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1. INTRODUCTION
This paper concerned the oscillation of solutions of the neutral dynamic equation of the form

[x(2) = p®x(@(E)]*" + a6 (x(B(®)) — hOH (x(y(1)) = F(£), for t € [tg, )7

where n(> 1) is a positive integer, T is a timescale, ¢ € Cr4([ty, ), (0,0)), p,h, f € Crq([ty, ), R), G,H € C(R,R), xG(x) >
0 for x # 0, H is a bounded function and a, 8,y € C,.4(T,T) are increasing functions such that a(t) < t,B(t) < t,y(t) <t with
fim a0 = Jim p(©) = im0 = =

I()I

The function G in (NH) is said to have linear growth (or to be linear) at infinity, if lim is a positive constant, G is super-
P d

linear if lim 1£& = = o0, and G is sublinear if lim —— 601 _

X—00 X X—00 X

In [3] and [4], Parhi and Tripathy have discussed the oscillatory and asymptotic properties of solutions of fourth order differential
equation of the form

@O +p©yE—a))" +q®)6(y(t —0)) =0, t €[0,00)
where 7,q € C([O ©),(0,0)), G € C(R,R) , p€ C((0,o),R) and a,o are positive real constants; are studied under the

assumptlonf dt =00 or Ooo%dt < oo,

In [5] and [6], Panlgrahl, Graef and Ramireddy have discussed the oscillatory and asymptotic properties of solutions of fourth order
dynamic equation of the form

r@OO® +p©y(@@®))*)* + a6 (x(8©®)) - rO)H (x(¥(©)) = 0

and
r®O®) +p@®)y(a®)*H + ()6 (x(ﬂ(t))) — h(t)H (x(y(t))) = f(t), t €; are studied under the assumption

©t Ap— ()
fto spht=co  or fto o At <o

We extend the results of Karpuz, Rath and Padhy to the case when G has sublinear growth at infinity. Our results may apply the
equation

0(® - pOY@®ON® +q®)6 (y(9(®)) = £(2)
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where g (t) has sign changes. Oscillation and nonoscillation of neutral differential equations have been studied by many authors in
[7-11]. A time scale is an arbitrary nonempty closed subset of real number. We denote a timescale by T, the forward jump operator
o is defined as o (t) = inf {s € T:s > t}, the delta derivative of f is denoted by f2, the useful Cauchy’s resulut on timescales

J- J- S 1f(e) ABAt AL, ... At, 1 = 1)'J-(u—o'(t))n LE(O)At
and
( 1)(n 1)
J- f f(H)AHAtlAtZ At, | = Y J-(a(t) V)L (DAL

For more basics in time scale refer the books [1, 2]. In this work, we assume the following assumptions on G, @ and .
(Ho) [ [o(®)" T h(D)AL < oo;

(Hy) [, a(©)At = oo;

(H,) there exists a bounded function F such that FA" () = £ (t);
(H3) hm 1nfG(x) >0,lim supG(x) <0

X—>—00

(H,) there exists a bounded function F such that F O f(t) such that tlim F(t) =0;

Remark 1. The prototype of G satisfying (H,) and (H;) could be of the form G(x) = |x|*sgn(x) and G(x) = (B +
lx|#)|x|*sgn(x) with A + u = 1, B = 1. For verifying these conditions, we may use the well known inequality
(x+y)P, 0<p<1
Xy = {Zl‘p(x + y)?, p=1
Note: The above function G also satisfying, for x,y,z > 0, we have G(x +y) < A[G(x) + G(y)] and G(xy) < G(x)G(y); for
x,y <0andz>0,wehave G(x +y) = 6[G(x) + G(¥)] and G(xy) < G(x)G(y).
Let t_y = inf {a(t),B(t),y(t)}. By a solution of (NH), we mean a function x € C,4([t_;,90)1, R) such that x(t) —

t€[tg, )T
p(t)x(a(t)) € Crq" ([tg, )7, R) and satisfies (NH) identically on [t, ).
. A solution of (NH) is said to be oscillatory if there exists a sequence {s,} in [to,00) such that x(s,)x(0(s,)) < 0; Otherwise,
it is called non oscillatory.

2. RESULTS FOR UNBOUNDED SOLUTIONS

Theorem 2.1. Let —1 < p; < p(t) < 00r0 < p(t) < p, < 1 forall t € [ty 0) 7. If (Hy), (Hy), (H,) and (H3) hold, then every
unbounded solution of (NH) oscillates.

Proof: Assume the contrary that, x(t) be an unbounded solution of (NH), such that x(t) > 0 for t = t,. Then there exists
t; € [tg,%) 1 such that x(t), x(a(t)), x(,B(t)) and x(y(t)) are all positive for t > t;. Setting

k(t) = (n 1). f (0(s) = YV h(s)H (x(y(s)))As 2.1)
Since H(t) is bounded and due to (H,), then k(t) is well defined and tlim k(t) = 0. Note that, k2" (t) = —h()H(y(y(t))).
Again, define

y(t) = x(t) — p@®)x(a®)) + k() — F(t) (2.2)
From (NH), we have
YA () = —q(OG(x(B(1))) < 0 23)

forall t > t,. By (H,), yAn (t) is not identically zero on t € [t;,00). Then there exists t, € [t;,00); such that yAL,l =

0,1,2,3, ..., (n — 1) are monotonic and eventually of one sign on [t,, ). Then, y > 0 or y< 0 for t€ [t,, ).

Since x is positive and unbounded, there exists an increasing sequence (s;) such that lim s; = oo, lim x(s;) = oo, where x(sj) =
]—)00 ]—)00

 max x(s) . Since llm k(t) = 0, for each € > 0, there exists N, such that
25855

k(aj) <eforj =N,

Since tlLrg a(t) = }Lrg B(t) = }Lrg y(t) = oo, then there exists N; = N, such that s, a(sj),ﬁ(sj),y(sj) > t, for j = N;. By (H,),
there is an upper bound m for |F|. For the sequence (s;), and for the case, 0 < p(t) < p, < 1, we have

y(s;) = x(s;) = p(s;)x (“(Sj)) +k(s;) = F(s5) 2 A = po)x(s;) —€ —m. j = Ny

and for the case —1 < p; < p(t) < 0, we have
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¥(s;) = x(s;) = p(s;)x (“(Sj)) +k(s;) —F(s) 2 x(s5;) —e = m,j = Ny
Clearly, lim y(a;) = o0. Since y is monotonic and y™(t) < 0 forall ¢ > t,, then A" () > 0 fort > t,.
jo o

Since v is positive and increasing, so for the case —1 < p; < p(t) < 0, we have
1 +p)y® < y@® +py(a@®) < y(@© +pO)y(a(D)
= x(8) + k(®) = F(8) + p®[-p@@®)x(a(a()) + k(a®) - F(a(®)]

and for the case, 0 < p(H)< p, < 1,

y(®) < y(®) +p©y(a(®) = x(®) + k() = F©) + p©)[p(a®)x (a(a®)) + k(a®) - F(a(®)]
Since p(t) and p(a(t)) have the same sign and x > 0 in each of the two inequalities above, and 1 — p, < 1, we have
(1 —py@) <x(t)+e+m+ep, + mp, fort > ¢,
Since }Lrg y(t) = oo, so EL“; x(t) = 0. So, G(y(B(t))) is bounded below by a positive constant l. By integrating (2.3), we obtain

t

0 =) + [ ~a@6EEEss <y w) —a [ aG)bs

Note that by (H;), the right-hand side of approaches —oo, while the left hand side is positive. This contradiction implies that, the
solution cannot be unbounded and eventually positive.

Next, we assume that, the solution x is unbounded and eventually negative Define, y(t) as in (2.2), we have yAn (t) = 0 is not
identically zero on t € [t;,00). Then there exists t, € [t;, ) such thaty*,i = 0,1,2,3, ..., (n — 1) are monotonic and eventually
of one sign on [t,, ). Then, y > 0 or y < 0 for t€ [t,, 00).

Since x is negative and unbounded, there exists an increasing sequence (s;) such that lim s; = oo, lim x(s;) = oo, where x(sj) =
]—)CX) —00

max x(S
to<5sS; () -

Since tlLrg a(t) = gl_)l’g B(t) = gl_)l’g y(t) = oo, then there exists N; = N, such that s;, a(sj),ﬁ(sj),y(sj) > t, for j = N,. By (H,),
there is an upper bound m for |F|. For the sequence (s;), and for the case, 0 < p(t) < p, < 1, we have

y(s;) = x(s;) — p(s;)x (a(s]-)) +k(s;) = F(s;) < (A —px(s)) + e + m, j > Ny;

and for the case —1 < p; < p(t) < 0, we have

y(sj) = x(sj) - p(sj)x (a(sj)) + k(sj) - F(sj) < x(sj) +e+m,j =Ny

Clearly, ]lLrg y(aj) = —oo. Since y is monotonic and y*(t) = 0 forall t > t,, then y™® D (t) < 0 fort > t,.

Since w is negative and increasing, so for the case —1 < p; < p(t) < 0, we have
(1+p)y(®) 2 y(@®) +pry(a®) = y®) +p®)y(a(®))
= y(t) + k(t) — F(t) + p(®)[-p(a(®)x (a(a(®))) + k(a()) = F(a(®))]
and for the case, 0 < p(t)< p, < 1,

y(®) 2 y(®) +pOy(a(®) = x(®) + k() = F©) + pO)[-p(a(®)x (e(a®)) + k(a(®) - F(a®)]
Since p(t) and p(a(t)) have the same sign and x < 0 in each of the two inequalities above, and 0 < 1 + p; < 1, we have
y(t)=x(t) —e—m+ep, + mp, fort > t,
Since tll_)rg y(t) = —o0, s0 tll_)rg x(t) = —oo. So, G(y(B(t))) is bounded below by a negative constant [. By integrating (2.3), we

obtain
t

POy = ATy J —q(s)G(x(B(s))As = y2" V() — 1 J q(s)As

Note that by (H,), the right-hand side of approaches +oo, while the left-hand side is negative. This contradiction implies that, the
solution cannot be unbounded and eventually negative. Thus, the theorem is proved.

Theorem 2.2. Let py,p,,Ps3, P4, Psand pg are constants such that, p, < p(t) <ps;<—-lor —1<p; <p(t)<0or0<
p(t) <p, <lorl<ps <p(t) <pg forall t € [ty ) . If (Hy), (H,), (Hy) and

(Hs) [, [o(O]" " v(DAL = oo,

then every unbounded solution of (NH) oscillates.

2

Proof: Assume the contrary that, x is an eventually positive solution of (NH), which does not tends to zero as t — oo. Then there
exists t; € [to,00) such that x(t), x(a(t)), x(8(t)) and x(y(t)) are all positive for t > t;. Define y(t) as in (2.2).
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forall t > t,. By (H,), y™(t) is not identically zero on t € [t;,00). Then there exists t, € [t;, ) such thaty!,i = 0,1,2,3, ..., (n —
1) are monotonic and eventually of one sign on [t;, ). Let A := gim y(t), which exists as a finite number, because y is monotonic

and bounded. Integrating (2.3), n times we obtain

(— T

y(t) - Y

f (0(s) = D g(5)6 (R(B(S)))As

The above integral is convergent, due to y is bounded. From (Hs), the above integral implies
liminf G (y(ﬁ(t))) =0
As G(x) # 0 for x # 0, we have ligglfy(ﬁ(t)) = 0 and also ligglfy(t) =0.
Since ELI?O y(t) exists, k(t), F(t) approach zero and p(t) is bounded, it follows that gl_)rg [x(t) — p(t)x(a(t))] = 0 for every range
of p(t) mentioned in the hypothesis. So, A = gl_)r?o y(t). Forp(t) <0, we have y(t) = x(t) + k(t) — F(t) and
0= 21_)1’2 y(t) = lirtrisoljp x(t) =0
For 0 < p(t) < p, < 1, we have y(t) = x(t) — pyx(a(t)) + k(t) — F(t) and
0=limy(t) = lir?ﬁiup[x(t) — pax(a(t))]
> lim sup x(t) + lim inf [—p, x(a(t))]

t—ooo t—>oo

=(1-py) lim sup x(t) = 0.
t—>oo

For 1 < ps < p(t) < pes, we have y(t) < x(t) — psx(a(t)) + k() — F(¢t) and
0 = lim y(¢) < lim inf[x(t) — pox(a(t))]
< lim sup x(t) +lim 1r1f[ ps x(a(t))]

t—ooo

= (1-pg) lim sup x(t) S 0.
t—>oo
From the four ranges of p(t), lim sup x(t) = 0. Therefore, under all the ranges of p(t) bounded eventually positive solutions must
t—>oo

approach zero. The proof for bounded eventually negative solutions is similar to the proof above. Hence, the theorem is proved.
Theorem 2.3. Let 0 < p(t) < p, <1 forall t € [ty ) ¢. If (Hy), (Hy), (H3), (H3) and (H,) hold, then every solution of (NH)
is oscillatory or tends to zero as t — oo,

Proof: Assume the contrary that, x is an eventually positive solution of (NH), which does not tends to zero as t = co. Then there
exists t; € [to,00) such that x(t), x(a(t)), x(,B(t)) and x(y(t)) are all positive for t > t; limsup x(t) > 0. Define y(t) as in

t— oo

(2.2).
forall t > t;. By (H,), yAn (t) is not identically zero on t € [t;,0). Then there exists t, € [t;, ) such that yAL,L =
0,1,2,3, ..., (n — 1) are. monotonic and of constant sign on [t,, 0);. Since 0 < p(t) < p, < 1and x > 0, we have

y(®) 2 x(t) = p2x(a(®) + k(t) = F(t)
implies
tlim y(t) = (1 —p,) limsup y(t) > 0.
—© t—oo

This shows that, y(t) is positive for largre t. By (2.3), y*" < 0 and y > 0 imply the existence of t,, € [t;, ) such that yAn_1 (t) >
0 for t > t,. Now, we show that, ligninf x(t) > 0, which will be used for bounding G (x(B(t))) from below by a positive constant.

Since p(t) is nonnegative and x > 0, wehave
y() < x(t) + k(t) — F(¢t)
Implies
0< tlir?o y(t) < litrgglfy(t)
Then there exists a t3 > t,, such that x(t), x(a(t)), x(8(t)) and x(y(t)) are bounded below by a positive constant l. Integrating
(2.3), we obtain

YAV () = AV () + f —v(s)G (y(ﬂ(s))) As <y () — 1 U(S)AS

() (t) tends to —oo at t tends to oo, which is a contradiction. So, our assumption is wrong. Thus, the solution cannot

By (H,), y*
be eventually positive without approaching zero.
Next, assume that, x is eventually negative and does not tend to zero as t — 0. Then there exists t; € [ty,00)y such that x(t),

x(a(t)), x(ﬁ(t)) and x(y(t)) are all negative and litminfx(t) < 0. Define y(¢) as in (2.2). By (2.3), we have y2" >0 .
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y(@) < x(t) + k() — F(©)
Implies

0< tlgg y(t) < litrgglfy(t)
Then there exists a t3 >t,, such that x(t), x(a(t)), x(B(t)) and x(y(t)) are bounded yA(n_l) ) = yA(n_l) (ty) +
fttz —v(s)G (y([)’(s))) As < yA(n_l)(tz) - lff2 v(s)As

(n-1) S - o .
By (H,), y*" ! (t)tends to —oo at tends to oo, which is a contradiction. So, our assumption is wrong. Thus, the solution cannot be
eventually positive without approaching zero.
Next, assume that, x is eventually negative and does not tend to zero as t — co. Then there exists t; € [ty,0) such that x(t),

x(a(t)), x([)’(t)) and x(y(t)) are all negative and li{ninfx(t) < 0. Define y(t) as in (2.2). By (2.3), y2" > 0, so there exists
t, € [t1,90) 7 such that y?,i = 0,1,2,3, ..., (n — 1) are. monotonic and of constant sign on [t,, ). Since 0 < p(t) < p, < 1 and
x < 0, we have

y(®) < x(8) = p2x(a(®)) + k(t) = F(t)
implies
tlim y() <1 —py) ligninfx(t) <0.
This shows that, y(t) is negative for largre t. By (2.3), y2" > 0 and y < 0 imply the existence of t, € [t;, ®) such that y2" ™ (¢) <
0 for t = t,. Now, we show that, limsup x(t) < 0, which will be used for bounding G (x(8(t))) from above by a negative constant.

t—oo

Since p(t) is nonnegative and x < 0, wehave
y(t) = x(@) + k(t) — F(t)
Implies
0> tlim y(t) =limsup y(t)
- t—oo
Then there exists a t3 > t,, such that x(t), x(a(t)), x(8(t)) and x(y(t)) are bounded by a negative constant l. Integrating (2.3),
we have

¥ @0 = 2" () + [ —v()6 (y(B(9)) As = yA " (k) — L[ v(s)As

(n-1)
By (Hl)a yA
must approach zero as t tends to co. Thus, the theorem is proved.
Theorem 2.4: Letp, < p(t) < 0 forall t € [ty ) 7. If (Hy)-(H,),

(Hy) f;o Q(t)At = oo, where min{q(t), q(a(t))}

And (H;) there exists a positive constant [ such that for x,y,z > 0, we have G(x + y) < [[G(x) + G(¥)], G(xz) < G(x)G(z) and
forx,y < 0,z>0wehave G(x +y) = l[G(x) + G(Y)], G(x2) = G(x)G(2),

then every solution of (NH) is oscillatory or tends to zero as t — co.

(t)tends to —oo , while the left hand side is negative. This contradiction implies that an eventually negative solution

Proof: Assume the contrary that, x is an eventually positive solution of (NH), which does not tends to zero as t — oo. Then there
exists t; € [tg,%) such that x(t), x(a(t)), x(,B(t)) and x(y(t)) are all positive for t = t; and limsup x(t) > 0. Define y(t)

t— oo

asin (2.2).
forall t > t;. By (H;), y2"(t) is not identically zero on t € [t;,00)y. Then there exists t, € [t;, ), such that y2,i =
0,1,2,3,...,(n — 1) are. monotonic and of constant sign on [t,, ). Since p(t) < 0 and x > 0, we have

y(©) = x(8) + k(t) = F(t)

implies
tlLrg y(t) =limsup y(t) > 0.
Since k(t) and F (t) are tends to zero and x(t) — p(t)x(a(t)) is bounded below by a positive constant §.
Since x(t) — p4x(a(t)) >x(t) — p4x(0((t)), so x(B(t)) — p4x(a(B(t))) is also bounded below by a positive constant. Using
(H,), we obtain x(ﬁ(t)) — pax(B(a(t))) is also bounded below by a positive constant §. Using (H,), we have
L < Gx(B®) — pax(B(a(t))))
<816 (x(B(®)) + 6(~PG(B@®I))]
< 6[6 (x(B(®)) + G(—pa) G (x(a(B®)))].
From (2.3), we have

2" (©) + 6(~py*" (a(D)) < —min {g(©), q(@(©)} 6 (x(B®))) + 6(~pa) G x(@(B(1)))
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< -y
By integrating, the above inequality from ¢, to t, we obtain
(n-1) (n-1) (n-) (n-1)
Y@ + 6y (@) < v (8) + 6(p)y™ " (@) - ) [ Q(s)As
By (Hg) , we obtain that the right hand side approaches —oo, while the left hand side is positive. This shows that, eventually

positive solutions must converge to zero. The proof for eventually negative solution it is similar. Thus the theorem is proved.
Example 1. Consider T = R,

—Et by - t - -
(© - e =yE)" + @ + 06 (v (2)) - 8et e + D (v(t/,)) =0,
Where G (x) = x? ?fr)(;i and H(x) = x* ?f:g; . Clearly, all the conditions of Theorems 2.1, 2.2 and 2.3 are satisfied by the neutral
equation (). In particular, x(t) = et is a solution of () converges to zero as t — oo,
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