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ABSTRACT
For the given known data pz(xy), ..., iz (%), ua(x1), - , ua(x,) and given that pz(x), us(x)

belongs to the same set as uz(x;), ..., uz(xp), ha(x1), o , 1a(xn) and a < pz(x) < b, a <
#a(x) < b, distinct maximum information estimates of the data gap pz(x), 4 (x) are obtained
using different information measures and different methods. The first approach uses either a or
b or pz(x),pa(x) as the estimate, where pz(x),p (x) is an information mean of
bz (x1), o, iz (), pa(x1), .. pa(xn). The second technique relies on a,b and

teq Uz (x), Xieq #a(x;). In the third approach, all of the data uz(xy), ..., uz(xn), ua(x1), -
, #4(xy,) are dependent on it.
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1. INTRODUCTION

The estimation of the data gap is very important area in many
fields of research like agriculture, economics, and science
laboratory and data management. When we observed that
some data are found missing due to nature climates or any
other reasons and are very difficult to repeat the experiments
for example the field trials of agriculture crops or disrupted
due to nature climates, can the technique to predict or estimate
this value are need to be developed. Various scientist and
technocrats have suggested different method valuably the
max entropy method described by Kapur [7] and that have
play an better role then Yate [15].

In the case of an information system (U, A), where A is a non-
empty finite collection of characteristics and U is a non-
empty set of finite objects as the universe of discourse, such
that for every a in A, a: U — V. The range of possible values
for attribute an is known as the set I/;. Decision systems, often
known as decision tables, are information systems with a
decision attribute that includes classes or decision values for
every item. Formally speaking, it is a pair (U, A U {d}), where
the decision attribute is d, which is not a member of A. We
refer to the components of A as

conditional attributes. In contrast to RST, FRST allows for
multiple expressions of indiscernibility.

Any fuzzy connection that establishes the degree of
indiscernibility between two items is referred to as a fuzzy
indiscernibility relation (FIR). We look at a few FIR unique

instances.
(i) The fuzzy tolerance relation: this relation possesses
symmetrical and reflexive features, with the reflexive being
A(x,x) = 1. Synchronous: A(x,y) = A(y, x)
(il) In addition to being reflexive and symmetric, the
similarity relation (also known as the fuzzy equivalence
relation) is transitive. It is defined as min (A (x,y),A(y, Z)) <
A(x, 2).
(iii) T-similarity relation (also known as the fuzzy T-
equivalence relation): this relation is a fuzzy tolerance
relation that is also T-transitive. For a given triangular norm
T, T(A(x,y),A(y, 2)) < A(x, 2).
Jensen and Shen presented the following equations as the
tolerance relations on a quantitative attribute a, V.
DValey) =1~ |Z§Zi:(;::|

_(a(X)—a(y))z
(i) Vo(x,y) =e 29
(i) V, (x, y) = max (min (a(y)—a(X)+Ua ) a(X)—a(y)+6a) ) 0)

Oq Oq

where a,,;, and a4, are the user-supplied minimum and
maximum values of the data, and 62 is the variance of feature
a.

The traditional method of object discrimination is applied to
a qualitative (i.e., nominal) property a, meaning that
V,(x,y) = 1lifa(x) = a(y) and V,(x,y) = 0 otherwise. The
fuzzy B-indiscernibility relation can thus be defined for any
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subset B of A using the formula Vg(x,y) = T(Va(x, y)),
where T is a t-norm operator, such as minimum, product. In
general, any aggregation operator, such as the average, can be
used in place of Radzikowska and Kerre [7] state that an
implicator  and a t-norm T are used to generalise the lower
and higher approximations in the context of FRST. The fuzzy
B-upper and B-lower approximations of a fuzzy set set A in
U are as follows.

Definition 1.1 Assume that A is an equivalence relation and
(U,A) is a finite set. This is known as the Pawlak [6]
approximation space. The lower and higher approximations
of x; for each X CU are provided by pu(x;) = (x; €
X:[xlg€X)and puz(x) =(x; €U:[x]oNX # 0)
signify an equivalence class in A that contains an element
x; € U. Pawlak [6] states that if ,(x;) # pz(x;), then x; is

referred to be a rough set.

Definition 1.2 Assume that (U, A) is a fuzzy approximation
space, A is a fuzzy relation on U X U, and U is the universal
set. The fuzzy set of U is the lower and upper approximation
of X, i.e., uz(x;) and p,(x;), with respect to approximation
space (U, A), for any set X € F(U). Its membership functions
are defined as follows:

1a() =Vyew (1a(5,y) AAG))and uaCe) =
Nyeu (1aCx, ) VAD))

xeU

The pair (yé(xl-),uz(xl-)) is hence referred to as a fuzzy

rough set. Infimum and superemum values are represented by
the symbols A and V. Now, the hybrid Shannon [8]
information measure, or Modified Verma [10]

Ve(A) = B2 In (1 + s () = B1ty pa () In g () —
it In(1 + a)pa(x;)
+ 3y 0 (1 + apz(x)) = By pz ) n iz () —
Y In(1+ a)pz(x); @ > 0.
as well as Verma [9], a hybrid Burg information measure
Ve4) = — 52y In (1 + s () + Sy Inpg () +
XisiIn(1 + a)pa(x;)

=2 n (1 + apz(x) + Ziy In g () + T3, In(1 +
a)pz(x;);a > 0.

Shannon's measure of information or equality provides one
such metric for the probability or proportion distribution.

bz (x1) na(x1) uz(x2)
Z?:l bz () +pz(x1) Z{Ll praCe)+palxr) ’ Zln=1 bz () +uz(x2)
palxz)
T paGedrpalx)’
iz (xn)
TR Hg () g (xen)
ualxn) pz(x) ua(x)

(1.1)

T raGd+ualen)’ Tty g +uz00 - I palep)+pax)

is given by

$(ka)) =
_yn uz(x;) bz (x)
ELYR g () +ug () N pg () +ug(xy)

Hz(x) bz (%)

a . ng () +uz () PN Hg ()7 (x) (1.2)
and S (Mé(x)) =
_yn ualx;) ualx;)

EIyt  waCe)+ual) By nalep)+uaCx;)

_ pnalx) pna(x) (1.3)
Y uabe)+ua(x) N palx)+pa(x) ’

Through maximize S (,u; (x)) and S (u n (x)) we obtained the

estimates

S (Mz(@) =

1
(‘uz(xl)u;(xl)ﬂz(xz)u;(xz) Mz(xn)uz(xn))Z?ﬂu;(Xi)
(1.4-a)
And
§ (ma0)) =

1
(Hé(xl)ué(xﬂué(xz)ué(xz) Mé(xn)ﬂé(xn))2?=1ﬂé(xi)
(1.4-b)

which is the entropic mean of uz(x;), pz(x5), ..., uz(x,) and
ta(x1), g (x2), oo g (x,). Using Burg's [1] measure of
entropy,

_ —yn L\
B (,uA(x)) i=11n | ug ) +pg(x)
(%)
nop— Y 1.5-
=S )+ ) (1.5-2)
and B (Il 4 (x)) =
n o] pa(x) n o] pua(x) 15-
=1 N G et T 2= NS e (L.
b)
after maximization we obtain the estimates
B (1z(0) =
pg (1) +pg () ++p7(n)
" (1.6-a)
and B (,ué(x)) _ #4(x1)+ué(x;)+--~+u4(x1;)

(1.6-b)
Lastly, we employ the Havrda-Charvat [2] entropy of second
order

H (4z()) = 1~
n A 2 ( Z(x))z
( bz (xi) > _(Z ®

i=1 Yl g )+ () ?:1“Z(xi)+”z(x))2
(1.7-2)
and H (,ué(x)) =1-
2
n ( nalx) )2 () (1.7-
TSR a0 ta0) (S up e tuato)” '

b)
We receive the estimate,
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2
H(00) = 0L g () -
2
Z?=1(#§(Xi))
S palx) (1.8)
2. NEW RESULT

2.1 Utilising modified Verma [10] i. e. hybrid Shannon [8] information measure when a = 0

In this instance, we must maximize (1.2) and (1.3) while keeping in mind that a < pz(x) < band a < p,(x;) < b

Now from (1.2) and (1.3)

ds 1
= Di=q bz () Inpz () — Xiq pz(x) In iz (x) (2.1.1)
dp.;(x) (Z?:lll;(xi)*'#;(x) 2 ( =1 A\ AN =1 FA\* A )
ds 1
and = Dim1 ba () Inpug () — Xiq pa (i) In gy () (2.1.2)
AAC) (51 paGep+uaGe) (2 ai ' SHRAM D)
dzs 1
Also, 7= 5 (2(21 1 sz () In pz () = Ty iz () In iz (%)
d(uz(x)) (Zi=1ﬂz(xi)+#z(x)
Ti g b () +uz(x)
g () A4 2_(;) 4 ) (2.1.3)
d?s 1
and 7= (2(2 1.“A(xl) In .UA(X) X 1MA(x ;) In ,UA(x ))
a(ua@) (S maG)tua(o)’
Yieq ba(x)+ua(x)
n =1 AL a
= () = ) (2.1.4)
When uz(x) = 0 and u,(x) = 0 then S = 0,
. ds ds
Similarly, @ = oo and WA o, (2.1.5)
2 2
Also, —2 - <0and—22 5 <0 2.1.6)
d(u;(x)) d(ﬂé(x))
2.2 Verma [9] i. e. hybrid Burg information measure when o = 0
Use of hybrid Burg [9] information measure when a = 0
dB n+1 1
= — 2.2.1
00 T i@ | g 2.2.1)
dB n+1 1
d = — 222
an a® T raG A | ra® (2.2.2)
dZ
= ——— r——— (2.23)
d(uz(x)) (Zi:1 ﬂ;(xi)ﬂlg(x)) (;Lz(x))
2
and 5 = - ! I (2.2.4)
d(ué(x)) (Ei:1 #A(Xi)"'#é(x)) (;Lé(x)>
2.3 Applying an alternative measure of information
pz(x) B () b (xp) uz(xp)
K - _ 7 A )1 < A _ A )
1) = (z{l Gt S i) S kg Gra | Ty () +H (0
_yn ( palx;) _ ualx;) ) ( ualx;) _ palxq) )
SIS naGe+a T pa(x)+ua®) i uaG)+a X paCe)+ua)
_yn ( bz (xp) b ) ( bz (xp) b)) )
SIS ug () +pz () X pg(a)+b Ty ug (D +uz () B pg(x)+b
_ym ( IED) raCx;) ) ( INED) b)) )
S na(x)+pa(x) Z{Ll ua(x)+b S Al +pa(x) X palx)+b
_ ( bz () _ a )ln < uz(x) _ a )
Szt () T ug(xp)+a Yty g +pg(0) XL, pp(x)+a
_ ( ua(x) > ( ua(x) a )
S nae)+ua(x) E{l 1#A(xl)+a i 1#A(x1.)+#A(x) Z?=1#A(xi)+a
_ ( b bz (x) >l < bz (x) )
ST ugG)+h S pp () () i 1uA(xl)+b R kG ()
_ ( b pa(x) > < pa(x) ) 23.1)
S, ua(x)+b E" 1 A +p7 (%) P 1”’A(xl.)+b Z{Ll pa(x)+ua(x) e
By default, its maximization will guarantee that a a < pz(x;) < banda < p,u(x) <b
b—pz(x) NP, pz(x)+b b—pa(x)  Titipa(x)+b
— — = — 2 2
pz()-a I, pglxe)+a and pa()—-a T, pualx)+a (23.2)
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bty ua(xp)+a Yo, paCx)+2ab
2% pa(x)+a+b

b3l pz(x)+ais, pz(x)+2ab
230, pg(xp)+a+b

or K; (,uz(x)) = and K; (‘ué(x)) =

(2.3.3)
Similarly, if we maximize the measure of information corresponding to Burg’s information measure
B _won HzG) bz (x) )
By (43(0) = By In (2?:1u;(xi)+a ST iy (D ()
n Hz(x) kg )
+ 2= In <2?=1 b (e +uz () Ty pug(x)+b
n bz () _ a )
+ 2= In (Z}Llu;(xi)w;(x) e uz(x)+a
n b _ Hz(x) )
+>,In (Z?:lﬂ;(xmb s s (2.3.4)
At the same time
_on palx;) _ na(xy) )
By (“ﬁ(x )) = i In (2?:1ué(xi)+a AN
n palxy) kAl )
2= In (Z?:lﬂé(xi)"'ﬂé(x) S ua(x)+b
(x) a
i (e )
R YR raGe)tra() I na(x)+a
(x)
" In ( k4 ) 235
+Xin T aGed+b B pa(xp)+pa(x) ( )
Then, maximization gives
b+a—2yz(x) 1 b+a—2ua(x) 1
= and = = 2.3.6
(u;(x)—a)(b—#Z(X)) Tty uz () +u (x) (#é(x)_a)(b_#é(x)) i maC)+ua(x) ( )
So that, a < B; (,u;(x)) < asz < b at the same time a < B; (,ué(x)) < azi <b.
2.4 Use of another principle
Consider the three-probability distribution,
A: uz(x1) na(x1) bz (x2) na(x2)
Ny pg e rug () B paGe)pale)’ Tl ug ) tug () B, paGx)pate)’
7 (xn) na(xn) 7 (x) na(x)
TR g+ () B paCe)+palen)” B ugCe)+pg(x) N pa(x)+pa(x)
. pg(x1) up(x1) pg(x2) up(x2)
LY g tug(xy) N, up(x)+up(x) N pp(x)+ug(xz)  Tiey up(ep)+uplxr)’
pg(n) up(xn) b b
TN g rug(en) X, mGe)+up () Nk, pp(x)+b - X pp(x)+b
bg(x1) ue(xr) bg(x2) c(x2)
"I kgt | Tl neG)ieGe) By ) igg) | Sy meGtucG)

ug(xn) uc(xn) c n c
TR wele) ) Ty neG)+uc(en) Tty upted+e - XLy ne(xD+C
We have no reason to think that the directed-divergence of B from A should differ from the directed-divergence of A from C in the
absence of any further information, so we take
D(B:A) = D(A: (),

Naturally, following the use of the Kullback-Leibler [5] measure of divergence

o) DT o Ry o R o) T up () +up ()
=1y ugle)+b iy up(x)+b (=130 up(x)+b S up(x)+b
+ b Yieq bgle)+ug(x) b Yie1 up(x)+up(x)
it ug(x)+b T ug(x)+b S, up(x)+b It up(x)+b
n ug(xi) Yizq bp(x)+c n uc(xy) vy uelx)+c
ELen (e +pp(x) S pe(e)+pp(x) PR e +uc() Sy uee)+uc(x)
ug(x) Yizq bp(x)+c uc(x) iy uclxp)+e
24.1
+ Yoy HeCe)+pg() By pple)+ug() T peGed+uc(x) T pe(ed+uc() ( )
In other words,
In Tieq gl +ug(x) +1n Tin, up () +up(x) _ Yizq bp(x)+c Tivg uelx)+c (2.42)
i ug(xd+b Y up(x)+b iy Hle)+pg () TR uc(x)+uc(x) o
The above means that
ity bptep)+ug() | XL, up(x)+up(x) _ Tieq g+ i uelxp+c (2.4.3)
i, up(x)+b S up(x)+b Yoy uele)+pus() T ne(xd+uc() o
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Or \/(Zl 1 () + b)(zl i) + C) < Xiz1 pp(x) + g + 2 g () + g

b
and \/ (T mp () + D) (Zy e O) + €) < Ty pp () + 5 + Ty e O) +2 (24.4)
Once more, it is solely dependent on X7 ; up(x;) = X1y ug (x ), b and c also i, pup(x;) = iz pc(x;), b and c. However, If we
apply the directed-divergence due to Havrda-Charvat [2]

n ( 1g(x) )“ ( pg(x) )1_“ + < pp(x) )“ < 1p(x) )1_“
EINSR up(ep+b) \SL uglap)+ug () S up)+b) \S upCx)+up(x)
() (Gmmm) mmem) o)
i, pp(x)+ug () i, pp(x)+ug () Y up(x)+up(x) Y up(x)+up(x)
Cem ( B () )“ ( p(x) )1‘“ N < e )“ ( pc(x) )1‘”‘
A=\ A\, b)) +pa(x) Siey wplx)+e S uc(x)+uc(x) S ucxp)+c

_ a 1-a a 1-a
+(n ug(x) ) (n c ) +<n uc(x) ) (n c ) (2.4.5)
Yizq M) +up(x) Yicq kiglx+c Yizq b)) +uc(x) Yizq bc(x)+c

we mean to say,

Sy ugGe)+b%(ug(o) Sy up () +b*(up(x))

n ron =zt n ar i-a
(S, gl +b) (S, up)+ug() (S, upGep)+b) (S, upep)+up()
a a

Siy ke (up(0) 1@ Biy ueGe)+ () 1@
(S g z0) (S, wptep+e)  (Zy ueCep+ue) (S, weGep+e)
The above shows that the estimate again solely dependent on Y7, ug(x;) = Xivy up(x;), b, c and X7, pp () = Xy puc(x;), b, c.

1-a 1-a

(2.4.6)

2.5 An alternative approach for estimation
It should be noted that the principle that pz(g), e, pg O), g (), pig (Xpeg1)s oy iz () and
Ba(x1), oo thaOcpe), pha (), g (Xpe41), -o-» tha () should be as equal as possible if the data gap falls between pz(xy), uz(x+1) and

Ba(xi), ta (X +1)- Thus, we begin with the following principle: pz(x) — pz(x1), ..., uz(x) — pz (), uz (X s1) — pz (), -, pz ()
—pz(x) and pg(x) — pra (1), ooy g () — pa (i), g (X 41). Itis important that —p, (%), ..., pz () — pz(x) be as equal as feasible.
Assuming that w, = ¥, pz(x;) and w, = ¥it; p4(x;). The matching probability distribution is

Hz () —pz(x1) iz () —pz (k) bz (xpe—1)—pz (%)
Qk-m)pZz()+TLy pz(x) 201" 7 @k—m)puz ()+IL ) pz () —2w1 " Qk-mpuz(O+TL; pg(x)—2w, " ™
bz () —pz(x)
Y @k=n)puz (04T () —2wy
na(x)—palxr) na()—palxg) pa(g—1)—pa(x)
Qk—n)pug()+37; pa(x)—2w2 " " Ck-m)pg()+X1 na(xp) 2wz " Qk-m)pg()+T nalx)—-2w;" "
paGen)—palx)
Y k-m)pa(0)+T, nalx) 2w,
In order to maximize the Burg information measure of equality, we select puz(x) and p,(x).

+ Zl k+1

and

bz () —pz(x)
(Zk —Muz(O+T pg()—2wy

ko bz () —uZ(xp)
(k-n)u7z(O+T]Ly pz(x)—2wy
At the same time,
Kk na()—palx;) n naCxp)—pa(x)

© n In
=1 n(Zk—n)ué(X)+Z?=1ué(xi)—2w1 =TT 2k-n)pa () +31, ma(e) -2,
This gives,
k 1 _ (2k-n)k
=1 e () -pg () Rk—m)pz(O)+IIL; pg () —201
k 1 _ (n—k)(2k-n)
=1 u;(xi)—u;(x) @k-mpz()+EE | iz (x)-201
+ Z _ (2k-n)k
LuaCo- ﬂA(xl) (k- pa )+ na(x)—2wy
k 1 _ (n—k)(2k-n) _
Bl pate)-nat)  k-n)pa()+E, palx)-201
. 1 n 1 n(2k-n)k
i.e. X — = - =0
A = L Lz 00— () ERAL ()7 () (Rk—m)pg(O)+EL | pg(x) 201
At the same time
1 n(2k-n)k
fZ(x) L 1 Zz k+1 - n =0

pnalx)— ﬂA(xl) ua)—palx)  Qk—mpa()+Xi_, palx)) 2w,
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Since, f;(x) = oo, fi(Xg41) = —0  and

In the equations above, when n = 2k, then

koL _yzk
S g Gmpg ) S

At the same time

ko1 _yek
=1 a0 -palap) i=k+1

3. DISCUSSION AND CONCLUSION

The availability of data and the application of the inductive
inference principle to the given data are the two main
determinants of the data gap estimate.
It is possible to estimate the probabilistic equality measure of
the entropy of uz(x;), ..., uz (), a(x1), -, s (x5,) based
on the principle of equality  of
Bz (1), o iz O ) pa(x1), o g () and pz(x), pa(x)
provided the values of pz(xy), ..., uz(xn), tta (1), o s pa ()
The data gap pz(x), ua(x) can be evaluated in one of three

maximum

ways if it falls  between  uz(x1),pa(x;) and

HZ(XkH),.Ué(ka)-

(i) How  much between

pz(x), ua(x)  stands
H(6), iz Ceicen) and jia(o0), ia(ricss) at the same time
determines the entropy measure S (u;(x)) ,S (u n (x)).

(i1) Determine the likelihood that the probability distribution
according to pz(x),us(x) is equally spaced from the
probability distribution according to pz(xy), pz(xXx4+1) and
BaCxie), g (X 41) at the same time.
(iii) Pick pz(x), pa(x) so that it equals, at most, pz(x) —

“Z(xl)' ,HZ(X) - #Z(xk)' #Z(xk+1) _MZ(x): ,‘le(xn) -
pz(x). At the same time, py(x) — pa(x1), oo, ua(x) —
“é(xk)uué(xk+1) _#é(x), ---'ﬂé(xn) - .Uf_x(x)-
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