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Abstract

Let G = (V, E) be a simple connected graph of order p and size g. If
{G1, Gy, , G, } are edge disjoint subgraphs of G such that £(G) =
E(Gy) U E(G2) U E(G3) U --- U E(G,,) then {G1,Gs,--- ,G,} is
said to be a Decomposition of a graph G. A graph of size ¢ = ("}?)
is said to have a Triangular decomposition (TD) if GG can be decom-
posed into n - subgraphs {G1, Gy, - - - , G, } such that each subgraphs
G, is connected and |E(G;)| = ("1') for 1 <i < n. A Triangular de-
composition (TD) in which each G; is a path is said to be a Triangular
path decomposition (TPD). In this paper we discuss about the nec-
essary and sufficient conditions for the existence of Triangular path
decomposition of Pentagonal cyclic snake graphs.

Keywords: Triangular decomposition; Triangular path decomposi-
tion; Pentagonal cyclic snake graphs.
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1 Introduction

A graph G, referred to here is an undirected connected graph without loops or
multiple edges. A path is a type of open walk where neither edges nor vertices are
allowed to repeat. A path of length n is denoted by P,, Harary [1972]. The concept
of Even Decomposition was introduced by Suthiesh Goldy and Ebin Raja Merly
[2018]. The concept of Continuous Monotonic Decomposition of graph was intro-
duced by Gnanadhas and Paulraj Joseph [2000]. Different types of decomposition
of a graph GG have been studied in the literature by imposing suitable conditions
on the subgraphs GG;. Motivated by the above we have introduced the concept of
Triangular Decomposition of a graph. A TD in which each G; is a path of length
(lgl) in G, then we say that G' admits Triangular path decomposition (TPD). In
this paper we discuss about the necessary and sufficient conditions for the exis-
tence of Triangular path decomposition in Pentagonal snake graphs.

2 Basic Definitions

Definition 2.1. A graph G of size ¢ = (”;2) is said to have a Triangular decom-

position (TD) if G can be decomposed into n - subgraphs {G1,G2,G3,- -+, Gy}
such that each G; is connected and |E(G;)| = ("}') for 1 <i <n.

Definition 2.2. A Triangular decomposition (TD) in which each G; is a path is
said to be Triangular path decomposition (TPD).

Definition 2.3. A Pentagonal snake graph kCs is obtained from a path vyv,vs - - - Uy,

by joining v; and v,y for 1 <1 < m — 1, to new vertices ugl), u§3) and then join-
ine u® u® and u® @
gu,  u; and ;" w”.

by a cycle Cs.

That is the path P,, by replacing each edge of the path

3 Triangular Decomposition of Pentagonal cyclic snake
graphs
Theorem 3.1. Any Pentagonal snake graph (5m_2)(56m_1)(m) C's admits TPD (Py, Ps, Ps,
-, B,) ifand only if n = 5m — 2, m € N.
Proof. Assume that (5m_2)(56m_1)(m) C5 admits TPD (Py, P>, P3,--- , P,). Now

q( (5m—2)(56m—1)(m)) 05 _ 5((5m—2)(56m—1)(m))' Then 5((5m—2)(56m—1)(m)) _ n(n+16)(n+2).
This implies n = bm — 2, m € N.
Conversely, suppose n = 5m—2, m € N. Let V = {vg, v1,V2, "+ , U (25m3 15m2 12m)

6
be the set of vertices of the base path of (5m_2)(56m_1)(m) C’s of length (5’”_2)(56”’_1)(7”) .

6212 S. Chandrakala®, IJMCR Volume 14 Issue 03 March 2026



"Triangular Path Decomposition of Pentagonal Cyclic Snake Graphs|"

Let vg and v (25,3 _15m242,,) are the beginning and end vertices of the base path
respectively. Let tﬁe base path be P5,.3_15m212m) - Also we consider the path
@ @) 3 (1) (2 u(3) 6(1) (2)

Vo, Uy "5 Uy "y UL "5, V1, Ug "5 Ug ™, Ug 7 Vg, ) u(25m3715m2+2m) ) u(25m3715m2+2m) ’
6
U((:zim3_15m2+2m) ) U<25m3—1§m2+2m) of length 4((25m3_12m2+2m))- To prove
6

Em=2)0m=1)(m) O admits TPD (Py, Py, Py, -+ , P,) wheren = 5m —2, m € N.
We prove this theorem by using induction on ‘m’. When m = 1,
q(Er=2m=)m) ¢y — B20-D6) Clearly ©=20-D0) admits TPD (Py, Py, Py).
Suppose the result is true when m = k. That is w Cs admits TPD
(Py, Py, -, P,) where n = 5k — 2, m € N. To prove the result is true for m =

k+1. That is to prove (5(“1)72)(5(6“1)71)(“1) Cs admits TPD (Py, P, Ps, -+, Ps(ig1)—2).

5(k+1)—2)(5(k+1)—1)(k+1 25k3+75k2—15k24+75k—30k—+25—15+2+2k
(((+))((6+))(+)Cs):<( + +6 + ++)>5:

5 and the sum of edges of (Psg_1, Pk, - ,
75k2+75k730k+12>5 and hence ((5(k+1)—2)(5(k+1)—1)(5(k+1))) Cs
6

Now ¢

( (25k37165k2+2k) )5 + ( 75k2+7512730k+12 )

Ps(k+1)—2) equal to (

6
can be decompose into (P, P, Ps, - -, Psg11—2). We conclude by the induc-

tion principle that any pentagonal snake graphs w C5 admits TPD

(Py, Py, P3,--- ,P,)ifand only if n = 5m — 2, m € N. ]

Table 1: (w> C.

6

m | q |TPD (P, PPy, P)
1 10 (P, Py, Ps)

2 | 120 (Py, Py, Py, Fs)
3| 455 (P, Py, Ps,- -, Py3)
4 | 1140 (Py, P>, Py, -, Prg)
5 | 2300 (Py, Ps, Py, -, Ps3)
6 | 4060 (Pi, P>, Ps,- -+, Pag)
7 | 6545 (Pr, Py, Ps,- -+, Ps3)
8 | 9880 (Pr, Py, Py, -+ -, Psg)
9 [ 14190 | (P, P, Ps,--+ , Py3)
10 [ 19600 | (P, Py, Ps, -+, Psg)
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Figure 1: Pentagonal Snake Graph 2C’5

Vi V2 Vo Vi

Figure 2: TPD (P, Py, P3) of 2C5

Theorem 3.2. Any Pentagonal snake graph (sm_l)(?)(f’mﬂ) C's admits TPD (P, Ps,
Ps,--- ,P,)ifand only ifn =5m — 1, m € N.

Proof. Assume w C5 admits TPD (P, P, Ps,---,P,). Then
q( (5m—1)7(7;(5m+1) 05) 5((5m—1)7g(5m+1)). That is (5m—1)5gz(5m+1) _ n(n+16)(n+2).

Implies n = 5m — 1, m € N.
Conversely, suppose n = 5m—1, m € N. Let V = {wvg, v1, 02, , U (a5m3_m) } DE

6
the set of vertices of the base path of ( (5m_1)(7g)(5m+1) )Cs of length (5m_1)(7g)(5m+1) .
Let vy and v (5,,3_,,) are the beginning and end vertices of the base path respec-
6

tively. Let the base path be P55,,3_..,. Also consider the path v, ugl), u?), u§3), vy,

6
ugl)7 u§2)’ ug?))’ Vg, - ? u((]2-?5m37m) ’ ((zz)m?’—m) ) ((:);‘)5777.3—1%) ) U(25m3_m) Of
6 6 6 6
4( (5m71)(rg)(5m+1)). To prove (W)Cﬁ admits TPD (P, P, P3,- -+ , P,)
where n = 5m — 1, m € N. We prove this theorem by using induction on
‘m’. When m = 1, q(—(5m_1)rg(5m+l) Cs) = —(5‘1)2(5“). Clearly —(5_1)2(5“)
admits TPD (P, P, Ps, Py). Suppose the result is true when m = k. That is

(BE=LEGRD) O admits TPD (P, P, Py, -+ , P,,) where n = 5k—1, m € N. To
((5(k+1)71)(k+1)(5(k+1)+1))05

length

prove the result is true for m = k+1. That is to prove 5
admits TPD (Pl, PQ, Pg, cee ,P5(k+1)_1). Now Q((5(k+1)71)(kJ6r1)(5(k+1)+1)C5> =

(25k3+75k2+g5k—k+25—1) 5 — ((25k2—k))5 + ((75k2+g5k+24))5 and the sum of edges of
2
(Psk, Psig1, P2, -+, Psgery—1))  equal  to W+k%5 and hence

(5(k+1)_1)(kgl)(5(k+1)+l) Cs can be decompose into (Py, Ps, Py, - -+, Ps(py1)-1). We
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conclude by the induction principle that any pentagonal snake graphs w&,

admits TPD (P, P, Ps,- -+ , P,) ifand only if n = 5m — 1, m € N. O]

Table 2: ((5m_1)(7g)(5m+1)) Cs

m | q |TPD (P, P, P, b)
1| 20 (P1, Py, Ps, Py)

2 | 165 (Pi, Py, Ps,--- | Py)

3 | 560 (P1, Py, P, -+, Py)
4 | 1330 (P1, Py, Ps,- -+, Py)

5 | 2600 (P1, Py, Ps,- -+, Py)
6 | 4495 (Py, Py, P3,-- -, Py)

7 | 7140 (Pr, P2, Py, , Psy)
8 | 10660 | (Pi, P, Ps, -, Ps)
9 | 15180 | (P, P, P, , Pu)
10 [ 20825 | (P, Py, P, -+, Py)

u(12) ”(22) u(32) uiz)

v,
vO v1 P 3 4

Figure 3: Pentagonal Snake Graph 4C’5
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Figure 4: TPD (Pl, PQ, Pg, P4) Of4C5

Theorem 3.3. Any Pentagonal snake graph (m)(5m+61 JEm+2) O admits TPD (Py, Ps,
Py, -+, P,) ifand only ifn = 5m, m € N.

Proof. Assume w Cs admits TPD (P, P, P3,---,P,). Now

q(m(5m+16)(5m+2) 05) _ 5(m(5m+16)(5m+2))' That is 5m(5m+é)(5m+2) _ n(n+1§(n+2).

Implies n = 5m, m € N.
Conversely, suppose n = 5m, m € N. Let V' = {vg, v1, V2, * , Vssm3 115m212m }

6
be the set of vertices of the base path of (m)(s’m% JEmE2) 1 of length (m(5m+16)(5m+2)) :

Let vy and v (a5m3115m212m) are the beginning and end vertices of the base path

6
respectively. Let the base path be P(s5,,3,15m212m). Also we consider the path

6
1 (@2 3 @ .2 06 1) (2)
Vo, Uy ", UL ", U ", V1, Ug ", U ", Uy ", Uyt vty u(25m3+15m2+2m) ; u(25m3+15m2+2m) 5

6 6
3 5 1)(5 2
U((2)5m3+15m2+2m> P v (25m3+15m2+2m) Of lel’lgth 4( (m)( m+6 )( mt ) ). TO prOVe
-6 6

6
(mOmtDEmE2)) o admits TPD (Py, Py, Py, - - , P,) wheren = 5m, m € N. We

prove this theorem by using induction on ‘m’. Whenm = 1, q(w Cs) =

w. Clearly w admits TPD (Py, P»,--- , P5). Suppose the result

is true when m = k. That is SCHUOM2 O admits TPD (Py, Po, Py, -+ , Py)

where n = bk, m € N. To prove the result is true for m = k£ 4 1. That is
to prove ((kH)(5(’““)21)(5(“1”2))C5 admits TPD (P, P, P3,- -+, Ps41)). Now

((k+1)(5(k’+1)+1)(5(k+1)+2) C) _ (25k3+75k2+15k2+75k+30k+25+15+2+2k)5
q 6 5) = 6

5 and the sum of edges of (Psg11, Pski2, -

3 2 2
(25k +165k: +2k)5 + (75k: +7512+30k+42)

Ps(i11)) equal to (R HTORE300442 )5 5y hence (EHDCELUIDEETDI2) 0 can he
decompose into (P, Py, Py, -+, P5(k+1)). We conclude by the induction principle

that any pentagonal snake graphs w&) admits TPD (P, P, P3, -+ , P,)
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if and only if n = 5m, m € N.

Table 3: (T EmUEMm+2)y o

6

m q TPD (P, P, Ps,--- , P,)
1 35 (P1, Py, Ps, Py, Ps)
2 | 220 (P, Py, Ps, -+, Pyp)
3 | 680 (P, Py, Py, -+, Pi5)
4 | 1540 (Py, Ps, Ps, -, Py)
5 | 2925 (P1, Py, Ps,- -+, Py)
6 | 4960 (Py, P, Py, -, Py)
7 1 7770 (P, Py, P3,-- -, Ps5)
8 [ 11480 | (P, Py, Ps,--+, Py)
9 [ 16215 | (P, P, Ps,---, Pys)
10 [ 22100 | (Py, Py, P3,- -+, Pso)

2
2

@
7

Figure 6: TPD (P, Py, Ps, -+ , P5) of 7C5
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4 Conclusion

In this paper we described above pentagonal cyclic snake graphs that accept
Triangular path decomposition. Finally we conclude that this study can be ex-
tended to any odd cyclic snake graphs.
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