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The concept of mark of a permutation group was introduced by Burnside in 1911. Redfield 

rediscovered marks in 1930s but his work was not published until 1984. He used marks to 

count group reduced distributions according to their symmetry groups. Marks have been used 

by several other authors; Sheehan [10] used marks to count the number of graphs with a given 

automorphism group, Lloyd [7] counted isomers using marks, Kamuti [4] used marks to find 

subdegrees of primitive permutation representations of PGL (2, q), Kimani et. al. [5] used 

marks to compute the ranks and subdegrees of the symmetric group acting on ordered pairs 

and ordered triples while Rimberia and Kamuti [9] used marks to find the subdegrees of 

primitive permutation representations of the symmetric group 
5.S  In this paper, we 

enumerate the number of stereoisomers derived from trigonal bipyramidal molecules using the 

mark version of Redfield superposition theorem. Results show that Iodotricarbonyl 

(triphenylphoshine) – cobalt (1) complex has 4 stereoisomers while a trigonal bipyramidal 

complex of the type MABCDE has 20 stereoisomers. 
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1. INTRODUCTION 

The concept of mark of a permutation group has been 

defined by three different authors (See Burnside [1], White 

[11] and Ivanov et al. [2]). However, these three definitions 

were shown to be equivalent in Kamuti [3]. In this paper we 

shall use the third definition. Marks can be used in various 

other fields apart from Mathematics. For example in 

Chemistry, they are used in enumeration of isomers. These 

are chemically distinguishable compounds which share the 

same chemical formula. Now, suppose 
j iG G G   and 

( )
1 2
, , ,

nj j jG G G  is a complete set of conjugacy class 

representatives of subgroups of iG  that are conjugate to 

jG  in G , then the mark of 
jG  in the coset representation 

( )/ iG G  is the number of cosets of 
iG  in G left fixed by 

every permutation of 
jG  and is given by 

( ) ( ) ( )
1

, , :
k i k

n

j i G j G j

k

m G G G N G N G
=

=  (Ivanov et. al. [2]). 

In particular when n = 1, 
jG is conjugate in 

iG  to all 

subgroups 
jG   that are contained in 

iG  and conjugate to 

jG  in G  and 

( ) ( ) ( ), , :
ij i G j G jm G G G N G N G= . 

Next, if  1 2, , , tH H H  is a set of representatives of all 

distinct conjugacy classes of subgroups of H in G, ordered 

such that 1 2 tH H H H   = . Form a matrix 

( )ijM m= , where ( ), ,ij j im m H H H= . We call M the 

table of marks of H (Ivanov et al. [2]). 

 

2. PRELIMINARIES 

Definition 2.1 (Stereoisomers) 

Stereoisomers are chemical compounds distinguishable by 

virtue of the fact that the three-dimensional arrangement of 

their constituents differ. 
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Definition 2.2 (Molecule) 

A molecule in this paper will be regarded as consisting of a 

skeleton on which there are various sites, with one ligand 

occupying each site. 

Theorem 2.1: (Redfield – Read Superposition Theorem) 

(See Lloyd (B) [6]). 

The number of group reduced distributions arising from 

double action of 
nS  and 

1 2 qG G G    on q n  

arrays is equal to 

( ) ( ) ( )( )1 2 qN Grf G Grf G Grf G   ,  

where N(P) denotes the sum of the coefficients in the 

polynomial P and the binary operation   is defined as 

RULE 1:  For identical monomials  

1 2 1 2 1 2 1 2

1 2 1 2 1 2 1 21 !2 !j j j j j j j js s s s j j s s =  

RULE 2: If ( ) ( )1 2 1 2, , , ,j j k k , then  

1 2 1 2

1 2 1 2 0j j k ks s s s =  

RULE 3: The composition extends to general polynomials 

by linearity. 

 

3. ENUMERATION OF ISOMERS USING THE 

MARK VERSION OF REDFIELD SUPERPOSITION 

THEOREM 

In Theorem 2.1, the number of distinct arrays (group 

reduced distributions) is equal to the number of orbits of the 

arrays under the combined action of the site group A, ligand 

group B and
nS . Each group reduced distribution has its 

own symmetry group. For isomers, this is the group of 

symmetry operations that permute identical ligands 

occupying equivalent sites on the skeleton of the molecule. 

The number with specified symmetry group can be counted 

using marks of a permutation group.   

 

Redfield [8] considered a more general problem in which he 

replaced the symmetric group 
nS  acting on intact columns 

of the array by a general group F called the frame group. In 

his terminology, A and B are called range groups and must 

be subgroups of F. The F-mark vectors corresponding to the 

action of F on the left cosets of A and B  in F are denoted by 

( ) ( ) and m A m B  respectively. 

Theorem 3.1: (The Mark Version of Redfield 

Superposition Theorem) (Lloyd [7]). 

Let M (F) be the table of marks of a frame group F, the rows 

and columns of which correspond to representative 

subgroups 1 2, ,..., tH H H  and let ,A B F  be range 

groups. The number i  of group reduced distributions 

which have symmetry group conjugate to 
iH  may be 

obtained by the following algorithm: 

i). Calculate the F – mark vectors ( ) ( ) and m A m B  of 

A and B respectively. 

ii). Multiply them together coordinate by coordinate to 

obtain the vector ( ) ( )m A m B . 

iii). Find the vector ( )1 2, , , t   =  such that 

( ) ( ) ( )m A m B M F= . 

3.1.1 Examples in enumeration of isomers of trigonal 

bipyramidal molecules 

a) Stereoisomers of Iodotricarbonyl(triphenylphoshine) – 

cobalt (1) complex, 

( ) ( )6 53 3
CoI CO P C H    

This is a trigonal bipyramidal complex of the type 
3MXY U  

and so the frame group F is 
5S . Now, S5 has 19 conjugacy 

classes of subgroups.  These are; 

i). H1  - Identity. 

ii). H2 - 10 conjugate subgroups of order 2 generated 

by permutations of the form (ab). 

iii). H3 - 15 conjugate subgroups of order 2 generated 

by permutations of the form (ab) (cd). 

iv). H4 - 10 conjugate cyclic subgroups of order 3. 

v). H5 - 15 conjugate cyclic subgroups of order 4. 

vi). H6  - 5 conjugate subgroups of order 4 isomorphic 

to C2 x C2 generated by permutations of the 

form (ab) (cd). 

vii). H7 - 15 conjugate subgroups of order 4 isomorphic 

to C2 x C2 generated by permutations of the 

form (ab) and (ab) (cd). 

viii). H8 - 6 conjugate cyclic subgroups of order 5. 

ix). H9 - 10 conjugate subgroups of order 6 isomorphic 

D3 generated by permutations of the form 

(ab) and (abc). 

x). H10 - 10 conjugate cyclic subgroups of order 6. 

xi). H11 - 10 conjugate subgroups of order 6 isomorphic 

to D3 generated by permutations of the form 

(ab) (cd) and (abc). 

xii). H12 - 15 conjugate subgroups of order 8 isomorphic 

to D4. 

xiii). H13 - 6 conjugate subgroups of order 10 isomorphic 

to D5. 

xiv). H14 - 5 conjugate subgroups of order 12 isomorphic 

to A4. 

xv). H15 - 10 conjugate subgroups of order 12 

isomorphic to S3 x C2. 

xvi). H16 - 6 conjugate subgroups of order 20 isomorphic 

to ( ) ( ),abcd aedcb  . 

xvii). H17 - 5 conjugate subgroups of order 24 isomorphic 

to S4. 

xviii). H18 - A5. 

xix). H19 - S5. 
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The corresponding table of marks of S5 is as shown in Table 3.1 

Table 3.1: Table of marks of S5  

 H

1 

H2 H3 H4 H5 H6 H7 H8 H9 H1

0 

H1

1 

H1

2 

H1

3 

H1

4 

H1

5 

H1

6 

H1

7 

H1

8 

H19 

( )1/G H

 

1

2 

                  

( )2/G H

 

6

0 

6                  

( )3/G H

 

6

0 

0 4                 

( )4/G H

 

4

0 

0 0 4                

( )5/G H

 

3

0 

0 2 0 2               

( )6/G H

 

3

0 

0 6 0 0 6              

( )7/G H

 

3

0 

6 2 0 0 0 2             

( )8/G H

 

2

4 

0 0 0 0 0 0 4            

( )9/G H

 

2

0 

6 0 2 0 0 0 0 2           

( )10/G H

 

2

0 

2 0 2 0 0 0 0 0 2          

( )11/G H

 

2

0 

0 4 2 0 0 0 0 0 0 2         

( )12/G H

 

1

5 

3 3 0 1 3 1 0 0 0 0 1        

( )13/G H

 

1

2 

0 4 0 0 0 0 2 0 0 0 0 2       

( )14/G H

 

1

0 

0 2 4 0 2 0 0 0 0 0 0 0 2      

( )15/G H

 

1

0 

4 2 1 0 0 2 0 1 1 1 0 0 0 1     

( )16/G H

 

6 0 2 0 2 0 0 1 0 0 0 0 1 0 0 1    

( )17/G H

 

5 3 1 2 1 1 1 0 2 0 0 1 0 1 0 0 1   

( )18/G H

 

2 0 2 2 0 2 0 2 0 0 2 0 2 2 0 0 0 2  

( )19/G H

 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

 

The site group A is a non – cyclic group of order 6. On the 

other hand, the frame group 5S  has two different types of 

non – cyclic subgroups of order 6, that is 
9 11 and H H .  

Since the cycle index of 11H  acting on the set 

 , , , ,X a b c d e=  is equal to that of the site group A 
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acting on the same set, then A must be isomorphic to 
11H .  

The ligand group 
1 3 1B S S S=   , which is a non – cyclic 

group of order 6.  B is isomorphic to subgroup 
9H  of 

5S  

since its cycle index is equal to that of 
9H  acting on the set 

 , , , ,X a b c d e= . 

From rows 11 and 9 of Table 3.1, 

( ) ( ) = 20,0,4,2,0,0,0,0,0,0,2,0,0,0,0,0,0,0,0m A  

and 

 

( ) ( )20,6,0,2,0,0,0,0,2,0,0,0,0,0,0,0,0,0,0m B = . 

So 

 

( ) ( ) ( ) = 400,0,0,4,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0m A m B

 

Expressed as a linear combination of rows of Table 3.1, 

( ) ( ) ( ) ( ) =3 120,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0 40,0,0,4,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0 ,m A m B +

so 

 ( ) ( ) ( ) ( )1 4 =3m A m B m H m H+ . 

Hence by Theorem 3.1, the complex has 4 stereoisomers, 

three with symmetry group conjugate to H1 and one with 

symmetry group conjugate to H4.  Their corresponding 

drawings are; 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

b) Stereoisomers of hydridocarbonylethylene(bis – 

 triphenylphosphine) – rhodium (1) complex, 

( )( )6 5 2 43 2
RhHCO P C H C H 
 

 

This is a trigonal bipyramidal complex of the type 

2MXYU V , hence the frame group 
5F S= .  The ligand 

group 1 1 2 1B S S S S=     , which is a group of order 2 

and 
5S  has two different types of subgroups of order 2, 

2H  and 
3H .  Since the cycle index of 

2H  acting on the 

set  , , , ,X a b c d e=  is equal to that of B, then B must be 

isomorphic to 
2H .  From rows 11 and 2 of Table 3.1, 

( ) ( ) = 20,0,4,2,0,0,0,0,0,0,2,0,0,0,0,0,0,0,0m A

 

                                            and 

( ) ( )60,6,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0m B = . 

So

 

( ) ( ) ( ) = 1200,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0m A m B

 

Expressed as a linear combination of rows of Table 3.1, 

( ) ( ) ( ) =10 120,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0m A m B

, 

so 

 ( ) ( ) ( )1 =10m A m B m H . 

Therefore, by Theorem 3.1 the complex has 10 

stereoisomers with symmetry group conjugate to 
1H . 

c) Stereoisomers of a trigonal bipyramidal complex of the 

type MABCDE 

C

O 

C

O 

C

O 

C

o 

C

O 

C

O 

C

O 

C

o 

C

O 

C

O 

C

O 

C

o 

 

 

 I 

I 

I 

Figure 1: Stereoisomers with symmetry group conjugate to H1 

C

o 

CO 

CO 
CO 

 

I 

Figure 2: Stereoisomer with symmetry group conjugate to H4 
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The frame group F is 
5S  and the site group A is isomorphic 

to subgroup 
11H  of 

5S .  The ligand group 

1 1 1 1 1B S S S S S=     , which is isomorphic to 

subgroup  
1H  of 

5S . 

 

From rows 11 and 1 of Table 3.1, 

( ) ( ) = 20,0,4,2,0,0,0,0,0,0,2,0,0,0,0,0,0,0,0m A

 

                                    and 

( ) ( )120,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0m B = . 

So 

 

( ) ( ) ( ) = 2400,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0m A m B

 

Expressed as a linear combination of rows of Table 3.1, 

( ) ( ) ( ) =20 120,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0m A m B

, 

so, 

 ( ) ( ) ( )1 =20m A m B m H . 

Hence by Theorem 3.1, the complex has 20 stereoisomers 

with symmetry group conjugate to 
1H . 

 

4. CONCLUSION 

Results show that Iodotricarbonyl (triphenylphoshine) – 

cobalt (1) complex, ( ) ( )6 53 3
CoI CO P C H    

has 4 

stereoisomers; three with symmetry group conjugate to H1 

and one with symmetry group conjugate to H4 while of 

hydridocarbonylethylene (bis – triphenylphosphine) – 

rhodium (1) complex, ( )( )6 5 2 43 2
RhHCO P C H C H 
 

 

has 10 stereoisomers with symmetry group conjugate to 
1H

. Finally, we showed that the trigonal bipyramidal complex 

of the type MABCDE has 20 stereoisomers with symmetry 

group conjugate to 
1H . 
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