = 𝜋(2𝑚)2

2𝑚 ∼ 2𝑚
(log2𝑚)2 .

Thus, while 𝑅(2𝑚) exhibits fluctuations, the product 𝑅(2𝑚)𝑠𝑚 follows a stable
logarithmic density law, with 𝑠𝑚 acting as a compensating normalization factor.

Finite-Scale Deviation from Asymptotics. The asymptotic relation
𝑅(2𝑚)𝑠𝑚 ∼ 2𝑚

(log2𝑚)2

is derived from the Prime Number Theorem and is therefore valid only for suffi-
ciently large values of 𝑚.
For small values, such as 2𝑚 = 22, the approximation 𝜋(𝑥) ∼ 𝑥/ log𝑥 is not
accurate. In this case,
𝜋(22) = 8, 22

log22 ≈ 7.12,
leading to a significant deviation.
Consequently, solving the asymptotic expression for 𝑠𝑚 yields
𝑠𝑚 ≈ 0.7675,
while the exact identity
𝜋(22)2 = 2𝑚𝑅(2𝑚)𝑠𝑚
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gives
𝑠𝑚 = 64

66 ≈ 0.9697.
This discrepancy does not indicate failure of the model, but rather reflects finite-
scale deviations from asymptotic behavior. As 𝑚 → ∞, these deviations diminish
and the asymptotic relation becomes increasingly accurate.

Ceiling Representation of Odd Partitions

Let 𝑆𝑜(2𝑚) denote the number of ordered odd representations of 2𝑚, and let
𝑁𝑜(2𝑚) denote the number of unordered such representations.

Since 𝑆𝑜(2𝑚) = 𝑚, we obtain
𝑆𝑜(2𝑚)2

2𝑚 = 𝑚2
2𝑚 = 𝑚

2 .
Thus,

𝑁𝑜(2𝑚) = ⌈𝑆𝑜(2𝑚)2
2𝑚 ⌉ .

This shows that the number of odd partitions arises from a quadratic normalization
followed by a discrete rounding operation.
This structure provides a discrete analogue to the Goldbach partition formula

𝑅(2𝑚) = 𝜋(2𝑚)2
2𝑚𝑠𝑚

,
where the parameter 𝑠𝑚 acts as a continuous normalization factor.

Floor Representation of Even Partitions

Let 𝑆𝑒(2𝑚) denote the number of ordered representations of 2𝑚 as a sum of two
even integers, and let 𝑁𝑒(2𝑚) denote the number of unordered such represen-
tations.
Then
𝑁𝑒(2𝑚) = ⌊𝑚

2 ⌋ , 𝑆𝑒(2𝑚) = 2⌊𝑚
2 ⌋ .

It follows that
𝑁𝑒(2𝑚) = ⌊𝑆𝑒(2𝑚)2

2𝑚 ⌋ .
This provides a quadratic normalization of even partitions with a lower round-
ing correction, complementing the ceiling structure observed in the odd partition
case.
Together, the identities
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𝑁𝑜(2𝑚) = ⌈𝑆𝑜(2𝑚)2
2𝑚 ⌉ , 𝑁𝑒(2𝑚) = ⌊𝑆𝑒(2𝑚)2

2𝑚 ⌋ ,
establish a symmetric rounding framework for additive partitions.

Partition Normalization Principle

Quadratic Core Structure

Let 𝑆𝐴(2𝑚) denote the number of ordered representations of an even integer
2𝑚 as
2𝑚 = 𝑎 + 𝑏, 𝑎, 𝑏 ∈ 𝐴,
and let 𝑁𝐴(2𝑚) denote the corresponding number of unordered representations.
Define the quadratic core quantity

𝑄𝐴(2𝑚) ∶= 𝑆𝐴(2𝑚)2
2𝑚 .

Then 𝑄𝐴(2𝑚) serves as a universal normalization for additive partition counts.

Discrete Partition Classes

Odd Partitions. For odd integers,
𝑆𝑜(2𝑚) = 𝑚,
and
𝑁𝑜(2𝑚) = ⌈𝑆𝑜(2𝑚)2

2𝑚 ⌉ .

Even Partitions. For even integers,
𝑆𝑒(2𝑚) = 2⌊𝑚

2 ⌋ ,
and
𝑁𝑒(2𝑚) = ⌊𝑆𝑒(2𝑚)2

2𝑚 ⌋ .
Thus, odd and even partitions arise from the same quadratic core 𝑄𝐴(2𝑚), with
complementary rounding operations.
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Continuous Partition Class: Prime Partitions

For primes, let
𝑆𝑝(2𝑚) ∶= 𝜋(2𝑚).
Then the Goldbach partition function satisfies the normalized relation

𝑅(2𝑚) = 𝑆𝑝(2𝑚)2
2𝑚𝑠𝑚

,
where 𝑠𝑚 is a continuous scaling parameter satisfying
4
5 ≤ 𝑠𝑚 ≤ 50

17 .

Unified Representation

The three cases admit the unified form
𝑁𝐴(2𝑚) = 𝒞𝐴(𝑆𝐴(2𝑚)2

2𝑚 ) ,
where 𝒞𝐴 is a correction operator depending on the structure of 𝐴:

𝒞𝐴(𝑥) =
⎧{
⎨{⎩

⌈𝑥⌉, 𝐴 = odd integers,
⌊𝑥⌋, 𝐴 = even integers,
𝑥/𝑠𝑚, 𝐴 = primes.

Interpretation

This framework reveals that additive partition functions are governed by a univer-
sal quadratic law, with deviations determined by the distributional structure of
the underlying set:

• Odd integers exhibit perfect uniformity, requiring only an upper rounding
correction.

• Even integers exhibit parity-induced asymmetry, requiring a lower rounding
correction.

• Primes exhibit irregular density, requiring a continuous normalization factor
𝑠𝑚.

Thus, Goldbach partitions arise as a density-distorted extension of a fundamen-
tally quadratic additive structure.
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Geometric Partition Law

Theorem (Geometric Partition Law). Let 2𝑚 be an even integer, and let
𝑁𝐴(2𝑚) denote the number of unordered representations of 2𝑚 as a sum of
two elements from a set 𝐴.
Then the partition count satisfies the geometric relation
𝑚2 ≈ 2𝑚 ⋅ 𝑁𝐴(2𝑚),
and equivalently,

𝑚 ≈
√

2𝑚 ⋅ √𝑁𝐴(2𝑚).

Exact and Approximate Cases

Odd Partitions. For odd integers, we have
𝑁𝑜(2𝑚) = ⌈𝑚

2 ⌉ .
Thus,
2𝑚 ⋅ 𝑁𝑜(2𝑚) = 𝑚2 + 𝜀𝑜(𝑚),
where 𝜀𝑜(𝑚) is a small correction arising from the ceiling operation.

Even Partitions. For even integers, we have
𝑁𝑒(2𝑚) = ⌊𝑚

2 ⌋ .
Thus,
2𝑚 ⋅ 𝑁𝑒(2𝑚) = 𝑚2 + 𝜀𝑒(𝑚),
where 𝜀𝑒(𝑚) is a small correction arising from the floor operation.

Prime Partition Extension

For prime partitions, define the Goldbach function 𝑅(2𝑚) and normalization pa-
rameter 𝑠𝑚 by

𝑅(2𝑚) = 𝜋(2𝑚)2
2𝑚𝑠𝑚

.
Then the geometric structure becomes exact:
𝜋(2𝑚)2 = 2𝑚 ⋅ 𝑅(2𝑚) ⋅ 𝑠𝑚.
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Interpretation

This establishes a unified geometric principle governing additive partitions:
• For odd and even integers, the partition count satisfies a near-exact
quadratic relation with discrete rounding corrections.

• For primes, the same quadratic structure holds exactly, with a continuous
normalization factor 𝑠𝑚 replacing discrete rounding.

Thus, the number of generating elements (either 𝑚 or 𝜋(2𝑚)) is determined
by the geometric mean of the ambient size 2𝑚 and the corresponding partition
structure.

Example

For 2𝑚 = 50, we have

𝑁𝑜(50) = 13, 2𝑚 ⋅ 𝑁𝑜(50) = 50 ⋅ 13 = 650,
√

650 ≈ 25.49 ≈ 𝑚.
Similarly,
√

50 ⋅ √50
4 = 25,

illustrating the geometric mean structure.

Mean Prime Gap from the Goldbach Normalization Law

The average prime gap up to 2𝑚 is given by
𝑔mean = 2𝑚

𝜋(2𝑚) .
Using the identity
𝜋(2𝑚)2 = 2𝑚𝑅(2𝑚)𝑠𝑚,
we obtain

𝑔mean = 2𝑚
√2𝑚𝑅(2𝑚)𝑠𝑚

= √ 2𝑚
𝑅(2𝑚)𝑠𝑚

.
Using the asymptotic relation
𝑅(2𝑚)𝑠𝑚 ∼ 2𝑚

(log2𝑚)2 ,
it follows that
𝑔mean ∼ log(2𝑚).
Thus, the classical logarithmic growth of prime gaps arises naturally from the
Goldbach partition normalization framework.
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Balance Parameter in Terms of Prime Gaps

The mean prime gap is given by
𝑔mean = 2𝑚

𝜋(2𝑚) .
Using the identity
𝜋(2𝑚)2 = 2𝑚𝑅(2𝑚)𝑠𝑚,
we obtain

𝑔mean = √ 2𝑚
𝑅(2𝑚)𝑠𝑚

.
Squaring and rearranging yields
2𝑚 = 𝑅(2𝑚)𝑠𝑚𝑔2

mean.
Substituting into the normalization identity gives
𝜋(2𝑚)2 = 𝑅(2𝑚)2𝑠2𝑚𝑔2

mean.
Thus,

𝑠𝑚 = 𝜋(2𝑚)
𝑅(2𝑚)𝑔mean

.
This expresses the balance parameter as a coupling between prime density, Gold-
bach partition density, and average prime spacing.

Prime Count Decomposition Identity

From the relation
𝑠𝑚 = 𝜋(2𝑚)

𝑅(2𝑚)𝑔mean
,

it follows that
𝜋(2𝑚) = 𝑠𝑚 𝑅(2𝑚)𝑔mean.
This identity expresses the prime-counting function as a product of three compo-
nents:

• 𝑅(2𝑚): additive partition density,
• 𝑔mean: average prime spacing,
• 𝑠𝑚: normalization parameter.

Thus, the distribution of primes is governed by a multiplicative interaction be-
tween additive structure, spacing behavior, and normalization effects.
Substituting
𝑔mean = 2𝑚

𝜋(2𝑚) ,
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recovers the fundamental identity
𝜋(2𝑚)2 = 2𝑚𝑅(2𝑚)𝑠𝑚,
confirming the internal consistency of the formulation.

Goldbach–Prime Scaling Invariance Theorem

Theorem (Goldbach–Prime Scaling Invariance). Let 2𝑚 be an even integer,
and define the prime-counting function 𝜋(2𝑚), the Goldbach partition function
𝑅(2𝑚), and the normalization parameter 𝑠𝑚 by

𝜋(2𝑚)2 = 2𝑚𝑅(2𝑚)𝑠𝑚.
Then for any two even integers 2𝑚1 and 2𝑚2, the following scale-invariant rela-
tion holds:
𝜋(2𝑚1)2
𝜋(2𝑚2)2 = 𝑚1𝑚2

⋅ 𝑅(2𝑚1)
𝑅(2𝑚2) ⋅ 𝑠𝑚1𝑠𝑚2

.
Equivalently, the multiplicative conservation law
𝜋(2𝑚1)2
𝜋(2𝑚2)2 ⋅ 𝑚2𝑚1

⋅ 𝑅(2𝑚2)
𝑅(2𝑚1) ⋅ 𝑠𝑚2𝑠𝑚1

= 1
holds identically.
Proof. From the defining identity
𝜋(2𝑚)2 = 2𝑚𝑅(2𝑚)𝑠𝑚,
we write for 𝑚1 and 𝑚2:
𝜋(2𝑚1)2 = 2𝑚1𝑅(2𝑚1)𝑠𝑚1, 𝜋(2𝑚2)2 = 2𝑚2𝑅(2𝑚2)𝑠𝑚2.
Taking the ratio gives
𝜋(2𝑚1)2
𝜋(2𝑚2)2 = 2𝑚1𝑅(2𝑚1)𝑠𝑚1

2𝑚2𝑅(2𝑚2)𝑠𝑚2
.

Cancelling the factor 2 yields
𝜋(2𝑚1)2
𝜋(2𝑚2)2 = 𝑚1𝑚2

⋅ 𝑅(2𝑚1)
𝑅(2𝑚2) ⋅ 𝑠𝑚1𝑠𝑚2

.
Rearranging gives the invariant product form.

Interpretation. The theorem establishes a scale-invariant coupling between:
• the multiplicative structure of primes via 𝜋(2𝑚),
• the additive structure via 𝑅(2𝑚),
• and the normalization parameter 𝑠𝑚.
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It shows that these quantities do not evolve independently with 𝑚, but are con-
strained by a conserved multiplicative relation across scales.
In particular, if 𝑠𝑚 stabilizes asymptotically, the relation reduces to a direct scaling
law linking prime counts and Goldbach partitions:

(𝜋(2𝑚1)
𝜋(2𝑚2))

2 ≈ 𝑚1𝑚2
⋅ 𝑅(2𝑚1)

𝑅(2𝑚2) .

Numerical Verification. For 2𝑚1 = 4 and 2𝑚2 = 100, we obtain
22⋅100⋅6⋅𝑠50
252⋅4⋅1⋅𝑠2

= 2400
2500 ⋅ 𝑠50𝑠2

= 24
25 ⋅ 25

24 = 1.
This confirms that the normalization parameter 𝑠𝑚 exactly compensates for scal-
ing differences, preserving the invariance relation.

Trigonometric Representation of the Balance Parameter

The Goldbach partition balance parameter 𝑠𝑚 admits a bounded trigonometric
parametrization consistent with the interval
4
5 ≤ 𝑠𝑚 ≤ 50

17 .
Specifically, we write

𝑠𝑚 = 4
5 + 182

85 sin2 𝛿𝑚,
where 𝛿𝑚 ∈ [0, 𝜋

2 ] is a real parameter.
Substituting into the normalization identity
𝜋(2𝑚)2 = 2𝑚𝑅(2𝑚)𝑠𝑚,
we obtain the trigonometric form

𝜋(2𝑚) = √2𝑚𝑅(2𝑚)(4
5 + 182

85 sin2 𝛿𝑚).

Recovery of the Phase Parameter. Solving for sin𝛿𝑚, we square both sides
to obtain
𝜋(2𝑚)2 = 2𝑚𝑅(2𝑚)(4

5 + 182
85 sin2 𝛿𝑚) ,

and hence
𝜋(2𝑚)2

2𝑚𝑅(2𝑚) = 4
5 + 182

85 sin2 𝛿𝑚.
Rearranging gives

sin2 𝛿𝑚 = 85
182 ( 𝜋(2𝑚)2

2𝑚𝑅(2𝑚) − 4
5) ,
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and therefore

sin𝛿𝑚 = √ 85
182 ( 𝜋(2𝑚)2

2𝑚𝑅(2𝑚) − 4
5).

Equivalently, in terms of the balance parameter 𝑠𝑚, we obtain the compact form

sin𝛿𝑚 = √ 85
182 (𝑠𝑚 − 4

5).

Interpretation. The parameter 𝛿𝑚 provides a geometric representation of the
relative position of 𝑠𝑚 within its admissible interval. In particular,

𝛿𝑚 = 0 ⟺ 𝑠𝑚 = 4
5 , 𝛿𝑚 = 𝜋

2 ⟺ 𝑠𝑚 = 50
17 .

Thus, the balance parameter may be interpreted as a bounded oscillatory quan-
tity, with 𝛿𝑚 encoding the deviation of the Goldbach partition function from its
lower-bound density. This representation suggests that fluctuations in Goldbach
partitions may be viewed as phase-like variations within a fixed multiplicative en-
velope.

Upper Bound Induced by the Balance Parameter. Assume that the normal-
ization parameter satisfies
𝑠𝑚 ≤ 50

17 .
Then from the identity
𝜋(2𝑚)2 = 2𝑚𝑅(2𝑚)𝑠𝑚,
we obtain
𝜋(2𝑚)2 ≤ 50

17 ⋅ 2𝑚𝑅(2𝑚),
and hence
𝜋(2𝑚) ≤ √50

17 ⋅ 2𝑚𝑅(2𝑚).
Invoking the heuristic asymptotic estimate
𝑅(2𝑚) ∼ 2𝑚

(log2𝑚)2 ,
this yields

𝜋(2𝑚) ≲ √50
17 ⋅ 2𝑚

log(2𝑚) .
This is consistent with the Prime Number Theorem,
𝜋(𝑥) ∼ 𝑥

log𝑥 ,
and demonstrates that boundedness of the balance parameter is compatible with
the known asymptotic density of primes.
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Reduction to a Bounded Normalization Parameter. Suppose the balance
parameter satisfies
0 < 𝑠𝑚 < ∞.
Then, since

𝑅(2𝑚) = 𝜋(2𝑚)2
2𝑚𝑠𝑚

,
and all quantities on the right-hand side are strictly positive, it follows that
𝑅(2𝑚) > 0.
In particular, if there exist uniform bounds
4
5 ≤ 𝑠𝑚 ≤ 50

17 ,
independent of the value of𝑅(2𝑚), then the Goldbach partition function is strictly
positive for all 𝑚 ≥ 2.

Interpretation. The non-vanishing of Goldbach partitions is therefore equiva-
lent to the finiteness and positivity of the normalization parameter 𝑠𝑚. This re-
formulates the Goldbach problem as a boundedness condition on a multiplicative
correction factor linking prime density to additive partition structure.

Asymptotic Relation Between the Balance Parameter and Mean
Prime Gap

Using the identity
𝜋(2𝑚)2 = 2𝑚𝑅(2𝑚)𝑠𝑚,
together with the definition of the mean prime gap
𝑔mean = 2𝑚

𝜋(2𝑚) ,
we obtain
𝜋(2𝑚) = 2𝑚

𝑔mean
.

Substituting into the identity yields

( 2𝑚
𝑔mean

)2 = 2𝑚𝑅(2𝑚)𝑠𝑚,
from which
𝑠𝑚 = 2𝑚

𝑅(2𝑚)𝑔2
mean

.
Using the asymptotic estimate
𝑅(2𝑚) ∼ 2𝑚

(log2𝑚)2 ,
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we obtain

𝑠𝑚 ∼ ( log(2𝑚)
𝑔mean

)
2 .

Interpretation. This relation shows that the balance parameter 𝑠𝑚 quantifies
the deviation of the mean prime gap from its logarithmic asymptotic behavior. In
particular, if 𝑔mean ∼ log(2𝑚), then 𝑠𝑚 ∼ 1, indicating asymptotic stabilization
of the normalization parameter.

Weighted Gap Representation of Goldbach Partitions

Let 𝑔mean = 2𝑚
𝜋(2𝑚) denote the mean prime gap, and define the normalization

parameter 𝑠𝑚 by
𝜋(2𝑚)2 = 2𝑚𝑅(2𝑚)𝑠𝑚.
Then the Goldbach partition function admits the representation
𝑅(2𝑚) = 2𝑚

𝑠𝑚 𝑔2
mean

.
Equivalently, defining the weighted gap parameter 𝑤𝑔 by

𝑅(2𝑚) = 𝑚
𝑤𝑔

,
we obtain
𝑤𝑔 = 1

2 𝑠𝑚 𝑔2
mean.

Interpretation. This identity shows that the effective resistance to Goldbach
partition formation is governed by the square of the mean prime gap, modulated
by the normalization parameter 𝑠𝑚.
In particular, the quadratic dependence on 𝑔mean indicates that fluctuations in
prime gaps have an amplified effect on the density of Goldbach partitions.

Asymptotic Behavior. If 𝑔mean ∼ log(2𝑚) and 𝑠𝑚 → 𝑠∗, then

𝑤𝑔 ∼ 1
2𝑠∗(log2𝑚)2,

and consequently
𝑅(2𝑚) ∼ 2𝑚

𝑠∗(log2𝑚)2 ,
recovering the expected logarithmic density law.
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Total Goldbach Mass Identity

Let 𝑅(2𝑚) denote the number of Goldbach partitions of 2𝑚. Then the total sum
of all primes appearing in the partitions is given by

∑Goldbach pairs(𝑝 + 𝑞) = 2𝑚𝑅(2𝑚).
Using the normalization identity
𝜋(2𝑚)2 = 2𝑚𝑅(2𝑚)𝑠𝑚,
we obtain
2𝑚𝑅(2𝑚) = 𝜋(2𝑚)2

𝑠𝑚
.

Interpretation. This identity establishes a direct relationship between the ad-
ditive structure of Goldbach partitions and the multiplicative structure of prime
distribution.
The total additive mass of Goldbach partitions is given by a renormalized square
of the prime-counting function, with the normalization parameter 𝑠𝑚 encoding
deviations from ideal density.

Balance Interpretation. Rewriting,

𝑠𝑚 = 𝜋(2𝑚)2

∑(𝑝+𝑞) ,
shows that 𝑠𝑚 measures the ratio between multiplicative prime density and ad-
ditive partition mass, providing a quantitative bridge between these two aspects
of number theory.

Prime Mass‒Gap Theorem

Theorem (Prime Mass‒Gap Representation of Goldbach Partitions). Let
2𝑚 be an even integer. Let 𝜋(2𝑚) denote the prime-counting function, 𝑆(2𝑚)
the sum of primes up to 2𝑚, 𝑔mean the mean prime gap, and 𝑠𝑚 the normalization
parameter defined by
𝜋(2𝑚)2 = 2𝑚𝑅(2𝑚)𝑠𝑚.
Then the Goldbach partition function admits the asymptotic representation

𝑅(2𝑚) ∼ 𝜋(2𝑚)2

𝑠𝑚√2𝑆(2𝑚)𝑔mean
.

Proof. Using the asymptotic estimate for the sum of primes,

𝑆(2𝑚) ∼ 2𝑚2
𝑔mean

,
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together with the identity

2𝑚 = 𝜋(2𝑚)2
𝑠𝑚𝑅(2𝑚) ,

we substitute to obtain

𝑆(2𝑚) ∼ 2
𝑔mean

( 𝜋(2𝑚)2
2𝑠𝑚𝑅(2𝑚))

2
.

Simplifying yields

𝑆(2𝑚) ∼ 𝜋(2𝑚)4

2𝑠2𝑚𝑅(2𝑚)2𝑔mean
.

Rearranging gives

𝑅(2𝑚)2 ∼ 𝜋(2𝑚)4

2𝑠2𝑚𝑆(2𝑚)𝑔mean
,

and hence
𝑅(2𝑚) ∼ 𝜋(2𝑚)2

𝑠𝑚√2𝑆(2𝑚)𝑔mean
.

Interpretation. This theorem expresses the Goldbach partition function in
terms of three fundamental prime statistics:

• 𝜋(2𝑚) —multiplicative prime density,

• 𝑆(2𝑚) —cumulative prime mass,
• 𝑔mean —average prime spacing.

The relation shows that Goldbach partitions arise from a balance between density,
mass, and spacing of primes. In particular, the denominator

√𝑆(2𝑚)𝑔mean

acts as a combined resistance term, indicating that both large cumulative prime
mass and wider spacing suppress partition formation.

Consistency with Classical Asymptotics. Using

𝜋(2𝑚) ∼ 2𝑚
log(2𝑚) , 𝑆(2𝑚) ∼ (2𝑚)2

2 log(2𝑚) , 𝑔mean ∼ log(2𝑚),
the formula reduces to
𝑅(2𝑚) ∼ 2𝑚

𝑠𝑚(log2𝑚)2 ,
which agrees with the standard logarithmic density model.
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Reconstruction of the Prime Counting Function

From the asymptotic relation

𝑅(2𝑚) ∼ 𝜋(2𝑚)2

𝑠𝑚√2𝑆(2𝑚)𝑔mean
,

we obtain
𝜋(2𝑚)2 ∼ 𝑅(2𝑚)𝑠𝑚√2𝑆(2𝑚)𝑔mean.
Taking square roots yields

𝜋(2𝑚) ∼ (𝑅(2𝑚)𝑠𝑚)1/2 (2𝑆(2𝑚)𝑔mean)1/4 .

Interpretation. This representation shows that the prime-counting func-
tion can be reconstructed from a combination of additive partition structure,
cumulative prime mass, and average spacing of primes.

Consistency. Substituting classical asymptotics recovers
𝜋(2𝑚) ∼ 2𝑚

log(2𝑚) ,
in agreement with the Prime Number Theorem.

Goldbach–PNT Consistency Framework

We establish a consistent relationship between the Goldbach partition function
and the prime-counting function without introducing non-standard correction
terms.
From the Prime Number Theorem,
𝜋(2𝑚) ∼ 2𝑚

log(2𝑚) .
On the other hand, from the Goldbach normalization identity,
𝜋(2𝑚)2 = 2𝑚𝑅(2𝑚)𝑠𝑚,
we obtain
𝜋(2𝑚) = √2𝑚𝑅(2𝑚)𝑠𝑚.

Deviation Parameter. Define the normalized deviation from the Prime Number
Theorem by

𝜀𝑚 = 𝜋(2𝑚) log(2𝑚)
2𝑚 − 1.
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Then
𝜋(2𝑚) = 2𝑚

log(2𝑚)(1 + 𝜀𝑚).

Structural Substitution. Substituting into the normalization identity yields

√2𝑚𝑅(2𝑚)𝑠𝑚 = 2𝑚
log(2𝑚)(1 + 𝜀𝑚).

Squaring both sides gives

2𝑚𝑅(2𝑚)𝑠𝑚 = (2𝑚)2

log2(2𝑚)(1 + 𝜀𝑚)2.
Thus,

𝑅(2𝑚) = 2𝑚
𝑠𝑚 log2(2𝑚)

⋅ (1 + 𝜀𝑚)2

Asymptotic Consistency. Since 𝜀𝑚 → 0 as 𝑚 → ∞, it follows that
𝑅(2𝑚) ∼ 2𝑚

𝑠𝑚 log2(2𝑚) ,
which agrees with the classical heuristic for Goldbach partitions.

Interpretation. This formulation shows that the Goldbach partition function is
governed by a quadratic amplification of deviations in prime density:

• 𝜀𝑚 measures deviation from 2𝑚
log(2𝑚) ,

• 𝑅(2𝑚) scales with (1 + 𝜀𝑚)2,
• 𝑠𝑚 acts as a normalization parameter controlling fluctuations.

Thus, the additive structure of Goldbach partitions is directly linked to fluctuations
in the multiplicative distribution of primes.

Non-Degeneracy of the Deviation Parameter. The deviation parameter

𝜀𝑚 = 𝜋(2𝑚) log(2𝑚)
2𝑚 − 1

satisfies
𝜀𝑚 > −1,
since 𝜋(2𝑚) > 0 for all 𝑚 ≥ 2.
Consequently,
(1 + 𝜀𝑚)2 > 0.
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From the structural representation
𝑅(2𝑚) = 2𝑚

𝑠𝑚 log2(2𝑚)(1 + 𝜀𝑚)2,
it follows that
𝑅(2𝑚) > 0 whenever 𝑠𝑚 > 0.
Thus, the non-vanishing of Goldbach partitions is ensured by the positivity of the
normalization parameter and the non-degeneracy of the deviation parameter.

Equivalence Between Goldbach Failure and Singular Behavior. From the
identity

𝑠𝑚 = 𝜋(2𝑚)2
2𝑚𝑅(2𝑚) ,

it follows that
𝑅(2𝑚) = 0 ⟺ 𝑠𝑚 = ∞.
Thus, the failure of the Goldbach conjecture at 2𝑚 is equivalent to the divergence
of the normalization parameter 𝑠𝑚.

Reformulation of Goldbach. The Goldbach conjecture is therefore equivalent
to the statement that 𝑠𝑚 remains finite for all 𝑚 > 1.

Formulation of the Deviation Parameter

Recall the definition of the deviation parameter

𝜀𝑚 = 𝜋(2𝑚) log(2𝑚)
2𝑚 − 1.

Rearranging, we obtain the fundamental representation

1 + 𝜀𝑚 = 𝜋(2𝑚) log(2𝑚)
2𝑚

Equivalent Form via the Structural Identity. Using the identity
𝜋(2𝑚)2 = 2𝑚𝑅(2𝑚)𝑠𝑚,
we write
𝜋(2𝑚) = √2𝑚𝑅(2𝑚)𝑠𝑚.
Substituting into the expression for 1 + 𝜀𝑚 gives
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1 + 𝜀𝑚 = log(2𝑚)
2𝑚 √2𝑚𝑅(2𝑚)𝑠𝑚

Simplified Form. This simplifies to

1 + 𝜀𝑚 = log(2𝑚)√𝑅(2𝑚)𝑠𝑚
2𝑚

Squared Representation. Squaring both sides yields

(1 + 𝜀𝑚)2 = 𝑅(2𝑚)𝑠𝑚 log2(2𝑚)
2𝑚

Deviation Structure and Positivity Transfer

We begin with the structural identity
𝜋(2𝑚)2 = 2𝑚𝑅(2𝑚)𝑠𝑚,
which links the prime-counting function, the Goldbach partition function, and the
normalization parameter.

Deviation Parameter Formulation

Define the deviation parameter

𝜀𝑚 = 𝜋(2𝑚) log(2𝑚)
2𝑚 − 1.

Then
1 + 𝜀𝑚 = 𝜋(2𝑚) log(2𝑚)

2𝑚 .
Using the structural identity, we obtain

1 + 𝜀𝑚 = log(2𝑚)√𝑅(2𝑚)𝑠𝑚
2𝑚 .

Squaring gives

(1 + 𝜀𝑚)2 = 𝑅(2𝑚)𝑠𝑚 log2(2𝑚)
2𝑚
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Positivity Transfer Lemma

Lemma. For all 𝑚 > 1, the deviation parameter satisfies
𝜀𝑚 > −1.

Proof. Since 𝜋(2𝑚) > 0 for all 𝑚 > 1, it follows from the definition

𝜀𝑚 = 𝜋(2𝑚) log(2𝑚)
2𝑚 − 1

that
1 + 𝜀𝑚 > 0,
and hence
(1 + 𝜀𝑚)2 > 0.
Substituting into the squared structural relation yields
𝑅(2𝑚)𝑠𝑚 log2(2𝑚)

2𝑚 > 0.
Since 2𝑚 > 0 and log2(2𝑚) > 0, we conclude that

𝑅(2𝑚)𝑠𝑚 > 0.

Corollary (Reduction to Positivity of 𝑠𝑚)

If 𝑠𝑚 > 0, then
𝑅(2𝑚) > 0.

Interpretation. The deviation parameter ensures that the structural relation is
non-degenerate, while the normalization parameter governs the transfer of posi-
tivity to the Goldbach partition function.
Thus, the Goldbach conjecture is reduced to establishing
𝑠𝑚 > 0 for all 𝑚 > 1.

Derived Asymptotic Coupling Law

From the asymptotic relation

𝜋(2𝑚) ∼ (𝑅(2𝑚)𝑠𝑚)1/2 (2𝑆(2𝑚)𝑔mean)1/4 ,
we solve for 𝑠𝑚:
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𝑠𝑚 ∼ 𝜋(2𝑚)2

𝑅(2𝑚)(2𝑆(2𝑚)𝑔mean)1/2 .

Equating with the structural identity

𝑠𝑚 = 𝜋(2𝑚)2
2𝑚𝑅(2𝑚) ,

and simplifying, we obtain

2𝑚 ∼ (2𝑆(2𝑚)𝑔mean)1/2 .
Squaring yields the asymptotic coupling law

𝑆(2𝑚)𝑔mean ∼ 2𝑚2.

Prime Sum–Gap Representation of the Normalization Parameter

We begin with the structural identity
2𝑚

𝑔mean
= √2𝑚𝑅(2𝑚)𝑠𝑚.

Solving for the mean prime gap, we obtain

𝑔mean = √ 2𝑚
𝑅(2𝑚)𝑠𝑚

.
On the other hand, from the asymptotic coupling law
𝑆(2𝑚)𝑔mean ∼ 2𝑚2,
we have
𝑔mean ∼ 2𝑚2

𝑆(2𝑚) .
Equating the two expressions for 𝑔mean yields

√ 2𝑚
𝑅(2𝑚)𝑠𝑚

∼ 2𝑚2
𝑆(2𝑚) .

Squaring both sides gives
2𝑚

𝑅(2𝑚)𝑠𝑚
∼ 4𝑚4

𝑆(2𝑚)2 .
Solving for 𝑠𝑚, we obtain the asymptotic representation

𝑠𝑚 ∼ 𝑆(2𝑚)2

2𝑚3 𝑅(2𝑚).

Consistency Check. Using the classical estimate

𝑆(2𝑚) ∼ 2𝑚2
log(2𝑚) ,
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we obtain
𝑠𝑚 ∼ 4𝑚4

log2(2𝑚) ⋅ 1
2𝑚3𝑅(2𝑚) = 2𝑚

𝑅(2𝑚) log2(2𝑚) ,
which is consistent with the formulation
𝑠𝑚 = 𝜋(2𝑚)2

2𝑚𝑅(2𝑚)
under the Prime Number Theorem approximation
𝜋(2𝑚) ∼ 2𝑚

log(2𝑚) .

Interpretation. This representation expresses the normalization parameter 𝑠𝑚
in terms of the square of the prime sum relative to the cubic scaling of 𝑚 and the
Goldbach partition function. It provides a direct bridge between additive prime
structure (𝑆(2𝑚)), gap structure (𝑔mean), and Goldbach partitions (𝑅(2𝑚)).

Lower Bound on the Normalization Parameter

We begin with the inequality
𝑅(2𝑚) = 2𝑚

𝑠𝑚 log2(2𝑚)(1 + 𝜀𝑚)2 ≤ 𝑚
2 .

Rearranging to make 𝑠𝑚 the subject, we obtain
2𝑚

𝑠𝑚 log2(2𝑚)(1 + 𝜀𝑚)2 ≤ 𝑚
2 .

Multiplying both sides by 𝑠𝑚 log2(2𝑚) yields
2𝑚(1 + 𝜀𝑚)2 ≤ 𝑚

2 𝑠𝑚 log2(2𝑚).
Multiplying through by 2 gives

4𝑚(1 + 𝜀𝑚)2 ≤ 𝑚𝑠𝑚 log2(2𝑚).
Dividing by 𝑚 > 0, we obtain

4(1 + 𝜀𝑚)2 ≤ 𝑠𝑚 log2(2𝑚).
Hence, the normalization parameter satisfies the lower bound

𝑠𝑚 ≥ 4(1 + 𝜀𝑚)2

log2(2𝑚)
.

Asymptotic Refinement. From the Prime Number Theorem, we have
𝜀𝑚 → 0 as 𝑚 → ∞,
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and hence
(1 + 𝜀𝑚)2 → 1.
Therefore, asymptotically,

𝑠𝑚 ≳ 4
log2(2𝑚)

.

Interpretation. This bound shows that the normalization parameter 𝑠𝑚
is strictly positive, and provides a non-trivial lower estimate in terms of the
logarithmic scale.

However, since log2(2𝑚) → ∞, the bound alone is not sufficient to establish
uniform positivity. Instead, it provides a minimal growth constraint, ensuring that
𝑠𝑚 does not vanish identically.

Consistency with Goldbach Asymptotics. Under the heuristic estimate
𝑅(2𝑚) ∼ 2𝑚

log2(2𝑚) ,
we obtain
𝑠𝑚 ∼ (1 + 𝜀𝑚)2 ∼ 1.
Thus, the normalization parameter may be interpreted as a stability factor mea-
suring deviations from the expected Goldbach partition density.

A Square-Root Criterion for Goldbach Positivity

From the identity
𝜋(2𝑚)2 = 2𝑚𝑠𝑚 𝑅(2𝑚),
we obtain
𝜋(2𝑚)√

2𝑚 = √𝑠𝑚𝑅(2𝑚).
If
𝜋(2𝑚) ≥

√
2𝑚,

then
√𝑠𝑚𝑅(2𝑚) ≥ 1,
and hence
𝑠𝑚𝑅(2𝑚) ≥ 1.
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Thus, the existence of a Goldbach partition is implied by the inequality

𝜋(2𝑚) ≥
√

2𝑚.

Gap-Based Reformulation of the Square-Root Criterion

Using the asymptotic form of the prime counting function,
𝜋(2𝑚) ∼ 2𝑚

log(2𝑚) ,
we write

𝜋(2𝑚) = (
√

2𝑚)2
𝑔mean

,
where 𝑔mean ∼ log(2𝑚) represents the mean prime gap.

Dividing by
√

2𝑚 yields
𝜋(2𝑚)√

2𝑚 =
√

2𝑚
𝑔mean

.
Thus, if
√

2𝑚
𝑔mean

≥ 1,
then
𝜋(2𝑚)√

2𝑚 ≥ 1,
which implies
𝑠𝑚𝑅(2𝑚) ≥ 1.
Therefore, the existence of Goldbach partitions is reduced to the inequality

𝑔mean ≤
√

2𝑚.

Square-Root Lower Bound Criterion. Assume that

𝜋(2𝑚) ≥ 2𝑚√
2𝑚 =

√
2𝑚.

Then,
𝜋(2𝑚)√

2𝑚 ≥ 1,
which implies

√𝑠𝑚𝑅(2𝑚) ≥ 1,
and hence
𝑠𝑚𝑅(2𝑚) ≥ 1.
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Therefore,
𝑅(2𝑚) ≥ 1

𝑠𝑚
.

Quadratic Sum Criterion for Goldbach Positivity

From the relation
𝑆(2𝑚) ∼ 𝑚𝜋(2𝑚),
the inequality

𝜋(2𝑚) ≥
√

2𝑚
is equivalent to

𝑆(2𝑚) ≥ 𝑚
√

2𝑚.
Squaring both sides yields the condition
𝑆(2𝑚)2 ≥ 2𝑚3.
Thus, the existence of at least one Goldbach partition is implied by the quadratic
lower bound
𝑆(2𝑚)2 ≥ 2𝑚3.

Asymptotic Validation of the Quadratic Sum Criterion

Using the asymptotic formula

𝑆(𝑥) ∼ 𝑥2
2 log𝑥 ,

we obtain
𝑆(2𝑚) ∼ 2𝑚2

log(2𝑚) .
Squaring yields

𝑆(2𝑚)2 ∼ 4𝑚4

log2(2𝑚) .
Comparing with 2𝑚3, we find
𝑆(2𝑚)2

2𝑚3 ∼ 2𝑚
log2(2𝑚) → ∞.

Thus,
𝑆(2𝑚)2 ≥ 2𝑚3

holds for sufficiently large 𝑚, implying
𝑅(2𝑚) ≥ 1
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asymptotically.

Quadratic Sum‒Partition Structural Identity

Assume
𝑆(2𝑚) = 𝑘𝑚𝑚𝜋(2𝑚),
and
𝜋(2𝑚) =

√
2𝑚√𝑅(2𝑚)𝑠𝑚.

Then
𝑆(2𝑚) = 𝑘𝑚

√
2𝑚3/2√𝑅(2𝑚)𝑠𝑚.

Squaring yields
𝑆(2𝑚)2 = 2𝑘2𝑚𝑚3𝑅(2𝑚)𝑠𝑚.
Thus,
𝑆(2𝑚)2 ≥ 2𝑚3 ⟺ 𝑅(2𝑚)𝑠𝑚 ≥ 1

𝑘2𝑚
.

Since asymptotically 𝑘𝑚 ∼ 1, we obtain
𝑆(2𝑚)2 ∼ 2𝑚3𝑅(2𝑚)𝑠𝑚.

Upper Bound from the Square Inequality. From

𝜋(2𝑚) = √2𝑚𝑅(2𝑚)𝑠𝑚 ≥ 2𝑅(2𝑚),
squaring gives
𝜋(2𝑚)2 ≥ 4𝑅(2𝑚)2.
Substituting 𝜋(2𝑚)2 = 2𝑚𝑅(2𝑚)𝑠𝑚, we obtain

2𝑚𝑅(2𝑚)𝑠𝑚 ≥ 4𝑅(2𝑚)2.

Dividing by 𝑅(2𝑚) > 0 yields

2𝑚𝑠𝑚 ≥ 4𝑅(2𝑚),
and hence
𝑅(2𝑚) ≤ 𝑚𝑠𝑚2 .
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Lower Bound on 𝑠𝑚 from the Upper Bound on 𝑅(2𝑚). Using

𝑅(2𝑚) ≤ 𝑚𝑠𝑚2
in
𝜋(2𝑚) = √2𝑚𝑅(2𝑚)𝑠𝑚,
we obtain

𝜋(2𝑚) ≤ √2𝑚 ⋅ 𝑚𝑠𝑚2 ⋅ 𝑠𝑚 = √𝑚2𝑠2𝑚 = 𝑚𝑠𝑚.
Thus,

𝑠𝑚 ≥ 𝜋(2𝑚)
𝑚 .

Upper Bound via Substitution of 𝑠𝑚. Using

𝑠𝑚 ≥ 𝜋(2𝑚)
𝑚

in
𝜋(2𝑚) = √2𝑚𝑅(2𝑚)𝑠𝑚,
we obtain

𝜋(2𝑚) ≥ √2𝑚𝑅(2𝑚) ⋅ 𝜋(2𝑚)
𝑚 = √2𝑅(2𝑚)𝜋(2𝑚).

Squaring yields
𝜋(2𝑚)2 ≥ 2𝑅(2𝑚)𝜋(2𝑚),
and hence
𝑅(2𝑚) ≤ 𝜋(2𝑚)

2 .

Interaction Between Lower Bounds. From
𝑅(2𝑚) ≥ 1

𝑠𝑚

and
𝑠𝑚 ≥ 𝜋(2𝑚)

𝑚 ,
we obtain

1
𝑠𝑚

≤ 𝑚
𝜋(2𝑚) .

Thus,
𝑅(2𝑚) ≥ 1

𝑠𝑚
, with 1

𝑠𝑚
≤ 𝑚

𝜋(2𝑚) .
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Boundedness of 𝑠𝑚 and Positivity of Goldbach Partitions

Assume that
4
5 ≤ 𝑠𝑚 ≤ 50

17 .
Then from
𝑅(2𝑚) ≥ 1

𝑠𝑚
,

we obtain
𝑅(2𝑚) ≥ 17

50 > 0.
Thus, every even integer 2𝑚 > 2 admits at least one Goldbach partition.

Asymptotic Balance Between Prime Density and Goldbach Pairing

Define
𝑠𝑚 = 𝜋(2𝑚)2

2𝑚𝑅(2𝑚) .
Using the Prime Number Theorem,
𝜋(2𝑚)

2𝑚 ∼ 1
log(2𝑚) ,

and the heuristic estimate
𝑅(2𝑚) ∼ 2𝑚

log2(2𝑚) ,
we obtain
𝜋(2𝑚)
𝑅(2𝑚) ∼ log(2𝑚).
Thus,

𝑠𝑚 = (𝜋(2𝑚)
2𝑚 )( 𝜋(2𝑚)

𝑅(2𝑚)) ∼ 1.
Hence,
𝑠𝑚 = 1 + 𝜀𝑚, 𝜀𝑚 → 0.

Numerical Behavior of the Error Term

Let
𝑠𝑚 = 1 + 𝜀𝑚.
Empirical evaluation over the interval 2𝑚 ∈ [4,128] shows
𝜀𝑚 ∈ [−0.2, 33

17] .
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Moreover, numerical evidence indicates that
𝜀𝑚 → 0 as 𝑚 → ∞.
Thus,
𝑠𝑚 → 1,
with decreasing variation for large 𝑚.

Trigonometric Parametrization of s_m and Determination of alpha_m

Recall the structural definition
𝑠𝑚 = 𝜋2(2𝑚)

2𝑚𝑅(2𝑚) .
We introduce the parametrization

𝑠𝑚 = 4
5 + 50

17 sin
2 𝛼𝑚.

Using 0 ≤ sin2 𝛼𝑚 ≤ 1, this immediately yields the bounds
4
5 ≤ 𝑠𝑚 ≤ 4

5 + 50
17 = 318

85 .
Equating the two expressions for 𝑠𝑚, we obtain

𝜋2(2𝑚)
2𝑚𝑅(2𝑚) = 4

5 + 50
17 sin

2 𝛼𝑚.

Solving for sin2 𝛼𝑚 gives

sin2 𝛼𝑚 = 17
50 ( 𝜋2(2𝑚)

2𝑚𝑅(2𝑚) − 4
5) .

Hence,

𝛼𝑚 = arcsin(√17
50 ( 𝜋2(2𝑚)

2𝑚𝑅(2𝑚) − 4
5)) .

This shows that 𝛼𝑚 encodes the deviation of 𝑠𝑚 from its lower bound. In partic-
ular,
𝛼𝑚 = 0 ⇒ 𝑠𝑚 = 4

5 , 𝛼𝑚 = 𝜋
2 ⇒ 𝑠𝑚 = 318

85 .
Substituting back into the structural identity
𝜋2(2𝑚) = 2𝑚𝑅(2𝑚)𝑠𝑚,
we obtain the trigonometric representation

𝜋2(2𝑚) = 2𝑚𝑅(2𝑚)(4
5 + 50

17 sin
2 𝛼𝑚) ,

which exhibits explicitly the bounded oscillatory nature of 𝑠𝑚.
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Asymptotic Behaviour. Numerical evidence suggests that 𝛼𝑚 → 0 as 𝑚 →
∞, implying
𝑠𝑚 → 1.
Thus, the parametrization captures both the bounded variation and the asymp-
totic stabilization of 𝑠𝑚.

𝑅(2𝑚) = 𝜋2(2𝑚)
2𝑚( 4

5 + 50
17 sin2 𝛼𝑚) = 85𝜋2(2𝑚)

2𝑚(68+250 sin2 𝛼𝑚)

Finally, 𝑅(2𝑚) > 𝜋2(2𝑚)
2𝑚⋅ 318

85
= 85𝜋2(2𝑚)

636𝑚

Prime Gap Representation from the Multiplicative Con-
servation Law

We begin with the multiplicative conservation law
𝜋(2𝑚1)2
𝜋(2𝑚2)2 ⋅ 𝑚2𝑚1

⋅ 𝑅(2𝑚2)
𝑅(2𝑚1) ⋅ 𝑠𝑚2𝑠𝑚1

= 1.
Let 𝑚1 = 𝑝𝑛 and 𝑚2 = 𝑝𝑛+1, where 𝑝𝑛 and 𝑝𝑛+1 are consecutive primes, and
define the prime gap
𝑔𝑛 = 𝑝𝑛+1 − 𝑝𝑛.
Then 𝑚2 = 𝑝𝑛 + 𝑔𝑛, and substitution gives

𝜋(2𝑝𝑛)2
𝜋(2𝑝𝑛+1)2 ⋅ 𝑝𝑛+𝑔𝑛𝑝𝑛

⋅ 𝑅(2𝑝𝑛+1)
𝑅(2𝑝𝑛) ⋅ 𝑠𝑝𝑛+1𝑠𝑝𝑛

= 1.
Rearranging, we obtain
𝑝𝑛+𝑔𝑛𝑝𝑛

= 𝜋(2𝑝𝑛+1)2
𝜋(2𝑝𝑛)2 ⋅ 𝑅(2𝑝𝑛)

𝑅(2𝑝𝑛+1) ⋅ 𝑠𝑝𝑛𝑠𝑝𝑛+1
.

Thus,

1 + 𝑔𝑛𝑝𝑛
= 𝜋(2𝑝𝑛+1)2

𝜋(2𝑝𝑛)2 ⋅ 𝑅(2𝑝𝑛)
𝑅(2𝑝𝑛+1) ⋅ 𝑠𝑝𝑛𝑠𝑝𝑛+1

.
Solving for 𝑔𝑛, we obtain the representation

𝑔𝑛 = 𝑝𝑛 [𝜋(2𝑝𝑛+1)2
𝜋(2𝑝𝑛)2 ⋅ 𝑅(2𝑝𝑛)

𝑅(2𝑝𝑛+1) ⋅ 𝑠𝑝𝑛𝑠𝑝𝑛+1
− 1] .

Asymptotic Interpretation. Since 𝑠𝑚 → 1 as 𝑚 → ∞, we obtain the approx-
imation
𝑔𝑛 ≈ 𝑝𝑛 [𝜋(2𝑝𝑛+1)2

𝜋(2𝑝𝑛)2 ⋅ 𝑅(2𝑝𝑛)
𝑅(2𝑝𝑛+1) − 1] .
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This shows that prime gaps arise from deviations in the balance between the
prime counting function 𝜋(2𝑚) and the Goldbach partition function 𝑅(2𝑚), link-
ing additive and multiplicative structures in the integers.

Gap Representation for Prime Pairs in Goldbach Partitions

We extend the multiplicative conservation law to prime pairs (𝑝, 𝑞) satisfying
2𝑚 = 𝑝 + 𝑞, 𝑝 ≤ 𝑞.
Define the internal gap
𝑔𝑝𝑞 = 𝑞 − 𝑝.
From symmetry,
𝑝 = 𝑚 − 𝑔𝑝𝑞

2 , 𝑞 = 𝑚 + 𝑔𝑝𝑞
2 .

Conservation Law Formulation. Applying the multiplicative conservation law
to 𝑚1 = 𝑝 and 𝑚2 = 𝑞, we obtain
𝜋(2𝑝)2
𝜋(2𝑞)2 ⋅ 𝑞

𝑝 ⋅ 𝑅(2𝑞)
𝑅(2𝑝) ⋅ 𝑠𝑞

𝑠𝑝
= 1.

Rearranging,
𝑞
𝑝 = 𝜋(2𝑞)2

𝜋(2𝑝)2 ⋅ 𝑅(2𝑝)
𝑅(2𝑞) ⋅ 𝑠𝑝

𝑠𝑞
.

Thus,

1 + 𝑔𝑝𝑞
𝑝 = 𝜋(2𝑞)2

𝜋(2𝑝)2 ⋅ 𝑅(2𝑝)
𝑅(2𝑞) ⋅ 𝑠𝑝

𝑠𝑞
.

Solving for 𝑔𝑝𝑞, we obtain

𝑔𝑝𝑞 = 𝑝 [𝜋(2𝑞)2
𝜋(2𝑝)2 ⋅ 𝑅(2𝑝)

𝑅(2𝑞) ⋅ 𝑠𝑝
𝑠𝑞

− 1] .

Interpretation. This expression shows that the internal gap 𝑔𝑝𝑞 of a Goldbach
pair is governed by the relative scaling of the prime counting function 𝜋(2𝑚), the
Goldbach partition function 𝑅(2𝑚), and the structural parameter 𝑠𝑚 evaluated
at the endpoints 𝑝 and 𝑞.

Asymptotic Approximation. Since 𝑠𝑚 → 1 as 𝑚 → ∞, we obtain

𝑔𝑝𝑞 ≈ 𝑝 [𝜋(2𝑞)2
𝜋(2𝑝)2 ⋅ 𝑅(2𝑝)

𝑅(2𝑞) − 1] .
This establishes a direct connection between the internal gaps of Goldbach parti-
tions and the global distribution of primes.
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Quadratic Relation for Goldbach Pair Products

Recall the two representations of the internal gap 𝑔𝑝𝑞 for a Goldbach partition
2𝑚 = 𝑝 + 𝑞.

Analytic Representation. 𝑔𝑝𝑞 = 𝑝 [𝜋(2𝑞)2
𝜋(2𝑝)2 ⋅ 𝑅(2𝑝)

𝑅(2𝑞) ⋅ 𝑠𝑝
𝑠𝑞

− 1] .

Geometric Representation. 𝑔𝑝𝑞 = 2√𝑚2 − 𝑝𝑞.

Equating the Two Forms. Equating the two expressions gives

2√𝑚2 − 𝑝𝑞 = 𝑝 [𝜋(2𝑞)2
𝜋(2𝑝)2 ⋅ 𝑅(2𝑝)

𝑅(2𝑞) ⋅ 𝑠𝑝
𝑠𝑞

− 1] .
Let
𝐴𝑝𝑞 = 𝜋(2𝑞)2

𝜋(2𝑝)2 ⋅ 𝑅(2𝑝)
𝑅(2𝑞) ⋅ 𝑠𝑝

𝑠𝑞
.

Then
2√𝑚2 − 𝑝𝑞 = 𝑝(𝐴𝑝𝑞 − 1).

Squaring. 4(𝑚2 − 𝑝𝑞) = 𝑝2(𝐴𝑝𝑞 − 1)2.

Quadratic Form. Rearranging,
4𝑚2 − 4𝑝𝑞 = 𝑝2(𝐴𝑝𝑞 − 1)2.
Thus,

𝑝𝑞 = 𝑚2 − 𝑝2
4 (𝐴𝑝𝑞 − 1)2.

Expanded Form. 𝑝𝑞 = 𝑚2 − 𝑝2
4 [𝜋(2𝑞)2

𝜋(2𝑝)2 ⋅ 𝑅(2𝑝)
𝑅(2𝑞) ⋅ 𝑠𝑝

𝑠𝑞
− 1]

2
.

Interpretation. This quadratic relation expresses the product 𝑝𝑞 of Goldbach
primes in terms of global arithmetic functions. It shows that deviations from the
symmetric maximum 𝑝𝑞 = 𝑚2 are governed by the square of the normalized gap
factor, linking additive structure to multiplicative behavior.
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Solution of the Quadratic for 𝑝

We begin with
4𝑚2 − 4𝑝𝑞 = 𝑝2(𝐴𝑝𝑞 − 1)2.
Since 2𝑚 = 𝑝 + 𝑞, we substitute
𝑞 = 2𝑚 − 𝑝.

Step 1: Substitution. 4𝑚2 − 4𝑝(2𝑚 − 𝑝) = 𝑝2(𝐴𝑝𝑞 − 1)2.

Step 2: Expansion. 4𝑚2 − (8𝑚𝑝 − 4𝑝2) = 𝑝2(𝐴𝑝𝑞 − 1)2.
4𝑚2 − 8𝑚𝑝 + 4𝑝2 = 𝑝2(𝐴𝑝𝑞 − 1)2.

Step 3: Rearrangement. 4𝑝2 − 8𝑚𝑝 + 4𝑚2 = 𝑝2(𝐴𝑝𝑞 − 1)2.
Bring all terms to one side:
4𝑝2 − 𝑝2(𝐴𝑝𝑞 − 1)2 − 8𝑚𝑝 + 4𝑚2 = 0.

Step 4: Factorization. 𝑝2 [4 − (𝐴𝑝𝑞 − 1)2] − 8𝑚𝑝 + 4𝑚2 = 0.

Step 5: Quadratic Form. [4 − (𝐴𝑝𝑞 − 1)2] 𝑝2 − 8𝑚𝑝 + 4𝑚2 = 0.

Step 6: Apply Quadratic Formula. 𝑝 = 8𝑚±√(8𝑚)2−4[4−(𝐴𝑝𝑞−1)2](4𝑚2)
2[4−(𝐴𝑝𝑞−1)2] .

Step 7: Simplify Discriminant. (8𝑚)2 = 64𝑚2,
4 [4 − (𝐴𝑝𝑞 − 1)2] (4𝑚2) = 16𝑚2 [4 − (𝐴𝑝𝑞 − 1)2] .
Thus,
Δ = 64𝑚2 − 16𝑚2 [4 − (𝐴𝑝𝑞 − 1)2] .
Δ = 16𝑚2(𝐴𝑝𝑞 − 1)2.
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Step 8: Substitute Back. 𝑝 = 8𝑚±√16𝑚2(𝐴𝑝𝑞−1)2

2[4−(𝐴𝑝𝑞−1)2] .

𝑝 = 8𝑚±4𝑚|𝐴𝑝𝑞−1|
2[4−(𝐴𝑝𝑞−1)2] .

Step 9: Final Simplified Form. 𝑝 = 4𝑚(2±|𝐴𝑝𝑞−1|)
4−(𝐴𝑝𝑞−1)2 .

Positivity of 𝑅(2𝑚) and Consistency Condition

The fundamental identity

2𝑚 = 𝜋2(2𝑚)
𝑅(2𝑚)𝑠𝑚

can be rewritten as
𝑅(2𝑚) = 𝜋2(2𝑚)

2𝑚𝑠𝑚
.

Since 𝜋(2𝑚) > 0, 2𝑚 > 0, and 𝑠𝑚 > 0, it follows that
𝑅(2𝑚) > 0.
Thus, every even integer 2𝑚 > 2 admits at least one Goldbach partition.

Remark. The identity is well-defined only when 𝑅(2𝑚) ≠ 0. Hence, it is logi-
cally equivalent to the statement that Goldbach partitions exist for all even inte-
gers greater than 2.

Equivalent Formulation. From

𝑠𝑚 = 𝜋2(2𝑚)
2𝑚𝑅(2𝑚) ,

we obtain
𝑅(2𝑚) > 0 ⟺ 𝑠𝑚 < ∞.
This shows that the existence of Goldbach partitions is equivalent to the finiteness
of the structural parameter 𝑠𝑚.

Domain of Validity of the Fundamental Identity

The identity

2𝑚 = 𝜋2(2𝑚)
𝑅(2𝑚)𝑠𝑚
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is not defined when 𝑅(2𝑚) = 0.
For 2𝑚 = 2, we have
2 = 1 + 1,
but since 1 is not prime, it follows that
𝑅(2) = 0.
Thus, the identity fails for 𝑚 = 1.

Valid Domain. The identity is therefore valid only for
𝑚 > 1 (2𝑚 > 2).

Remark. For all 2𝑚 > 2, the identity is well-defined if and only if 𝑅(2𝑚) > 0,
which is equivalent to the existence of Goldbach partitions.

Empirical Bounds on the Prime Counting Function and Consequences for
𝑠𝑚

Empirical testing suggests that
2√
5√2𝑚𝑅(2𝑚) ≤ 𝜋(2𝑚) ≤ √50

17√2𝑚𝑅(2𝑚).
Squaring, we obtain
4
5 2𝑚𝑅(2𝑚) ≤ 𝜋2(2𝑚) ≤ 50

17 2𝑚𝑅(2𝑚).
Dividing by 2𝑚𝑅(2𝑚) yields
4
5 ≤ 𝜋2(2𝑚)

2𝑚𝑅(2𝑚) ≤ 50
17 .

Thus,
4
5 ≤ 𝑠𝑚 ≤ 50

17 .

Consequence. Since 𝑠𝑚 is bounded and strictly positive, it follows that

𝑅(2𝑚) = 𝜋2(2𝑚)
2𝑚𝑠𝑚

> 0,
provided the bounds hold. This implies the existence of Goldbach partitions under
the validity of the inequality.
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Example: 2𝑚 = 10. We have
10 = 3 + 7 = 5 + 5, 𝑅(10) = 2.
Thus,
2𝑚𝑅(2𝑚) = 10 ⋅ 2 = 20.
The sum of primes in the partitions is
3 + 7 + 5 + 5 = 20,
confirming that 2𝑚𝑅(2𝑚) represents the total contribution of Goldbach primes.
Further,
𝜋(10) = 4, 𝜋2(10) = 16,
so
𝑠𝑚 = 𝜋2(10)

2𝑚𝑅(2𝑚) = 16
20 = 4

5 .

Contrast Between Square Structure and Goldbach Pairing. We note that
42 = 1 + 3 + 5 + 7 = 16,
which follows from the identity for the sum of the first odd integers.
However, for 2𝑚 = 10, the Goldbach partitions yield
3 + 7 + 5 + 5 = 20 = 2𝑚𝑅(2𝑚).
Thus, while 𝑛2 arises from a linear additive structure, 2𝑚𝑅(2𝑚) reflects a com-
binatorial pairing of primes. The excess over 𝑛2 arises from the multiplicity of
primes participating in multiple Goldbach partitions.

Preliminaries: Convergence of 𝑠𝑚

Consider the case 2𝑚 = 100. Then
𝜋(100) = 25, 𝜋2(100) = 625.
We note that
625 = 1 + 3 + 5 + ⋯ + 49,
which follows from the identity for the sum of the first odd integers.
The Goldbach partitions of 100 include
(3, 97), (11, 89), (17, 83),… , (47, 53).
Summing all primes in the partitions (with multiplicity) gives
2𝑚𝑅(2𝑚) = 600.
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Thus,

𝑠𝑚 = 𝜋2(2𝑚)
2𝑚𝑅(2𝑚) = 625

600 = 25
24 .

Observation. We observe that 𝑠𝑚 is close to 1. Combined with smaller cases,
this suggests
lim𝑚→∞ 𝑠𝑚 = 1.

Interpretation. This indicates that the total number of potential prime pairings
𝜋2(2𝑚) becomes asymptotically equal to the total contribution of Goldbach par-
titions 2𝑚𝑅(2𝑚), reflecting increasing pairing efficiency among primes.

Structural Decomposition of 𝑅(2𝑚). Let 𝑛 = 𝜋(2𝑚) and define

𝑘 = 2𝑚
𝜋(2𝑚) .

Then 2𝑚 = 𝑛𝑘, and from
𝜋2(2𝑚) = 2𝑚𝑅(2𝑚)𝑠𝑚,
we obtain
𝑛2 = 𝑛𝑘 ⋅ 𝑅(2𝑚)𝑠𝑚.
Dividing by 𝑛 gives
𝑛 = 𝑘𝑅(2𝑚)𝑠𝑚,
so that
𝑅(2𝑚) = 𝑛

𝑘𝑠𝑚
.

Interpretation. The number of Goldbach partitions is determined by the ratio of
the number of primes to their average spacing, corrected by the pairing efficiency
factor 𝑠𝑚.

Fundamental Decomposition. Let 𝑛 = 𝜋(2𝑚) and 𝑘 = 2𝑚
𝜋(2𝑚) . Then

𝑛 = 𝑘𝑅(2𝑚)𝑠𝑚,
so that
𝜋(2𝑚) = 𝑘𝑅(2𝑚)𝑠𝑚.
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Interpretation. The number of primes up to 2𝑚 decomposes into the product
of the average spacing 𝑘, the number of Goldbach partitions𝑅(2𝑚), and a pairing
efficiency factor 𝑠𝑚.

Connection with the Hardy–Littlewood Conjecture

The Hardy–Littlewood conjecture predicts
𝑅(2𝑚) ∼ 2𝐶2 2𝑚

log2(2𝑚) ,
where 𝐶2 is the twin prime constant.
Substituting into

𝑅(2𝑚) = 𝜋2(2𝑚)
2𝑚𝑠𝑚

,
we obtain

𝑠𝑚 = 𝜋2(2𝑚) log2(2𝑚)
2𝐶2 (2𝑚)2 .

Using the prime number theorem
𝜋(2𝑚) ∼ 2𝑚

log(2𝑚) ,
it follows that
𝑠𝑚 ∼ 1

2𝐶2
.

Remark. Numerical evidence suggests that 𝑠𝑚 → 1, indicating that the exact
Goldbach partition count differs from the Hardy–Littlewood asymptotic normaliza-
tion by a constant factor absorbed into 𝑠𝑚.

Lower Bound on 𝑠𝑚. Numerical evidence shows that

𝑠𝑚 ≥ 4
5 ,

with equality attained at 2𝑚 = 10.

Remark. The Hardy–Littlewood asymptotic prediction yields
𝑠𝑚 ∼ 1

2𝐶2
≈ 0.76,

which lies slightly below the observed minimum value 4
5 .
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Interpretation. This suggests that the Hardy–Littlewoodmodel underestimates
the true efficiency of Goldbach pairings, and that
inf𝑠𝑚 = 4

5 .

Asymptotic Nature of the Hardy–Littlewood Constant. The Hardy–
Littlewood conjecture yields
𝑠𝑚 ∼ 1

2𝐶2
,

which is an asymptotic result derived under probabilistic assumptions on prime
distribution.

Remark. The parameter 𝑠𝑚 defined by

𝑠𝑚 = 𝜋2(2𝑚)
2𝑚𝑅(2𝑚)

is exact for finite 𝑚 and reflects the true combinatorial structure of Goldbach
partitions.
Numerical evidence suggests
𝑠𝑚 → 1,
indicating that the Hardy–Littlewood constant captures an asymptotic approxima-
tion rather than the exact pairing efficiency.

Refined Connection with the Hardy–Littlewood Conjecture

The Hardy–Littlewood conjecture gives
𝑅(2𝑚) ∼ 2𝐶2 2𝑚

log2(2𝑚) 𝔖(2𝑚)
where 𝔖(2𝑚) is the singular series

𝔖(2𝑚) = ∏𝑝∣2𝑚
𝑝>2

𝑝−1
𝑝−2

Substituting into

𝑅(2𝑚) = 𝜋2(2𝑚)
2𝑚𝑠𝑚

we obtain

𝑠𝑚 = 𝜋2(2𝑚) log2(2𝑚)
2𝐶2 (2𝑚)2 𝔖(2𝑚)

Using the prime number theorem
𝜋(2𝑚) ∼ 2𝑚

log(2𝑚)
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it follows that
𝑠𝑚 ∼ 1

2𝐶2 𝔖(2𝑚)

Interpretation. The parameter 𝑠𝑚 incorporates both the global constant 2𝐶2
and the local arithmetic fluctuations given by the singular series 𝔖(2𝑚).

Asymptotic Finiteness of 𝑠𝑚. From the Hardy–Littlewood conjecture,
𝑠𝑚 ∼ 1

2𝐶2 𝔖(2𝑚) .
Since both 𝐶2 and 𝔖(2𝑚) are finite, it follows that
𝑠𝑚 is asymptotically finite as 𝑚 → ∞.

Conclusion. Thus, 𝑠𝑚 is finite for all 𝑚 > 1 for which Goldbach partitions exist.

Deviation from the Square Law

We write
2𝑚𝑅(2𝑚) = 1 + 3 + ⋯ + (2𝑛 − 1) + 𝑟𝑛 = 𝑛2 + 𝑟𝑛,
where 𝑛 = 𝜋(2𝑚) and 𝑟𝑛 ∈ ℤ.
Since
𝜋2(2𝑚) = 𝑛2,
substitution into
𝜋2(2𝑚) = 2𝑚𝑅(2𝑚)𝑠𝑚
gives
𝑛2 = (𝑛2 + 𝑟𝑛)𝑠𝑚,
so that

𝑠𝑚 = 𝑛2
𝑛2+𝑟𝑛

= (1 + 𝑟𝑛
𝑛2 )−1 .

Interpretation. The parameter 𝑠𝑚 measures the deviation of 2𝑚𝑅(2𝑚) from
the square 𝑛2.
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Consequence. If 𝑟𝑛
𝑛2 → 0, then 𝑠𝑚 → 1.

Moreover,

𝑅(2𝑚) = 𝑛2+𝑟𝑛2𝑚 ,
so that the Goldbach conjecture holds whenever
𝑟𝑛 > −𝑛2.

Goldbach Condition via 𝑟𝑛. From

𝑅(2𝑚) = 𝑛2+𝑟𝑛2𝑚 ,
the existence of a Goldbach partition requires
𝑅(2𝑚) ≥ 1,
which implies
𝑛2 + 𝑟𝑛 ≥ 2𝑚.
Equivalently,
𝑟𝑛 ≥ 2𝑚 − 𝑛2.

Interpretation. The deviation 𝑟𝑛 may be negative, but it must not fall below
the threshold 2𝑚 − 𝑛2.

Goldbach Condition via 𝑟𝑛. From

𝑅(2𝑚) = 𝑛2+𝑟𝑛2𝑚 ,
the existence of a Goldbach partition requires
𝑅(2𝑚) ≥ 1,
which implies
𝑛2 + 𝑟𝑛 ≥ 2𝑚.
Equivalently,
𝑟𝑛 ≥ 2𝑚 − 𝑛2.

Interpretation. The deviation 𝑟𝑛 may be negative, but it must not fall below
the threshold 2𝑚 − 𝑛2.
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Asymptotic Behavior of 𝑟𝑛. From

𝑠𝑚 = (1 + 𝑟𝑛
𝑛2 )−1 ,

if 𝑠𝑚 → 1, then
𝑟𝑛
𝑛2 → 0,
so that
𝑟𝑛 = 𝑜(𝑛2).

Interpretation. The deviation 𝑟𝑛 is negligible compared to 𝑛2, implying that
𝑛2 + 𝑟𝑛 ∼ 𝑛2.

Finiteness of 𝑠𝑚. From

𝑠𝑚 = (1 + 𝑟𝑛
𝑛2 )−1 ,

if
𝑟𝑛
𝑛2 → 0,
then for sufficiently large 𝑛,
1 + 𝑟𝑛

𝑛2 ≠ 0,
so that 𝑠𝑚 is finite.
Moreover,
𝑠𝑚 → 1.

Refined Expression for 𝑅(2𝑚). From

𝑠𝑚 = (1 + 𝑟𝑛
𝑛2 )−1 ,

we obtain
𝑅(2𝑚) = 𝑛2

2𝑚𝑠𝑚
= 𝑛2

2𝑚 (1 + 𝑟𝑛
𝑛2 ) .

Thus,
𝑅(2𝑚) = 𝑛2

2𝑚 + 𝑟𝑛2𝑚 .

Asymptotic Behavior. If 𝑟𝑛 = 𝑜(𝑛2), then
𝑅(2𝑚) ∼ 𝑛2

2𝑚 .
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Empirical Bounds on the Deviation Term. Empirical observations suggest
that
17
50 ≤ 1 + 𝑟𝑛

𝑛2 < 5
4 ,

so that
−33

50 ≤ 𝑟𝑛
𝑛2 < 1

4 .
Equivalently,
−33

50𝑛2 ≤ 𝑟𝑛 < 1
4𝑛2.

Consequence. From

𝑅(2𝑚) = 𝑛2+𝑟𝑛2𝑚 ,
it follows that
𝑅(2𝑚) ≥ 17

50 ⋅ 𝑛2
2𝑚 .

Localization of Volatility. From
1

𝑠𝑚
= 1 + 𝑟𝑛

𝑛2 ,
the variation of 𝑠𝑚 is governed by the ratio 𝑟𝑛

𝑛2 .
Empirical evidence shows that significant fluctuations occur only for small values
of 𝑚, specifically in the interval
2𝑚 ∈ [4,128].
For large 𝑚, we have
𝑟𝑛
𝑛2 → 0,
so that
𝑠𝑚 → 1.

Conclusion. The volatility of 𝑠𝑚 is localized to a finite initial interval, beyond
which the system becomes asymptotically stable.

Extremal Behavior at 2𝑚 = 10. In the interval 2𝑚 ∈ [4,12], we observe that
𝑅(2𝑚) = 1 except at 2𝑚 = 10, where 𝑅(10) = 2.
For 2𝑚 = 10, we have
𝑛 = 𝜋(10) = 4, 𝑛2 = 16,
and
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2𝑚𝑅(2𝑚) = 20.
Thus,

1
𝑠𝑚

= 20
16 = 5

4 , 𝑠𝑚 = 4
5 .

Conclusion. This represents the maximal deviation, arising from a discrete in-
crease in 𝑅(2𝑚) at small 𝑚.

Depression of 1
𝑠𝑚

at 2𝑚 = 68. In the interval 2𝑚 ∈ [22,68], most even num-
bers satisfy 𝑅(2𝑚) ≥ 3. However, at 2𝑚 = 68, we have 𝑅(68) = 2.
Since
𝑛 = 𝜋(68) = 19, 𝑛2 = 361,
we obtain
2𝑚𝑅(2𝑚) = 68 ⋅ 2 = 136.
Thus,

1
𝑠𝑚

= 136
361 ≈ 0.377.

Interpretation. The reduction in 𝑅(2𝑚) relative to neighboring values causes
a significant depression in 1

𝑠𝑚
, illustrating the sensitivity of the system to local

fluctuations in the number of Goldbach partitions.

Depression of 1
𝑠𝑚

at 2𝑚 = 128. In the interval 2𝑚 ∈ [100,200], it is typical
that 𝑅(2𝑚) ≥ 6. However, at 2𝑚 = 128, we observe 𝑅(128) = 3.
Since
𝑛 = 𝜋(128) = 31, 𝑛2 = 961,
we obtain
2𝑚𝑅(2𝑚) = 128 ⋅ 3 = 384.
Thus,

1
𝑠𝑚

= 384
961 ≈ 0.399.

Interpretation. The reduction in 𝑅(2𝑚) relative to its typical value produces
a significant depression in 1

𝑠𝑚
, confirming that local fluctuations in the number of

Goldbach partitions govern the deviation from the asymptotic behavior.
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Global Bounds on 𝑠𝑚 and the Deviation Ratio

From

𝑠𝑚 = (1 + 𝑟𝑛
𝑛2 )−1 ,

we obtain
1

𝑠𝑚
= 1 + 𝑟𝑛

𝑛2 .

Asymptotic Control. Since
1

𝑠𝑚
∼ 1,

it follows that
𝑟𝑛
𝑛2 → 0.
Hence,
𝑟𝑛 = 𝑜(𝑛2),
so that the deviation 𝑟𝑛 is negligible compared to 𝑛2.

Global Bounds. From 𝑟𝑛
𝑛2 → 0, there exists 𝑁 such that for all 𝑛 > 𝑁 ,

|𝑟𝑛
𝑛2 | < 1.
Thus,
−1 < 𝑟𝑛

𝑛2 < 1,
which implies
0 < 1 + 𝑟𝑛

𝑛2 < 2.
Therefore,
0 < 1

𝑠𝑚
< 2,

and hence
1
2 < 𝑠𝑚 < ∞.

Goldbach Condition. From
𝑅(2𝑚) = 𝑛2+𝑟𝑛2𝑚 ,
the existence of a Goldbach partition requires
𝑛2 + 𝑟𝑛 > 0,
which is equivalent to
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1 + 𝑟𝑛
𝑛2 > 0.

Thus,
1

𝑠𝑚
> 0 ⟺ 𝑠𝑚 < ∞.

Refined Empirical Bounds. Empirical data further shows that
17
50 ≤ 1 + 𝑟𝑛

𝑛2 < 5
4 ,

so that
4
5 ≤ 𝑠𝑚 ≤ 50

17 .

Conclusion. The parameter 𝑠𝑚 satisfies the global bound
1
2 < 𝑠𝑚 < ∞,
while asymptotically
𝑠𝑚 → 1.
In particular, the deviation term satisfies
𝑟𝑛
𝑛2 → 0,
so that the system becomes asymptotically stable and remains bounded away
from the singular regime 𝑛2 + 𝑟𝑛 = 0.

Connection with the Hardy–Littlewood Conjecture

From
𝑅(2𝑚) = 𝜋2(2𝑚)

2𝑚𝑠𝑚
,

and the bound
0 < 1

𝑠𝑚
< 2,

we obtain
𝑅(2𝑚) < 2 ⋅ 𝜋2(2𝑚)

2𝑚 = 𝜋2(2𝑚)
𝑚 .

Using the prime number theorem,
𝜋(2𝑚) ∼ 2𝑚

log(2𝑚) ,
this gives
𝑅(2𝑚) < 4𝑚

log2(2𝑚) .
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Comparison with Hardy–Littlewood. The Hardy–Littlewood conjecture pre-
dicts
𝑅(2𝑚) ∼ 2𝐶2 2𝑚

log2(2𝑚)𝔖(2𝑚),
where 𝔖(2𝑚) is the singular series.
Thus, the upper bound obtained from the 𝑠𝑚-framework matches the correct
asymptotic order, differing only by the multiplicative factor
𝐶2𝔖(2𝑚).

Interpretation. The parameter 𝑠𝑚 encodes the global correction factor govern-
ing the density of Goldbach partitions, incorporating both the constant 𝐶2 and the
local fluctuations given by 𝔖(2𝑚).

Empirical Lower Bound and Asymptotic Behavior of 𝑟𝑛
𝑛2

Empirical computations for even integers in the interval
2𝑚 ∈ [4, 4 × 1018]
show that
𝑟𝑛
𝑛2 > −1.

Consequence. From

𝑅(2𝑚) = 𝑛2+𝑟𝑛2𝑚 ,
this implies
𝑛2 + 𝑟𝑛 > 0,
and hence
𝑅(2𝑚) > 0
throughout the tested range.

Asymptotic Behavior. From the relation
1

𝑠𝑚
= 1 + 𝑟𝑛

𝑛2 ,
and the observed convergence

1
𝑠𝑚

∼ 1,
it follows that
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𝑟𝑛
𝑛2 → 0 as 𝑛 → ∞.

Interpretation. The deviation term satisfies
−1 < 𝑟𝑛

𝑛2 ≪ 1,
so that it remains bounded away from the critical threshold −1 and becomes
negligible for large 𝑛.

Conclusion. The empirical lower bound combined with asymptotic decay shows
that the system remains in the stable regime
1 + 𝑟𝑛

𝑛2 > 0,
preventing collapse of𝑅(2𝑚) and ensuring the persistence of Goldbach partitions
across the tested domain and asymptotically.

Empirical Stability Bounds

Empirical results indicate that
0 < 1 + 𝑟𝑛

𝑛2 ≤ 5
4 ,

so that
𝑟𝑛
𝑛2 ≤ 1

4 .

Consequences. From
1

𝑠𝑚
= 1 + 𝑟𝑛

𝑛2 ,
it follows that
0 < 1

𝑠𝑚
≤ 5

4 ,
and hence
4
5 ≤ 𝑠𝑚 < ∞.

Implication for Goldbach. Since

𝑅(2𝑚) = 𝑛2+𝑟𝑛2𝑚 ,
the condition
1 + 𝑟𝑛

𝑛2 > 0
implies
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𝑅(2𝑚) > 0.

Conclusion. The empirical bounds show that the system remains strictly within
the stable regime, bounded away from the critical threshold
1 + 𝑟𝑛

𝑛2 = 0,
and therefore avoids collapse.

Empirical Bounds on the Deviation Ratio

Empirical observations indicate that
17
50 ≤ 1 + 𝑟𝑛

𝑛2 ≤ 5
4 .

Equivalent Form. Subtracting 1 throughout, we obtain
−33

50 ≤ 𝑟𝑛
𝑛2 ≤ 1

4 .

Consequences. From
1

𝑠𝑚
= 1 + 𝑟𝑛

𝑛2 ,
it follows that
17
50 ≤ 1

𝑠𝑚
≤ 5

4 ,
and hence
4
5 ≤ 𝑠𝑚 ≤ 50

17 .

Implication for 𝑅(2𝑚). Since

𝑅(2𝑚) = 𝑛2+𝑟𝑛2𝑚 ,
we have
𝑅(2𝑚) = 𝑛2

2𝑚 (1 + 𝑟𝑛
𝑛2 ) .

Thus,
17
50 ⋅ 𝑛2

2𝑚 ≤ 𝑅(2𝑚) ≤ 5
4 ⋅ 𝑛2

2𝑚 .
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Conclusion. The deviation ratio 𝑟𝑛
𝑛2 is tightly bounded, ensuring that

1 + 𝑟𝑛
𝑛2 > 0,

so that 𝑅(2𝑚) > 0 throughout the observed range. Moreover, the parameter 𝑠𝑚
remains confined within the interval
4
5 ≤ 𝑠𝑚 ≤ 50

17 ,
indicating strong stability of the system.

Unified Stability Bound

We have the asymptotic relation
𝑟𝑛
𝑛2 → 0,
so that
1 + 𝑟𝑛

𝑛2 → 1,
and hence
1 + 𝑟𝑛

𝑛2 > 0 for sufficiently large 𝑛.
Equivalently,
𝑟𝑛
𝑛2 > −1 for sufficiently large 𝑛.

Empirical Lower Bound. Empirically, we observe the stronger bound
1 + 𝑟𝑛

𝑛2 ≥ 17
50 ,

so that
𝑟𝑛
𝑛2 ≥ −33

50 .
Thus, the asymptotic and empirical lower bounds are consistent and in agree-
ment.

Empirical Upper Bound. Empirical observations also indicate that
1 + 𝑟𝑛

𝑛2 ≤ 5
4 ,

so that
𝑟𝑛
𝑛2 ≤ 1

4 .
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Asymptotic Upper Control. Asymptotically, from the bound |𝑟𝑛| < 𝑛2 for suf-
ficiently large 𝑛, we have
1 + 𝑟𝑛

𝑛2 < 2,
so that
𝑟𝑛
𝑛2 < 1.

Conclusion. The deviation ratio satisfies
1 + 𝑟𝑛

𝑛2 > 0 asymptotically,
and is in fact bounded away from zero across the tested range.
Moreover, the empirical and asymptotic bounds
−33

50 ≤ 𝑟𝑛
𝑛2 ≤ 1

4
are consistent and relatively close, indicating that the deviation ratio remains
uniformly controlled and does not approach the critical threshold
1 + 𝑟𝑛

𝑛2 = 0.
Thus, the system operates entirely within a stable regime and avoids collapse.

Summary of Stability Results

We have

𝜋(2𝑚) = √2𝑚𝑅(2𝑚)(1 + 𝑟𝑛
𝑛2 )−1.

Asymptotic Bounds. −1 < 𝑟𝑛
𝑛2 < 1,

so that
1 + 𝑟𝑛

𝑛2 > 0 for sufficiently large 𝑛.

Empirical Bounds. −33
50 ≤ 𝑟𝑛

𝑛2 ≤ 1
4 .

Conclusion. The asymptotic and empirical bounds are consistent and in agree-
ment, showing that the deviation ratio remains bounded and separated from the
critical threshold
1 + 𝑟𝑛

𝑛2 = 0.
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These results strongly support the Goldbach conjecture and reduce it to the con-
dition that
𝑟𝑛
𝑛2 > −1 for all 𝑛.

Critical Collapse Condition

From
𝑟𝑛 = 2𝑚𝑅(2𝑚) − 𝑛2,
we obtain
1 + 𝑟𝑛

𝑛2 = 2𝑚𝑅(2𝑚)
𝑛2 .

Thus,

𝑠𝑚 = (1 + 𝑟𝑛
𝑛2 )−1 = 𝑛2

2𝑚𝑅(2𝑚) .

Collapse Condition. If
𝑟𝑛 = −𝑛2,
then
2𝑚𝑅(2𝑚) = 0,
so that
𝑅(2𝑚) = 0.
Substituting into
𝑛2 = (𝑛2 + 𝑟𝑛)𝑠𝑚,
we obtain
𝑛2 = 0,
which is a contradiction for 𝑛 = 𝜋(2𝑚) ≥ 1.

Conclusion. The condition 𝑟𝑛 = −𝑛2 is incompatible with 𝜋(2𝑚) > 0, and
therefore cannot occur for 𝑚 ≥ 2. Thus, the system cannot reach the collapse
threshold
1 + 𝑟𝑛

𝑛2 = 0.
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Conclusion

A computational framework has been established for testing bounds on Goldbach
partitions using empirical datasets. The results validate the inequality
17
50 ⋅ 𝜋(2𝑚)2

2𝑚 ≤ 𝑅(2𝑚) ≤ 5
4 ⋅ 𝜋(2𝑚)2

2𝑚 ,
which defines a fixed multiplicative envelope for the Goldbach partition function.
This structure leads naturally to a normalized representation of the form

𝑅(2𝑚) = 𝜋(2𝑚)2
2𝑚𝑠𝑚

,
where the parameter 𝑠𝑚 acts as a scaling correction between the quadratic prime-
density term and the observed partition count.
Across computed datasets, the sequence {𝑠𝑚} is observed to remain bounded
and numerically stable, with values clustering near
𝑠∗ ≈ 1.139.
This suggests the emergence of an intrinsic normalization constant governing the
asymptotic scaling behavior of Goldbach partitions.
Equivalently, the framework establishes the bidirectional reconstruction identity

𝜋(2𝑚) = √2𝑚𝑅(2𝑚)𝑠𝑚,
showing that the prime-counting function, Goldbach partition function, and nor-
malization parameter are structurally coupled and not independent.
Consequently, the Goldbach partition function is modeled as a renormalized
quadratic prime-density law, where deviations from pure density growth are
absorbed into the bounded parameter 𝑠𝑚. This provides a consistent mechanism
for estimating partition counts and reveals an underlying structural regularity
in the relationship between additive prime partitions and multiplicative prime
density.
The framework therefore not only validates the proposed bounds but also intro-
duces a coherent normalization structure that may serve as a basis for further
theoretical investigation into the asymptotic behavior of Goldbach partitions.
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