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Abstract. In this paper, we introduce an extension of the Incomplete Exponential Integral function. Where
E,,(x,v) and g, , (x,v) are the p-analogues of the upper and lower incomplete exponential integral functions
respectively. We also establish some properties and inequalities generalizing those satisfied by the p-analogue
of the lower Incomplete Exponential Integral function. We employ the Holder’s inequality for integrals and the

Minkowski’s inequality for integral .
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1. INTRODUCTION
The exponential integral function is defined by as [!]
(1) E,(x) :/ t™"e™™ dt x>0, neNl.
1

The r-th derivative of (1), r is integer, denoted by E,(lr) (x) is given by [1]

) EV (x) = (-)® / Tirne gy,
1

Then, the p-analogue of the exponential integral function, E, , (x) is defined for x >0, p > 1
and n € Ny by [2]

p
3) Epp(x)= /1 t7"A M,
and the i-th derivative of (3) is given by [2]

, i [P .
@) EY) (x) = (InA3 ) /1 (A dy,
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where, £, (x) — Ey (x) as p — 00, Ay = (1+ )7, B, (x) — EY (x) as p — o
Letx>0,v>1,peR", andn € Ny.

Also, the p-analogue of the upper incomplete exponential integral function is defined as [3]

P
3) Enp (x,v):/v t"A M dr,

and the i-th derivative of (5) is given by

;[P .
(©) ES), (x,v) = (nA3")’ / (A,

v

where, E, , (x,1) =E, ,, (x), Ey  (x,v) — E, (x,v) as p —> o0, E , (1,v) — I'(0,v) as p —
o0, Ey p (x) — X" 1T (1 —n,x) as p — o and E,(l?g (x,v) = E, p (x,v).
For more properties of this special function, one may refer to [4], [5] and [6]. It is often applied
in astrophysics, neutron physics, quantum chemistry as well as other applied sciences. Due to

its importance, it has been studied in diverse ways. See for instance [7], [8], [9], [10], [11],

[12], [13], [14] and [15]

In the present work, we continue the investigation. Specifically, our objective is to establish the

p-analogue of the lower incomplete exponential integral function.

2. PRELIMINARIES
We begin with the following well known results (see for instance [16], [17], [18], [19] or

[20D.

Lemma 2.1. (Holder’s Inequality ) Let , 0 > 1 and % +ﬁ = 1. If f(¢) and g(t) are continuous

real-valued functions on [a,b), then inequality

o [ vwstoiar= ([ 1somar) ([ orar)

holds. With equality when |g(t)| = c|f(t)|"~'. If n = u = 2, the inequality becomes Schwarz’s
Inequality.

Lemma 2.2. (Minkowski’s Inequality) Let 1 > 1. If f(t) and g(t) are continuous real-valued

functions on [a,b), then inequality

o ([ e < ([ v |"dx)'5+(/f|g<x>|"dx)'l',

holds.
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Lemma 2.3. (Young’s Algebraic Inequality) Let a,b > 0, n,u > 1, and %—l—ﬁ = 1. Then

inequality
n bH
©) ab< 47
n u
holds.

3. DEFINITION OF THE p-ANALOGUE OF THE LOWER INCOMPLETE EXPONENTIAL
INTEGRAL

Definition 3.1. Let x > 0, v > 1, p € RT, and n € Ny. Then, the p-analogue of the lower

incomplete exponential integrals is defined as
v
(10) Enp (x,v) = /1 t‘”A;x’dt,

where, &, , (x,v) — &, (x,v) as p —> o0, v —> 00, & , (1,V) :A;V—A;'.

3.1. Some Properties and Inequalities of €, ,(x,v).
Lemma 3.2. The function &, ,(x,v) is decreasing for x > 0.

Proof. The following differential equation hold for (10)
8,(,,1,2 (x,v) = lnA;l /vtl_"A;x’dt,
1

1%
— —lnAp/ t'7"A M dr < 0.
!

Lemma 3.3. The recursive relation

(11) &np(x,v) =InA," [A;x —v A —ngni p(x, v)],

holds for n € Nj.
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Proof. Using (10) and by means of integration by parts

v
Enp (x,v) = /1 AN dt

—np—xt1V
t Ap

lnA’;7

n 1%
. t—(n+1)A—xtdt
. InA% /1 P

v*ﬂA*V}C A*X n
p P
=— — £
Ay ndy iyt

_ Al;.x B v—l’lA;Vx n

InAj
R
B InA7j

=A," [A;x —Vv ALY —ngpi p(x, v,

— €n+1 D (x, V)
lnAjf7 lnAjf7

[A;x —Vv ALY —ngpi p(x, v)]

which concludes the proof.

Theorem 3.4. Letn € Ny, 1 > 1, p € R™. Then, the inequality
X oy 1 1
(12) gn,p E_‘_ﬁ?v S (8,1717()6,\/))" (8n7p(y,v))“ )

holds for x,y >0, v>1 and%—i— % =1.
Proof. Using (10) and Holder’s inequality for integrals, we have

4 — £+X t
Enp (£+Z,V> :A t_nAp(n “) dt

nou

1
:/lt TAp 't HAp T dt

v a —x\T % v M\ H ﬁ
S(/ <t‘nA,,") dt) (/ <ruA,,“) dt)

1 1

1 1

Y —n A —Xxt n Y —nA—yt K

= /1t Ap dt /lt Ap dt

= (Enp (6, 9)) T (Enp (339))7 -
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Theorem 3.5. Let p € R™ and m,n € Ny such that nm, un € Ny.
Then, the inequality

==

(13) Eminp (% + ﬁv) < (Enmp(% )T (Eunp (),

holds for x,y >0,v>1,1n >1and%+ﬁ:1,

Proof. Using (10) and Holder’s inequality for integrals, we have

X ) _ ! —(m+n) 7<%+ﬁ>t
Eminp | —+ =,V —/ t A dt
i ”’(n u > I ?

% _x _n
—m n,—n u
_/1r A, TtTA, M dt

v _xa\ " % v _u\H %
g(/] (t‘mAp") dt) (/] (t‘"Ap“> a’t)
v . % v ’ ﬁ

= (/1 t "’”Apxdr) </1 t “"Apydt)

= (Eqmp (59T (Eunp(37))

S—

Corollary 3.6. Let m,n € Ny, p € R, Then, the inequality

2
X+
(14) (eninn (S520)) < malxrlesnslo),

holds for x,y >0 and v > 1.
Proof. This follows from Theorem 3.5 by letting n = u = 2.

Theorem 3.7. Let p € R", m,n € Ny such that % + ﬁ € Np.
Then, the inequality

==

X oy 1
(15) exp (5 2) < (onpl) (Bnn)F.
holds forn > 1, x,y >0, v> 1, %+ﬁ =1
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Proof. Using (10) and Holder’s inequality for integrals, we have

Vi _(min) (X422
Emyn i—l—z,v :/[ (’7+ﬂ>AP(U ”)tdt
TN M 1

Voo _at o, )t
_ - n Ne U u
_/lt "A, "t KA, dt

v AN % v a Y\ H ﬁ
S(/l (t_nAp”) dt) (/1 (t_uAp“) dt)
1 1
- (/Vt’"Ax’dz> ! (/Vt”Ay’dt> g
1 p 1 p

= (8m7p(x7 V))% (gn,p(ya V))ﬁ .

Corollary 3.8. Let m,n € Ny, p € R". Then, the inequality

2
X+
(16) <87”2+"7p (Tyav)) = gm,p(xav)en,p(yv‘})a

holds for x,y >0 andv > 1.
Proof. This follows from Theorem 3.7 by letting n = u = 2.

Theorem 3.9. Let m,n € Ny, a € Z*, and p € R™.
Then, the inequality

SIE
SIE

(17) (€. (5,1) + E1p (4] T < [ (%, V)] + €0, (V)]

holds for x,y >0 andv > 1
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Proof. Using (10) and the Minkowski’s inequality for integrals and letting
a®+b* < (a+b)%, fora,b >0and a € Z". we have

SIE
|

_ 1
Vv 1% o
[&m,p(x,v) + & p(v,v)] & = /1ther0',th/1 t”Apytdt]

[ (o))l
(o) () o)
T LTI
[Tl ([ [

_ 1
v o % o
- /1 thpﬂdt} + { /1 t”Apy’dt}

— [Emp (6, 9)] % + [£0,5 (3, V)]

IN

IN

RI—

3.2. Some Properties and Inequalities of 8,5’3, (x,v).

Lemma 3.10. Let x > 0, p € R*, n € Ny, i € N such that i > n. Then, the i — th derivative of
(10) is given by

. .oy
(18) ex) (x,v) = (InA,")’ /1 A,

where, 8,(:)12 (x,v) = &,p (x,v), 8,(,2, (x,v) — EY (x) as p — oo and v — oo
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Proof. The following differential equations hold for (10)
&l (x,v) = /vt_” —ptln (1 + l) AN dt
n,p \X,V) = . P D p
v
Al 1—n g —xt
= lnAp /1 t nApx dt,

v 1
8,%2 (x,v) = /1 =" — ptln (1 + ;> A, dr

— (in4,")’ /1 Vﬂ*”A;’“dt,

v 1
7" — ptln (1 + —> AN dt
p

B
<=
—~
=
<
~
I

4) Y 3—n 1 —xt

\%
_ - —np—
(lnA 1)4/ AT gy
— S,
1

and more generally,

. .oy
er% (x,v) = (InA4, ")’ /1 A dr.

Theorem 3.11. Let n € Ny and i € N. Then, the inequality,

==

i i 1 i
(19) &) Geyov) <) 8 (nx,v) (7] &8 (uyv) |7,

holdsforx,y>0,v21,n>1and%+%:1.
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Proof. Using (18) and the Holder’s inequality for integrals, we have
[ enp(a.v) <] €np (x+,v) |

N
—~
—
=
BN
=
N>
S|~
»—\<
~
S|~
|
3|z
B
S |
g
N——
=
QU
P
S|

1
m

_ TN () m
| &n,p (NX,V) |71] &0 (LY, V) [* .

Theorem 3.12. Let p € R™ and m,n € Ny such that nm, un € Ny.
Then, the inequality

i X i 1 i 1
(20) e, (E + ﬁv) <[ et () 7] el v) |¥,

holds for x,y >0, v>1, %—k% =1l,andn > 1.
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Proof. Using (18) and the Holder’s inequality for integrals, we have
e (3+57)

1
m

i 1 i 1
— el (e v) 7] e () |

Corollary 3.13. Let m,n € Ny, p € R and i is an even integer such that i > m+n. Then, the

inequality

2
i x+y i i
@0 (s,&l,,,,, (—2 v)) <&l (xvel) (),

holds for x,y > 0 and v > 1.
Proof. This follows from Theorem 3.12 by letting n = u = 2.

Theorem 3.14. Let p € R", m,n € Ny such that % +ﬁ € Np.
Then, the inequality

1 1
(i) Xy (i) n (i) u
(22) e, (n + u,v) <1 (emp@ )" 11 (e00) |
holds form > 1, x,y>0,v>1 and%%—ﬁ: 1.

5572 ‘ AHMEDYAKUBU', IJMCR Volume 13 Issue 08 August 2025



"Some

Properties and Inequalities for A Two-Parameter Extension of the Lower Incomplete Exponential Integral Function”

Proof. Using (18) and Holder’s inequality for integrals, we have

(i) Xy
| S%Jrﬁp <71 T u,v) |

I
—~
—
=
8
<
—
~—
S~
=~
'—\
<
-~
S|~
S[3
D>|
SR
-~
=
=
D>I
=z
QU
-~

i Vo m X n % i Vo m _x H ﬁ
[ (o 347
1 1
1

I
| — |
—~
-
5
b
< |
—_
NN.
S
b
< |
<3
N
~
| I
S|
| — |
—
-
5
b
< |
N
_\<
NN.
|
S
b
< |
<
N
~
| I
=|

Corollary 3.15. Let m,n € Ny, p € R™. Then, the inequality

2
i X+ i i
(23) (e,&lnvp( = v)) = i (5. )enp (1),

2

holds for x,y > 0 and v > 1.
Proof. This follows from Theorem 3.14 by letting n = u = 2.

Theorem 3.16. Let m,n € Ny, « € Z" and p € R™.
Then, the inequality

1
i i o i 1 i 1
24) (1 &px,) [+ 1 ESR 000 1) <l et (9) [« + | ellp (v |7,

holds for x,y > 0 and v > 1.

Proof. Using (18) and the Minkowski’s inequality for integrals and letting
a®*+b* < (a+b)%, for a,b > 0, we have
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(| & v) [+ & 0,v) )@

1

- ((lnA;')i /1 Vti"”A;x’dt+ (lnA;l)i /1 vt"—”A;ytdt) ’
= (lnA’I)é </V [(tiamAg)a+ (tiJ'Ag)al dt)é
o 14 | P
L i-m X i—n Y « o
< (lnAl:l)a </v {(f * Ap“) + (IO‘AP)‘X>:| dt)
1
< (((lnAljl)

= ((mA;l) 1 mA_x’dt)
)

j 1
— &, (x,v) | + | &) () |7 .

<

s:\~
v
Q.

-~
+
N
VR
—_
=
b

S |

N>
Q=
»NQ:

~

R

b
N——
S

Q

-~
N——
S
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