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Strong groupings and their connection to the diverging principle for the information measure
are asserted in a fuzzy ambience in the current communication. It is demonstrated that for every
feasible value of n and n(>k), H n may be stated in terms of H (n-k+1) and H k. The diverging
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1. INTRODUCTION
A measure ofentropy H,(py, 02, ..., Pn) Will be said to have
the grouping property with respect to grouping function in
fuzzy ambience g(pq, p;) if

Hy(p1, D2, s Pn) = Hyea (P2 + D2, 03, -, P) +

9Py, P2 H, (S22 + L)

P1tpP2  DP1tD2
holds for all n = 3 Here g(p,,p;) is a known continuous

function. The property is called grouping property because
if we know H,(p,,p;) we can find H;(py, p2, p3) knowing

which we can find H,(py, P2, P3, P4) knowing which we can
find Hs(py, P2, P3, Pa» Ps) and continuing in this way we can
find H, (py, p2, .., pn) for all values of n.
If we consider entropy measures of the sum form, ie. if we
consider entropy measures of the form

Hy (p1, D2, s ) = O(p1) + B(p) + -+ + B(pn)
Since knowing the function @(p), we can write down the
expression for Hy, (py, P2, -, Pn), at once. However the above
two equations gives

B(p1) + 0(p2) = O(py +p2) + 9(p1, 01 +
pz) [Q) (1’711‘)"11’72) + Q) (1711""2172)]

In almost all the books on the subject (Aczel and Daroczy[1],
Kapur [3, 4, 5], Mathai and Rathie [6]) these are mentioned
as two separate properties of Shannon’s measure of entropy.
On the other hand, a key feature of Shannon entropy is the
Diverging Principle, also known in information theory as the
Diverging Axiom or Additivity on Independent Events. It
states that the total uncertainty of a complex system can be
divided (or "diverged") into the uncertainty of each of its
parts. However, this is difficult in the case of Verma meaure
[8, 9, 10, 11]. Therefore, we can say that the intuition that

information for independent events is total is formalized by

the Diverging Principle: the sum of the information obtained

from each independent process is the total information
obtained by observing the outcomes of two independent
processes. Mathematically, for a system described by a set of
probabilities, the diverging principle holds.

Hinvmy+etmy, (p11rp1z: -y P1mys P21, P22 -y P2mys -5 Pt Pn2s --wpnmn)

= H,(p1, 025 - Pn) +

. . Dim;
noH (P_n Piz z)
Zl_l pl m; i ) i ] ) i )

where, p; = Z;.njl pij, 1=12,..,n

It is easy to modify entropic divergence (and strong
divergence) to conduct more than one-step lookahead.
Smaller search trees would often result from this, but each
node would take longer. (For strong divergence, two-step
lookahead has been demonstrated to reduce overall run-time
on some really difficult problems (when combined with
implication information from the two-step lookahead).
Conducting deeper lookaheads exclusively on candidates
who appear promising based on shallower lookaheads is one
strategy to mitigate this tradeoff. Before performing any
lookahead, the candidate pool could potentially be reduced
using heuristics.

For example, algorithms for decision tree induction and our
entropic lookahead method for question selection at search
nodes have an intriguing (albeit not perfect) parallel. A
question is added at the leaf that yields the largest information
gain in the majority of grouping decision tree induction
techniques. Similar to this, in search, we can create children
that, in a way, likewise yield the highest information gain by
selecting queries whose offspring have the lowest entropy.
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Zadeh [12], In contrast to full members (1) or non-members Let X be a space, and let x be its generic element, so that X =
(0), fuzzy sets, a generalization of classical set theory, permit {x}. Then, the following equation
elements to have partial membership, denoted by a degree of A ={(x, pta(x)): x € X}
membership between 0 and 1. Fuzzy sets are helpful for defines a fuzzy set. Where u,: X — [0,1] is the fuzzy set A's
expressing ambiguous and imprecise thoughts since they are membership function and p,(x) € [0,1] is the element x's

defined by a membership function that gives each element a
particular grade of membership.

degree of membership to the set A.

2. OUR CLAIMS
CLAIM 2.1 For every, ambiguity u,(x;), i = 1, ..., n. Show that the equality

Hn(.“A(xﬂ’liA(xz)' "-'.U-A(xn)) + Hn(1 —ua(x1), 1 — py (), e, 1= ﬂA(xn)) =
= n—k+1(#A(x1) +ua(x2) + - g O, a (s, ---nuA(xn)) +
(1aCrr) + 1a () + -+ + pa(x))”

(x1) palxg)
H ( ka )+
k Z;?:l#A(Xj) Z;?:l#A(Xj)

Hn—k+1(k = pa(xy) —pa(xg) — o= (), 1 — pa(Xpq1)s oo 1 — iy (xn)) +
(ke = 1aey) = aCz) = = s ()"

Hy ( . 1-pa(x1) - 1—pa(xg) )
sk (1-ra(x)” " B, (1-na(x))
Proof: Since
Hn(”A(xl)uuA(xZ)' "-uuA(xn)) + Hn(l —pa(x), 1T —pu(xz), o, 1= :uA(xn)) =
Hn—l(:uA(xl) + pa(x2), pa(xs3), "":uA(xn))
+Hn—1(2 = pa(x)—pa(x2), 1 — py(x3), ..., 1 — HA(xn))

ualxq) ualxz)
+g(uA (1), fa (xZ))HZ (ﬂA(x1)+ﬂA(x2) ’ uA(x1)+uA(xz))
- _ 1-pa(x1) 1-pa(x2)
+g(1 Ha(x1), 1 MA(XZ))HZ (Z—uA(xﬂ—uA(xz)'Z—uA(x1)—uA(xz))
@2.1.1)
= n—z(#A(x1) + pa(xz) + pa(xz), pa(xs) ---:.uA(xn))
+Hn—z(3 — pa(x)—pa(x2) — pa(x3), 1 — pa(xy) .o, 1 — .UA(xn))
pa(x1)+palxz) ualxs)
+g (#A(xl) + #A(xZ)'MA(x3))H2 (uA(X1)+uA(X1)+uA(x3)'uA(X1)+uA(x1)+uA(x3))
_ _ 2—pq(x1)—(x2) 1—pg(x3)
+9(2 = 1aler) = uaCe2), 14 063)) Hy (3—uA(x1>—(x1)—uA(x3>'3—uA<x1)—(x1)—uA<x3))
ua(x1) ua(xz)
+g(#‘4 (x1), g (XZ))HZ (HA(X1)+uA(xz) ’ uA(x1)+uA(xz))
_ _ 1-pa(xq) 1—pa(x2)
+g(1 Halx), 1 ”A(XZ))HZ (Z—uA(xl)—uA(xz)'Z—uA(x1)—uA(xz)) (2.1.2)
= n—3(#A(x1) + ua(x2) + pa(xe3) + pa(xs), palxs) ---:.uA(xn))
+Hp_3(4 = paCe)—pa () = pa(xs) = pa(xa), 1= pa(xs) o, 1 = g ()
+9(1a(xy) + pa(xy) + pa(xs), pa(xy))
( pua(x1)+ua(xz)+pa(xs) ua(xa) )
2 \paCeD) +paCe)+pa(ea) +raes)’ pales)+uaCe)+pa(es)+pa(xg)
+9(3 — g (1) — pa(x3) — pa(x3), 1 - ﬂA(x4))
( 3—pa(x1)—pa(x2)—palxs) ualxq) )
2 4—pa(e)—paCe)—pa(es)—pa(es) 4—paer)—paler)—pales)—pales)
ualx1)+palxz) ualxz)
9 (1aGr) + 1a(x2), wa(x) ) Hy (uA(x1>+uA(x1)+uA(x3>'uA(x1)+uA<x1>+uAcx3>)
_ _ 2—pp(xq)—(x2) 1-pa(x3)
+9(2 = raler) = uaCez), s (x3) ) Hy (3—uA(x1>—(x1)—uA(x3>'3—uA<x1)—(x1)—uA<x3)>
ua(x1) ua(x2)
9 (HaGra), 1a(x2)) Ho (MA(x1)+uA(xz) ’ HA(X1)+#A(x2))
_ _ 1-pa(xq) 1-pa(x2)
+9(1 = paCe), 1= pa(x2))H, (Z_M(xl)_uA(xz),Z_MA(XI)_M(XZ)) (2.1.3)

More generally
Hn(”A(xl)nuA(xz)' --'uuA(xn)) + Hn(l —pa(x1), 1 = up(xz), ., 1= ﬂA(xn)) =
Hyoie(pa(en) 4 pa(x2) + - a0, +pa(iesn)s o a ()
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+Hyoq (k= paOe)—pa(a) — - = (i), 1 = pa(gg1)s s 1= pa ()

; Yioira(x)  paGeinn)
+ k- i ), . H(]_l J' HA\Xi+1 )
Zl—l g(Z]_I ,U.A(X]) :u'A(xl+1)) 2 2;;11#A(xj) Z;";llllA(xj)

k i _ ) _ Z§-=1 1-p4(%))  1-pa(aipq) )
+Xisg Q(Zj=1 1 #A(x])' 1—py (xl-+1)) H, <Z§-’;111—ﬂ,q(x]-) ,25211 1—na(x))

2.1.4)

( ualxy) palxz) ua(xs) )
3 paCe)+pale)+pales)’ paCe)+uaCe)+ua(xs)’ pale))+palez)+palxs)
( 1-pa(xq1) 1-pa(xz) 1-pa(x3) )
3 3—pa(r)—palxz)—palxs) ' 3—pale)—palez)—palxs) ' 3—palx1)—pa(x2)—pa(xs)
( ua(xq)+ua(xz) ua(xs) )
2 \pa(en) +paGe)+ua(as)” nalen) +paCe) +inalas)
+H, ( 2—pa(x1)—pa(x2) 1-pg(x3) )
3—pa(e)—pale)—pales) ' 3—paler)—palez)—palxs)
( ua(xq)+ug(xz) ualxs) ) ( ua(xq)+ua(xz) ua(xz) )
9 paGeD)+pa(e)+pa(xs)’ paGe)+uate)+ualea)) 2 \palx)+pale)+pales)’ pale)+ua (o) +ualxs)
( 2—pp(x1)—palxz) 1-p4(x3) ) ( 2—pg(xq)—(x2) 1-pa(x3) )
3—paCe))—paCe)—1ales)’ 3—pa () —pale)—pales)) 2 \3=pa(e)~(x1)~palxs)’ 3—pa(xs)—(x1)—pa(xs)
(2.1.5)

By (2.1.2) and (2.1.5)
Hn(ﬂA(xl)'.u'A(xz)' "-'#A(xn)) + Hn(1 —pa(x1), 1 — pys(x), ., 1= MA(xn))
= n—Z(:uA(xl) + 14 (x3) + pa(x3), ua(xy) ---r:uA(xn)) + g(ﬂA(x1) + HA(xz):HA(x3))

[ ( palx) palxz) ua(xs) )

3 \paGe)+raCe) +pa(xs) paen) +iaCe) +ua(xs)” pale)+uale)+ua(xs)

—g( Ha(x1) 1aCxz) ) ( pa(xq) ta(xz) )]
paCe)+uaCea)+iaCxs)” wale)+pa(a)+uales)/ = 2 \ua(e))+praCe2)” naCe)+aalxz)

+g(,uA(x1),,uA(X2))H2 ( ua(xq) na(x) )

taCe)+pra(x2)” alxy)+patez)
+Hn—2(3 —paCe)—pa(x2) — pa(x3), 1 — pa(xg) s 1 — py (xn))
+9(2 —pa(x1) = pa(xz), 1 - .UA(x3))

[ ( 1-pg(x1) 1-pa(x2) 1-pg(x3) )
3 \3-paCe)—nale2)—nalrs)’ 3—paCe) —palea)—palrs)’ 3—paCer) —palea)—palxs)
—g ( 1-pa(x1) 1-pa(x2) )H ( 1-pa(x1) 1-pa(x2) )]
3—pa(r)—palxz)—pa(xs)’ 3—paCeD)—nale)—pa(xz)) 2 \2—paCe)—pa(xz)’ 2-pa(x)—nalez)

_ _ 1-pa(xq1) 1—pa(xz)
+9(1 = par). 1 = paGe))Hy (z—uA(xl)—uA(m ' z—uA(xi)—uA(xz))

This will be expressed in terms of H,,_, andH; only if
(x1) (x2)
g(ﬂA(x1) + ,UA(XZ),MA(X3))g ( HAXL na(x2 )

pa(x)+paer)+pales)’ naler)+ualer)+palxz)

_ _ _ 1—pp(xq) 1—pq(x3)
+g(2 Ua(x) — pa(xz), 1 #A(x3))g(3_ﬂA(x1)_ﬂA(x2)_#A(x3)'3—HA(X1)—HA(X2)—HA(X3))

= g(ﬂA(x1),#A(xz)) + 9(1 —pa(x1),1— MA(xz))

(2.1.6)
This will be satisfied ifg(#A(x1) + ua(xz), ﬂA(xs)) + 9(2 = pa(x) — pa(x2), pa (x3))
= f(#A(x1) +ua(x) + .“A(xs)) +f(3 = ua(x1) — palx) — ﬂA(x3))
ie. g(pa(x0), ma(x2)) + g(1 = pa(x0), 1 = pa(x))
= f(llA(xJ + #A(xz)) + f(2 - .UA(xl)_A(xz))
2.1.7

Equations (2.1.6) and (2.1.7) gives
[f(#A(x1) +ua() + pa(x3)) + F(3 — aCry) — palay) — #A(x3))]

[f( taCxy) + pa(xz) ) +f< 2 — pg(x)—alxz) )]
paCxy) + paCz) + pa(x3) 3 — paxy) — palxz) — pa(xs)

= [f(liA(xﬂ + ﬂA(xz)) + f(Z - HA(x1)_A(xz))]

. () +uaxs) 2—pa(x1)—4(x2)
Le [ (uA<x1>+uA<xz>+uA(x3)) f (3—uA<x1)—uA(xz)—uA(x3>)]
_ [f(paCe)+pa(e))+f(2—paler)-alx2))] 2.1.8)

 [F(raGe)+paCe) +naCa)+f (3-pale) ~nalez)—paxa))]
The functional equation (2.1.8) has the solution
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[f( pnae)+pa(x2) )+f( 2—ppa(x1)—4(x2) )]

uaCep)+ua(xa)+pa(xs) 3—pa(x)—pa(x2)—palxs)
_ [( pa(er)+palxz) ) ( 2-pa(x1)-a(xz) )]“
uaCe)+ua(x2)+palxs) 3—pa(x)—palxz)—palxs)
Hn(ﬂA(xJ:liA(xz), ---vﬂA(xn)) + Hn(1 —pa(x), 1T —pa(xz), o, 1= ,uA(xn))
= n—1(#A(x1) + 1a(x2), pa(xs3), ---,#A(xn)) +

(a(xy) + pa(x2)) Hy ( Ha(x) pa(xz) ) 4

pale)+palxz)’ paCe)+uaCez)

Hn—1(2 = pa(x) = pa(x3), pa(x3), "'uuA(xn)) +

_ _ a 1-pa(x1) 1-pa(xz)
(2= raCr) = a(x2)) Ho (z—uA(xl)—uAtxzrz—uA(xl)—qu:z))

= n—z(ﬂA(x1) + ua () + pa(x3), wa(xs), ---'.uA(xn)) +
(aCe) + pa(xp) + pa(x3))”

( ualx1) ualxz) ua(xz) )
3 \pale) +uaCe) +rales)” pa(e)+pa(e) +ua(es)” nales)+uae)+pales)

Hn—2(3 — pa(xy) — pa(xz) — pa(x3), paxs) ---:.UA(xn)) +
(3 = pa(xy) — palxr) — #A(xs))a

( 1-pa(xq1) 1-palxz) 1-pa(x3) )
3 \3-paCeD)—naCea)—palrs)’ 3—paCe)—palez)—palrs)’ 3—paCer) —palez)—palxs)

= n—k+1(.UA(x1) + g (xz) + - g (), g (Xpes1), ---:.uA(xn)) +
(1ae) + paCe2) + -+ a ()"

(x1) na(xg)
H ( fae ., )+
k Zf:lﬂA(xj) Zf:lﬂA(xj)

Hn—k+1(k —pa(xy) —pa(xg) — o= (), 1 — pg(Xpq1)sooes 1 — iy (xn)) +
(ke = 1aCey) = uaCz) =+ = s ()"

H, ( 1-ppa(x1) o 1-pa(xg) )
L CEINES)) K N CENEh))
Thus, the required result is obtained.
CLAIM 2.2 For every, vagueness u,(x;), i = 1, ..., n we claim the following equality

Hm1+m2+-~-+mk (.UA(xu)' o Ha (x1m1)'.uA(x21)' Ry HA(xzmz):.UA (1) ta(Xn1), oo '#A(xnmk))
Hinysmgtesmy (1= Ha(2), 1 = pa(2am, ) 1= a G2, o 1= pa(am,),
1= us(x01), 1 — paCny), oy 1 — ,uA(xnmk)>
= Hn(.uA(xl)' pa(x2), ---'.U'A(xn)) + Hn(l —pa(xy), 1 —ps(xz), .0, 1= .UA(xn))

n paGei) maip), - ta(%im,)
+Zi=1.uA(xi)Hmi { walx;) :

+3r,(1- .u'A(xi))Hmi {
Proof: Since the grouping principle stated as follows
Hn(:uA(xl)uuA(xZ)' "-uuA(xn)) + Hn(l —pa(x), 1T —pu(xz), o, 1= ﬂA(xn)) =
Hn—1(#A (x1) + pa(x2), pa(x3), o) la (xn))
FHn1 (2 = pa(e) =pa (), 1 = pa(x3), o0, 1 = s ()
+(#A(x1) + #A(xz))Hz ( Al £als) )

pa(x)+pa(x)” pa(x)+paxz)

1_IlA(xi1)'1_ﬂA(xiz)’---’l—ﬂA(ximi)
1-pa(x;) '

1—pa(xy) 1 —pa(xs)
+(2 Halen) - #A(XZ))HZ (2 — ua(xy) = pa(x2)" 2 — py(y) — ﬂA(x2)>
n = 34,5, ... (2.2.1)

Hz(liA(x1)'l1A(x2)) + Hn(l — paxy),1— .UA(xz)) =
—ua () Inpy(xy) — (1 - .UA(x1)) ln(l - HA(’Q))
—pa(xz) Inpy(x) — (1 - #A(xz)) ln(l - HA(xz)) (2.2.2)
Hj (#A(xl)' ﬂA(xz)r#A(x3)) + H3(1 —pa(xy), 1 — pys(x), 1= .U'A(x3)) =
H, (:uA(xl) + U (xz),liA(xs)) + H, (2 —ua(x) —ua(x), 1 - MA(xa))
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ua(xq) ua(xz)
M CACHRICI2 (uA<x1>+uA(xz>’uA<x1>+uA<xz>) +
_ _ 1-pa(xq) 1—pa(x2)
(2 = 1aC) = paGe))Hy (z—uA(xl)—uAtxzrz—uA(xl)—uA<xz>)

= _(#A(x1) + #A(xz)) ln(#A(xl) + HA(xz))
_(2 — pa(xy) — ﬂA(xz)) ln(Z — pa(xq) — ﬂA(xz))
—ua(x3) Inpy(x3) — (1 - ﬂA(xs)) ln(l - ﬂA(xs))

__ kalxy) ua(x1) I 1Cr)) na(x2)
+(”A(x1)+“A(x2)){ HAGDHIAGD)  HaG)HAGD) | B HiaGrD) uA<x1>+uA<xz>}

1-pa(xq) 1-pa(xq)
2— - - |
(2= () — raCe) { 2 HACD)—RAGD) | 2—HAGe)—RA)
_ 1-pa(xz) 1-pa(xz) }
2—pp(x1)—palxz)  2—pp(x1)—palxz)
= —ps () Inpry (1) — (1 - HA(X1)) ln(l - .U-A(xl))

—ta(xz) Inpuy(x;) — (1 - llA(xz)) ln(l - .“A(xz))

—pa(x3) Inpy(x3) — (1 - .“A(xs)) ln(l - .“A(xs)) (2.2.3)
Letting Hn(.u'A(xl)'#A(xz)' o Ha (xn)) + Hn(l —ua(x1), 1= pa(xz), s 1=y (xn))
= =X uaCe) Inpg (o) = 37 (1 = pa () In(1 = pa(x)) (2.2.4)

Then from (2.2.1) we have
Hyr (pa o), 11 (2)s ooy a(Kns1)) + Hygr (1= 14 Ger), 1= pa(2), s 1= g (Xn40)) =
Hn(.UA(xl) + ua(x2), g (x3), .. uuA(xn+1))
+Hn(2 = paCe)—pa(x2), 1= pa(x3), e, 1= iy (xn+1))

palx) ua(x2)
F(male) + pa2))Ho (uA(x1)+ﬂA(Xz) ’ HA(X1)+ﬂA(x2))
_ _ 1-pa(xq1) 1-pa(xz)
+(2 Ha(x1) ‘uA(xZ))HZ (Z—uA(x1)—#A(xz) ’ Z—uA(x1)—#A(xz))

= _(.UA(x1) + .UA(xz)) ln(.UA(x1) + .“A(xz))
_(2 — pa(xy) — HA(xz)) ln(Z —pa(xq) — MA(xz))
- Z?:gl paCx) Inpuy () — Z?:gl(l - #A(xi)) ln(l - #A(xi))

o kalxr) patx1)  palx) na(xz)
+(“A(x1)+“’*(x2)){ paG)+ua(z)  paGe)+uale)  pale)+uaa) uA<x1)+uA<xz)}

_ _ _ 1-pa(x1) 1-pa(xg)
+(2 Ha(x) MA(XZ)){ Z—uA(x1)—uA(xz)1n2—uA(x1)—uA(xz)

_ 1-pa(xz) 1-pa(xz) }
2—pp(xr)—ualxz)  2—palx)—palxz)
=- ?;11 pa(x) Inpy (x;) — Z?:II(]‘ - .UA(xi)) ln(l - .uA(xi)) (2.2.5)
From (2.2.1)

Hj (#A(xl)' #A(xz),.UA(x3)) + H3(1 —pa(xy), 1 —ps(x3), 1 — py (x3)) =
H, (#A(x1) + .UA(xz),.UA(x3)) + Hz(z —pa(xy) —pa(x3), 1 — HA(x3))

ua(xs) ua(xz)
+(”A(x1) T Ha (xZ))HZ (MA(X1)+MA(xz)'uA(X1)+uA(x2)) +
_ _ 1-pa(xq1) 1—pg(xz)
+(2 Halxr) MA(xZ))HZ (Z—uA(X1)—uA(Xz)'Z—uA(xl)—uA(Xz)) (22.6)

Again from (2.2.1)
H4—(#A(x1)' pa(x2), ha(x3), #A(x4)) + H4(1 —pa(x1), 1T — pa(x3), 1 — pyg(x3), 1 — .UA(X4)) =
Hj (#A(x1) + pa(x2), pa(xs3), #A(x4)) + Hj (2 —paCxy) — pa(x2), 1 — pyg(x3), 1 — ”A(le))

ua(xy) ua(xz)
+(”A(x1) + ”A(xZ))HZ (MA(x1)+uA(xz)'uA(x1)+uA(x2)) +
_ _ 1-pa(xq1) 1-pg(xz)
+(2 Halx) MA(XZ))HZ (Z—uA(X1)—uA(xz)'Z—uA(xl)—uA(xz)) 22.7)

On using (2.2.1) again
H4(#A(x1)'llA(xz),#A(x3)'l1A(x4)) + H4(1 —pa(x1), 1= pa(x2), 1 — ps(x3), 1 — py (x4)) =
Hy(pa(xy) + pa () + pa(xs), pa(xs)) + Ho(3 — pa(xy) — pa (o) —pa(x3), 1 — pa(x,))

ua(xq)+ua(xz) ua(x3)
(1 Gr) + 1a(x2) + a (x) ) Hy (uA(x1)+uA(xz>+uA(x3>'uA(x1)+uA<x2>+uA<x3))
_ _ _ 2—pa(xg)—pa(xz) ua(xs)
+(3 Ha(r) = a(x2) ”A(xS))HZ (3—uA(x1)—uA(Xz)—uA(X3)’3—uA(xl)—uA(Xz)—uA(X3))
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(x1) ualxz)
H HA(X1 ,
+(ua() + paCex))H (uA(xl)w(xz) uA(x1)+uA<xz)) +
1-pa(xq) 1-pa(xz)
2— — H ,
(2 = ma() = paez))Hy (z—uAtxo—uA(xz) z—uA<x1>—uA(xz))
= H, (#A(x1) + pa(xy) + #A(xS)vﬂA(le-)) + H2(3 — pa(xy) — pa(x)—pa(x3), 1 — #A(x4))
ua(x1)+pa(xz) ua(xz)
+(aGrn) + 1a(x2) + 1 (x3)) {Hz (MA(x1)+uA(xZ)+uA(X3)'ﬂA(xl)+uA(xz)+ﬂA(X3))
ua(x1)+pa(xz) H ( ua(xq1) ualxz2) )}
taCe)+uaGe)+uaes) 2 \uale)+raCe2)” pa(e)+palez)
2—ppa(xq)—pa(xz) 1-pa(x3)
3- - - H
(3~ () — aea) — 1a C0)) {Hy (3—uA<x1>—<xz)—uA<x3>’3—uA(x1)—(x2)—uA(x3>)
2—pp(xq)—pa(xz) 1-pa(xq) 1-pa(xz)
H , 2.2.
3—pa(x)—(x2)—palx3) 2 (2—#A(x1)—#A(x2) 2—#A(x1)—#A(x2))} ( 2 8)
pualxq) palxz)

Using (2.2.6) for the fuzzy probability distribution

paG)+pua()+ua(xs)” paley)+paer)+ualxs)

ualxs) 1-pa(xq) 1-pg(x2) and 1-pg(x3)
pa(x)+ua(x)+pa(xz) 3—pa(x)—pna(x2)—pa(xs)’ 3—palxr)—pa(xz)—palxs) 3—ualx1)—pa(x2)—palxs)
comes out to be

the expression within curly bracket

( ualxy) ua(xz) ua(xs) )

3 \palep)+uaCe) +aCes)” pa(e) +pa(e) +uales)” pales)+ua(e)+palxes)

+ ( 1-pa(x1) 1-pa(xz) 1-p4(x3) )
3 \3-paCe)~male2)—nalxs)’ 3—pale) —pa(e2)—1ales)’ 3—pa(xr)—palez) —pales)

Hence
H4—(ﬂA(x1)' #A(xz)'.u'A(XS)'#A(le)) + H4(1 —pa(x), 1T —pa(x2), 1 — pyg(x3), 1 — py (x4)) =
H, (ﬂA(x1) + ua(xz) + .uA(xS)uuA(le-)) + H2(3 = pa(x1) = pa(xz)—pa(x3), 1 - HA(X4))

+(.“A(x1) + pa(xz) + .UA(xs))
( ualxq) ualxz) pa(xs) )
3 \uale) +raCe)+uales)” pale) +uaCe) +iales)” pa(xe)+paCe) +ualxs)

+(3 — ua(xy) — pa(x) — .UA(x3))

1—ppa(x1) 1—ppg(xz) 1—pa(x3)
+H. , , 229
3 (3—#A(x1)—#A(Xz)—uA(x3) 3—paler)—pax2)—palxs) 3—ﬂA(x1)—#A(xz)—HA(x3)) ( )

Now, sub outcomes by using mathematical induction
Hp ke (#A Ce)stia(x2),s ooy g (), g Ocpr)s g (Xpi2), s a (xn+k))
+Hn+k(1 —pa(x), 1= pa(x2), o 1= g (), 1 — pg (1), 1 — g (Xp42), o 1 — liA(xn+k))
= Hk+1(“A(x1)nuA(x2)' e ta(xn), g (ns1)s a (X 2), oo :.UA(anc))
+Hk+1(1 —pa(xy), 1 — g (), oo, 1= pg (), 1 — g (1) 1 — pa(xpg2), s 1= iy (xn+k))

#a(x1) #aGxn)
HaCua) 4 1 () ) Hy (uA(x1>+---+uA(xn>' " uA(x1)+---+uA<xn))
— 1-pa(x1) 1—-pa(xn)
+(n Ha(ra) + -+ “A(x"))H" (n_HA(xl)—'“—#A(xn)’ ""n—uA(x1)—---—uA(Xn)) (2.2.10)

The first term on the R.H.S. is decompose into two terms
Hk((n + D)+ paCey) + o+ pa(n) + paGengn) a(eng2), s MA(xn+k))

+Hk((n + 1) = ua(x)—pa(2) = —pa () —pa (1), T — pa(Xpy2), o, 1 — .uA(xn+k))
(1) ++palxn) ua(xn+1)
H Ha n - n+
F(1aGr) o+ ) Hy (uA<x1)+~-+uA(xn+1)’ uA(x1>+~-+uA<xn+1))
1) — i H n-pa(x1)——paGen) 1-pa(n+1)
(0 +1) = s ) Ha(ns1) ) Ho ((n+1>—uA(x1>—---—uA(xn+1>' ’(n+1>—uA(x1>—~-—uA<xn+1>)
(2.2.11)
Combining the second terms on the R.H.S. of (2.2.10) and (2.2.11) we get
H uaeg)++palen) ua(xnt1)
CACHRE #A(x"“)){ 2 (MA(x1)+~-~+uA(xn+1)' 'uA(x1)+~-~+uA(Xn+1))
H ualxy) ualxn)
+Hy (n—uA(x1)+~-~+uA(xn)' 'n—uA(x1)+~~~+uA(xn))} +
((n + 1) —ua(xg) = — :uA(xn+1))
{ ( n—pa(xqg)——palen) 1-pa(xn+1) )
2\ 1)-paCe)——paGns)” ™ (4D —paxr) ——pa@nt1)
1-pa(xq) 1-ua(xn)
H . 2.
i (n—uA(X1)+“'+#A(Xn)' n—HA(X1)+~'+uA(xn))} (2.2.12)
Now, using (2.2.7) for k = 1, for the fuzzy distribution
palxy) ua(x2) ua(n+1)
paGe)++paGng1) naGe)++paCens)” " nale)++palenss)
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We get the expression within square branches of (2.2.12) is
H ( ua(xy) ua(x2) uan1) )
L\ g () ot pa Gongr)  paGe)+otpaGingn) " waCe)+etpaGensr)
1-pa(xq) 1-pa(x2) 1-pa(xn+1)
H ( , ) 22.13
L\ (4 1) —paGe) = —paCine1)” (141)—pa () ——paGins1) (m+1)—palx1)——palent1) ( )

From (2.2.7), (2.2.8), (2.2.9) and (2.2.10) we found that this also holds good for (n + 1) outcomes and hence
Hp g (#A(x1)'ﬂA(x2)' oo Ua (X)s g (K1) oon :uA(anc))
+Hn+k(1 —pa(x), T —pg(x2), s 1= g (), 1 — pa (g, oo, 1 — .“A(xn+k))
= Hk+1(ﬂA(x1)'/'lA(x2)v o Mg () g (g1, --'nuA(xn+k))
+Hk+1(1 — a0, T —pa(x2), s 1= s (), 1 = g (Xpge)s ooy 1 — .UA(xn+k))

palx1) palxn)
+(#A(x1) ot #A(x"))Hn (MA(x1)+-~-+uA(xn)' ""uA(x1)+--~+uA(xn))
_ 1-pa(x1) 1-pa(xn)
+(n Ha(ra) + +”A(xn))Hn (n—ﬂA(X1)—--~—uA(xn)' ""n—uA(xl)—-~~—uA(xn)) (2.2.14)

Valid for all n, k. Ofcourse, we can combine another set of outcomes and hence the branching property,
Hm1+m2+-~+mk (.uA(xll)' "-'.uA(xlml)'/’tA(x21): -"r/’tA(mez)r/’tA(xnl):.uA(xnl)t "-uuA(xnmk))
Hm1+m2+---+mk(1 —pa(xq), 01— .UA(xlml)' 1= pa(x3), s 1= iy (XZmZ)!
1= pa(xn1), 1= pa(xng), o 1 — MA(xnmk))
= Hn(.uA(xl)uuA(xZ)' "-'.uA(xn)) + Hn(l —pa(x1), 1 — ps(xy), ., 1= .uA(xn))

paxiD)maxin)a(¥im,)
+ Xiz1 ta () Hpy, { 1AGD - }

1—#A(Xi1).1—#A(Xiz).---.l—#A(ximi)

1-pp(x)

+ Z?:l(l - .uA(xi))Hmi {

(2.2.15)

Which completes the proof. Ofcourse, we can say the grouping leads to diverging property. Thus Havrda-Charvat [2] and Shannon
[2, 7] measures are the only measures of entropy for which the grouping principle applies.

3. CONCLUDING REMARKS

We have demonstrated that,

(i) For any n(> k), the stronger aggregation allows us to
express H, in terms of two entropies, one of type H,,_; 4, and

one of type Hy.

(i) According to recursion, the entropy of a joint distribution
can be written as the sum of two entropies: the conditional
distribution of the other distribution and the entropy of a

marginal distribution.
(iii) The fact that the total entropy can be split into entropy

within and between classes is also emphasised.
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