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In this article, an optimize four-step three off  hybrid point third derivative method based on 

the Volterra integral equation of the second kind for solving third Order Ordinary Differential 

Equations, the method proposes an exponential function and power series as the basis function 

for a selected three hybrid points which suitably optimizes two of the  off-grid points by 

equating the principal term of the local truncation error to zero and using the local truncation 

error to determine the  approximate values of the unknown parameter, the basic properties of 

the method was scrutinize and the develop method of the Volterra integral equation of the 

second kind is apply to work out solve third order initial value problems of ordinary 

differential equations and from the numerical results obtained, it is observed that our new 

methods gives better approximation than the existing method compared. 
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I. INTRODUCTION 

In this manuscript we reflect on third order three-step with 

two optimized hybrid point approach form  

   
( ) ( ) ( ) ( )( ) ( ) ( ) ( )'''

, ,t, , ' '' , , ' ' '' ''
0 0 0 0 0 0

t t tt t t         = = = =  

                                                                           (1)                                                                                                                                      

Third order ordinary differential equations are a crucial 

mathematical tool for simulating a variety of physical 

phenomena that arise in a variety of scientific and 

engineering domains, including fluid dynamics, vibration 

analysis, control systems, and structural mechanics.. 

According to [1], the third derivative can be optimized to 

predict, improve, and enhance computational efficiency and 

solution accuracy with superior accuracy and a good region 

of absolute stability. Equation (1) is used to solve problems 

in a number of real-world domains that frequently occur in 

physical systems in science and engineering, such as 

mechanics, control theory, beam deflection, and ship 

dynamics, among others. However, the majority of these 

physical issues are complex systems for which an analytical 

solution is exceedingly challenging, if not possible. 

Numerical techniques, which solve (1), are therefore 

essential tools. As a result, third order ordinary differential 

equations have garnered a lot of attention from researchers, 

and as a result, theoretical and numerical studies addressing 

(1) have recently surfaced in literature. Reducing (1) to a 

system of differential equations of first order is the well-

known and proven approach to solving it which then leads 

to a computational burden as in Kuboye et al (2020) and 

Kayode and Adeyeye (2011). Different method have been 

proposed for the solving (1) ranging from predictor-

corrector method to hybrid methods and also recently 

optimized methods Among those who have recently 

embraced the hybrid approach as an alternative to the direct 

method for approximating (1) are Adesanya et al (2013), 

Adebayo and Adebola (2016), Adoghe and Omole (2019). 

Optimized approach have been proposed by Akinnukawe et 

al (2024) who present a numerical solution of fourth-order 

initial value problems using novel fourth-order block 

algorithm, Bothayna and Sadeemr (2019) proposes 

optimization of two-step block method with three hybrid 

points for solving third order initial value problems, Joshua 

(2022) uses the optimize appraoch to derive a two step 

second derivative methods for the solution of stiff systems, 
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Raymond et al (2023) proposes an optimized half-step 

scheme third derivative methods for testing higher order 

initial value problem also Raymond et al (2025) proposes an 

optimizes hybrid block two-step four off-grid methods for 

direct solution of general third order ordinary differential 

equations. By setting the principal term of the local 

truncation error to zero and utilizing the local truncation 

error to estimate the values of the unknown parameter, the 

three-step with three off-grid point derivative approaches 

that we developed for this study optimizes two of the three 

off-grid positions. The structure of the paper is as follows: 

The techniques and resources used to build the method are 

covered in section 2. Section 4 provides the numerical 

experiments where the effectiveness of the derived method 

is tested on some stiff problems; the results were discussed 

and a conclusion was made in the section. Section 3 

examines the analysis of the method's fundamental 

properties, such as convergence and stability region. 

 

II DERIVATION OF THE METHOD 

This section describes the Development of an optimized 

numerical hybrid techniques with exponentially fitting for 

general second kind volterra integral equations with three 

off-grid points using the linear multistep Algorithm. The 

collocation approach is by using the combination of power 

series and exponential fitted function as the approximate 

solution and the algorithm shall be in the form   

 

( ) ( )
0 0

s r jj xx x ei j
j j

x     + +
= =

=                  (2 

Let the approximate power series and exponentially fitted 

function be of the form  

       

( ) ( ) ( )33

0 0

jx
e

k s r
h t h t

i i jn i n i n ii i j i
    − = +  

+ + += = =
                                                                        

 (3) 

Where ( ) ( ),x x
n nn n

  = = and 

( ), , 0,1, , ; , ,
i i j

i m j i k   = =  are constant 

coefficient of (3) to be determined which is considered the 

solution to the second kind volterra integral equation of the 

form 

 

( ) ( )3
, ,

10 0

k
j k x x

i n j n i n i
j

m k
h
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   

 
−   + + + =

= 
+ += =

                                         (4) 
it is important to note that (3) can be written as (2) subject to 

the following condition 

                  

( ) ( ) ( )x xx   −=                                (5)

                                                                                                    

 

by differentiating equation (2) thrice gives  

              

( ) ( ) ( ) ( )1 1' '
0 1

jxi j
t e

s r
t ix t jx t

j j
i j
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 (6)                                                                                 
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                                                                           (7)                 
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0 1

jxj j j j ji i e j x j jx j x j
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t i x jx t
j i
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                                                                            (8)                  
                                                                                                                                                   

 

consider three hybrid points , ,u v w  such that 

0 u v w N      hold (Akinnukwe, 2024).

 Evaluate (2), (5) and (7) at 0  and collocating (8) at 

0 , , , ,1, 2u v w  points. The continuous approximation is then 

constructed by imposing three conditions which are 

                                        

( )
( )

( ) ,

3

, 0, , , ,1,2

, 0, , , ,1,2

0, , , ,1,2

t t
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h
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
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





              (9)                                

 

Equation (2) result to system of non linear equation of the 

form 

 MD V=                                                     (10)                                                                                                  
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Solving (10) for ' si  
by Gaussian elimination method to 

obtain the unknown values in term of the parameter wvu ,, , 

gives a continuous hybrid linear multistep method of the 

form  

( ) 3 1 ,
2

0
, u, v

0

kk
g gj ni n ii j

x h j n j
j

    


   +
+= =

= + + = +
=
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                                                                          (11) 

Where  
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by substituting 1m =  in (11), a multistep formula to 

approximate the solution of (1.1) at the point 
1nt +

 yields
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(12)                                                                                                                                                                                                                                                                                                                                                                                   

Also by substituting 1m =  in the first derivative of (11), a 

multistep formula to approximate the solution of (1) at the 
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Finally by substituting 1m =  in the second derivative of 

(11), a multistep formula to approximate the solution of (1) 

at the point 
1''nt +
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III ALGORITHM FOR THE DERIVATION OF THE 

OPTIMIZE METHOD 

The algorithm for the implementation of the optimize three-

step method is given by the following steps; 

Step 1: Expanding (12) using the Taylor series to obtain the 

corresponding Local truncation error given as
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Step 2: Equate the principal term of the local truncation 

errors in (16) and (17) to zero, to obtain the values 
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as obtain in step 2 into (12) – (14) gives the equations as 

shown below. 
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                                                                                      (15) 

IV ANALYSIS OF BASIC PROPERTIES OF THE 

METHOD

 

Order of the Block  

Let the linear operator ( ) hxyL :  associated with the 

discrete block method (15) be defined as 
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( ) ( )( )

3
40
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0

i i i
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=

                                                                  (16) 

Expanding (12) in Taylor series and comparing the 

coefficient of h gives 
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Definition: Linear operator L and associated block formula 

are said to be of order  

 

, , . . 0. 0.
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is called the error constant and implies that the truncation 

error is given by 
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 For our method, expanding (15) in Taylor series  

Comparing the coefficient of h   gives 

9. . . 0
0 1 2 3

C C C C C= = = = = = and 
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Hence our method is of order five (7). 

Consistency 

The optimize hybrid block method (15) is said to be 

consistent if it has an order more than or equal to one. 

Therefore, our method is consistent. 

Zero Stability of Our Method 

Definition 2:An optimize third derivative hybrid block 

method based on the Volterra integral equation of the 

second kind is said to be zero-stable, if the roots 

1 ,
2

, , , ,1 2,3,4z i u vi =  of the first characteristic 

polynomial ( ) 0=z  that is   ( ) 0det

0

)( =

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









= 

=

−
k

j

iki zAz  

Satisfies 1iz  and for those roots with iz =1, multiplicity 

must not exceed two. Hence, our method is zero-stable. 

Convergent 

Theorem1:[6] The necessary and sufficient conditions for 

the third derivative block methods to be convergent are that 

they must be consistent and zero-stable. Therefore, the 

three-step third derivative method with two optimize off 

grid hybrid points based on the Volterra integral equation of 

the second kind is convergent since it is both consistent and 

zero-stable. 

Linear Stability 

The concept of A-stability according to Hairer E and  

Wanner G is discussed by applying the test equation 

                     
( )k ky y=                                     (17)                         

To yield 
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( ) 1 ,m mY z Y z h −= =

             (18)                                            

Where z is the amplification matrix given by  ( )z
             

( ) ( ) ( )( ) ( ) ( ) ( )( )
1

1 1 0 0 01 4 4z z z      
−

= − − − − −       

                                                                      (19)                                                    
 

The matrix ( )z  has Eigen values ( )0,0, , k  where 

k  is called the stability function. Thus, the stability 

function for three-step optimize third derivative method with 

three off grid hybrid points based on the Volterra integral 

equation of the second kind is given by    
7 6 5

4 3

2

3559 170761614 363211316z 61177 826371777 287130170z 232512 117478282 416668877

1343794 418406246 970615008 2746207 325002929 068984972

4678197 774730915 644611280 2276680 107484104 332000

z

z z

z


− +

− +

− +
= 7 6 5

4 3 2

000 141160 379068800 000000000

5883365403 807430188z 132 858824500 543213202 1489 574607384 253468845

10312 612430082 415415040 45938 133307789 620169740 127897 416332604 943811280
203083 3

z

z z

z z z

−

− +

− + −
+ 79005384 332000000 141160 379068800 000000000z−

 

Regions of Absolute Stability 

The stability polynomial for optimize three step with three 

off step point based on the Volterra integral equation of the 

second kind gives 

( ) ( )7 7 6 7 653 036225293 19 759857127 554541889 163 002347212 944362893

2100 000000000 137 851932684 375000000 560 160234400 000000000

5 751722 006925743 204960047 1251 359862

47053 459689600 000000000

h w h w h w w

h w

= − + −

− −( )
610645 984923211 418387787

1960 560820400 0000000006 4038 683416787

2240 640937600 000000000 724483 171515212 802587891

5881 682461200 000000000

3 398097 350208157 976049979

35290 094767200 00

w
w h

w

h

 
−  

 − 

− ( )
63557 669935828 043930849

196 056082040 0000000007 6 242848 430624217 385176957

0000000 5041 442109600 000000000 73117 462273982 401330849

196 056082040 000000000

239390246 276786083

35290094

w
w w h

w

h

 
− −  

 − 

+ ( )6 7 7 6380550625 345586083
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w w w w− + −
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Figure1: Region of absolute stability 

 

 

 

V NUMERICAL RESULT AND DISCUSSION 

Problem 1 We consider the initial value problem 

( ) ( ) ( )

'' '

.

''' 0 , h 0.01 :

0 1 , ' 0 0 , '' 0 1

  





 

− + − = =

= = = −
  

 with Exact Solution: ( ) ( )cosx x =  

Table I. Showing the Result meant for Problem 1 

                              

  x-values Error in our method   Error in Atabo et al 

(2022)  

0.1 2.00000e-30 0.000000e+00 

0.2 7.00000e-30 1.110223e-16 

0.3 4.00000 e-30 1.332268e-15 

0.4 4.81000 e-29 7.105427e-15 

0.5 1.97000 e-27 2.489617e-14 

0.6 6.37500 e-27 
 

0.7 1.32460 e-26 
 

0.8 2.28080 e-26 
 

0.9 4.11980 e-26 
 

1.0 7.04830e-26  

 

Problem 2 We consider the initial value problem of third-

order  

( ) ( ) ( )

'

11 2
100

''' 0

0 0 , ' 0 , '' 0 , h







 

+ =

= = = =
   

with Exact Solution: ( ) ( )( ) ( ) ,2 1 cos sinx x x = − +  

Table II. Showing the Result meant for Problem 2 

                              

  x-

values 

Error in our 

method 

Error in Kayode & Adebisi 

(2025) 

0.01 3.35698e-24 4.38e-18 

0.02 3.93630e-23 2.04e-17 

0.03 1.52751e-22 4.82e-17 

0.04 3.93699e-22 8.72e-17 

0.05 8.17272e-22 1.33e-16 

0.06 1.48179e-21 1.84e-16 

0.07 2.44819e-21 2.42e-16 

0.08 3.77810e-21 3.05e-16 

0.09 5.53320e-21 3.69e-16 

0.10 7.77317e-21 4.33e-16 

Problem 3 We consider the initial value problem of third-

order  

( ) ( ) ( ) 11
10

''' 0

0 1 , ' 0 , '' 0 1, h







 

+ =

= = − = =
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with Exact Solution: ( ) ( )exp xx −=  

Table III. Showing the Result meant for Problem  

  x-

values 

Error in our 

method 

Error in Kayode et al (2025) 

0.01 3.15157e-24 4.6730e-22 

0.02 3.47261e-23 3.24300e-21 

0.03 1.264789e-22 1.44730e-20 

0.04 3.06360e-22 6.08299e-20 

0.05 6.01969e-22 1.17224e-19 

0.06 1.03449e-21 2.02888e-19 

0.07 1.62500e-21 3.53857e-19 

0.08 2.39138e-21 5.36240e-19 

0.09 3,34903e-21 7.76000e-19 

0.10 4.51082e-21 1.12175e-18 

 

VI CONCLUSIONS 

Several third derivative numerical problems from 

Akinnukawe (2024), Mohammed (2010), Victor & Solomon 

(2021), and Ukpebr et al. (2020) are used to test the created 

optimized three-step third derivative hybrid block approach. 

The optimal hybrid methods were derived using Scientific 

Workplace 5.5 software, whereas the implementation was 

done using Maple 18. The MATLAB 2021a programming 

language was also used to create the graphical 

representation, which displays an A-stable zone as seen 

above. The data above make it clear that our suggested 

optimized approaches can handle stiff equations and 

converge more quickly than the current approach. It is 

evident that the new approach outperforms the current one 

when compared to the results obtained in tables 1, 2, and 3, 

respectively. If feasible, this approach could be expanded to 

higher derivatives that provide solutions for both the stiff 

and oscillatory general ordinary differential equations.  
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