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1 Abstract

In this recurring paper, we provide a compact and more general algorithm for obtaining the
inverse of p-diagonal matrices. We implemented it on a more complex structure, a nona-diagonal
matrix and tested it,to test its efficiency using the same method. Currently, this extension not
only showcases the flexibility of our method,but also shows that we can further improve the
computational performance when working with more general matrix structures.
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2 Introduction

Diagonal matrices are more of a mathematical tool that they are used a lot in a lot of fields from
numerical analysis to engineering, physics, and applied mathematics. They are well known for
their structured format, with non-zero entries occurring only on the main diagonal and a speci-
fied number of adjacent diagonals; which allows for very efficient computation. Such matrices
are especially common in the numerical solution of ordinary and partial differential equations
(ODEs and PDEs) where they typically result from discretization methods like finite differences
or finite elements. They also be used in interpolation problem when itcomes to dealing with a
smooth approximation to our data, and when we need to deal with boundary value problems
BVP — here this functions will be useful in order to get a differential equations solution with
some boundaries on it.

In this paper, we investigate the case of p-diagonal matrices, a special case of diagonal matrices
where the non-zero entries lie along the main diagonal as well as the p adjacent diagonals, for a
small, constant parameter p, which leads to structures that are both simple yet highly computable.
The main goal is to propose a general method for inverting p-diagonal matrices. The importance
of the inverse of these matrices lies in the fact that solving linear systems — which are abundant
in scientific computations and numerical simulations — could be performed efficiently.
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We commence with providing some theoretical background into the characteristics of these so-
called p-diagonal matrices, and their inverses. Then, we unfold a stage-by-stage algorithm with
exploiting the particular structure of these matrices to speed up the calculation. It has low time-
and space complexity and is also implemented as a step by step process which is why this
algorithm is an excellent option for applications that operate on large datasets.

In order to test and proved the practical functionality of our algorithm, we apply it to a more
complex class of matrices where non-zero elements are in 9 diagonals, known as non-diagonal
matrices. This extension has two roles to play; one is to show that our approach can be applied
to matrices of higher bandwidth, and the other is to understand the scalability of the algorithm to
more complex matrix patterns. In this paper, we demonstrate that our method is robust and flex-
ible to be applied intobroader problems, by importing our method into nona-diagonal matrices.

The results in this paper will help to both, develop the theory of p-diagonal and nona-diagonal
matrices as well as provide tools to address the real problems. They are explored practically
through numerical computations arising from differential equations, interpolation, boundary
value problems,etc., which may benefit significantly from the proposed algorithm. This work
is uniquely positioned to be a resource for both theoretical and applied researchers and prac-
titioners working in computational mathematics, the promotion and demonstration of which is
certainly needed for the broader community.

3 Inverse of p-diagonal matrix

Definition:
Consedering the p-diagonal matrix as bellow:

d al as [ ap 0 . o O
b1
by 0
D= “ (1)
by :
0
o
0 0 by by b d

Where D € M, (K).
Assuming that D is non-singular and :

D_l = [01502)"' aCn]

Where (C;)1<i<n are the columns inverse of D~!. From the relation DD~ = I,, (where I,
denotes the identity matrix) we deduce the relations:
1
Crnp = ;(En — ap-1Cn—pt1 — ap—2Cn_pyo2 — - — dCy)
P
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Forn—-p—-1<j537<p—-1
1
Cjp = —(Ej = ap-1Cjpi1 = ap-2Cjpi2 = = bpCjsp1)
P

Consedering the p numbers of the sequences of numbers (4; ;)1<i<p:1<j<n defined as:
ForO<Ek<p
App-r =1

For1 <i<p
dAig+a1Ain+---+apdip =0

blA,’70 + dAZ‘71 + alAi,l +---+ apAi,p—i—l =0

bpAio+bp—1A4i1+ - +apAin_1=0
Forp<g<n-—pandp<j<1l
bjAig—p + bj-14ig—pi1 + -+ ajAigrp1 =0

And
bpAin—ro+--+ap_14;in-1+A;in =0

bpAin—p-1+ -+ dAippro+ Ainpt1 =0
We define forsuch1 <i<pand0<j<n+p—1:

Al,n—p—i—l T Al,n+p—2 Al,j
Qij = : : : (2)
Ap,n—p+1 T Ap,n+p—2 Ap,j
(3)
Atn—p+1 A1 Atn—prsz - Alngp-1
Qp-1,5 = : : : “4)
Ap,nprrl Ap,j Ap,nfp+3 T Ap,nerfl
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ALj Al,n—p+2 Al,n—i—p—l
Qpj=| | j j (5)

Ap,j Ap,n—p+2 Ap,n+p—1

WE can write:
DQl = _Ql,n+p71Enfp+1

DQp = _Qp,nEn

Theorem 1 Assuming that Q,+p—1 # 0, then D is non-singular and.:

-1
Cp=————[Q10,Q11,  , Q1] (6)
Ql,n—l—p—l
-1 .
Cnprrl = Q [Qp,Oa Qp,la Tty Qp,nfl] (7)
p,n—p+1

4 Numerical experiments

In this section we applied the generalized algorithm in a Nona-diagonal Toeplitz matrix defined

as:

d a1 ay a3 a4 0 --- 0
b1

by . e 0

D by . . el Tl el Tl gy ®

by .
0 o e 4
: .. .. .. .. .. o
0 --- 0 by by by by d

We assume that D is non-singular then:
D™t =[Cy,---, Gy

Where (C;)1<i<n are the columns of the inverse D~ ! From the relation DD~! = I,, we get:

1
C'nf4 = ;(En - a30n73 - a2Cn72 - alonfl - dcn)
4
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1 .
03;4 = a(Ej—ang,g—aQCj,z—ale,l—dC’j—bleH—b20j+2—bng+3—b4C’j+4) fO?“ n—>»s S ] S 3
Consider the sequence of numbers (X;)o<i<n)» (Yi)(0<i<n)> (Vi) 0<i<n) and (W;) o<i<n) char-
acterized by a term recurrence relation:

Xo=0
X1=0
Xo=0
X3=1

dXo+ a1 X1+ axXo +a3Xs+as X4 =0
b1 Xo +dXy +a1Xo + a2 X3+ a3 Xy +as X5 =0
boXo+ 01 X1 +dXo+ a1 X3+ as Xy + asXs +agXeg =0
b3 Xog 4+ 0o X1+ 01 Xo+dXs+ a1 X4+ a9 X5 + a3 Xg +as X7 =0
by Xg 4+ b3 X1 + b X9 + 01 X3 +dX4 + a1 X5 + a9 Xg + az X7 +as Xg =0
by Xj_4+b3X;_3+b2 X _o4+b1 X;_1+dX;j+a1 X j1+ae X j0+a3 Xj3+as X104 =0 for 5<j<n—5
by Xp—9b3 Xpng+bo Xp_7+01 Xp—6+dXp—5+a1 Xpn_a+a2X,_3+a3Xp_o+as Xn 1+X, =0
by Xp—gb3 Xn, +bo Xp_6+01 Xp—5+dXp_a+a1 Xpn-_3+a2 X, _2+a3Xp_1+as Xpn+Xny1 =0
by Xy 703 X +b02 X5 5+b01 X 4 +d Xy, 3+01 Xy 2+a2 X, 1+a3 X, +as X1+ X102 =0
by Xn—6b3Xns +02Xp—a+b1 Xy —3+dXp_2+a1 X 1+a2Xn+a3Xpy1+a1 Xni2+Xns3 =0

And:
Yo=0
Y1 =0
Yo=1
Y3=0

dYo + a1 + axYe + azYs +asYy =0
b1Yy +dY1 + a1Ys + a2Ys + az¥y + asYs = 0
boYo +01Y1 +dYo +a1Ys +asYy +asYs +a4Ys =0
b3Yy + boY1 + 01Ys + dY3 + a1Yy + a2Y5 + azYs + asY7 = 0
baYp + b3Y1 + boYo + b1Ys +dYs 4+ a1Ys + asYs + asYr + asYs =0
byY;_4+b3Y;_3+b2Y; o+b1Yj_1+dYj+a1Yj1+a2Yjiot+azYj3+asYs =0 for 5<j<n-5
baYn_9+03Yn, +02Y 7 +01Y _6+dYn_s5+a1Yy_a+a2Yn_s+azY,_o+asYn_1+Y, =0
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byYy g +b3Y,, +b2Y, 6 +01Y, 5+dY, s+a1Yy, 3+a2Y, o+azY, 1+asY,+Y, 11 =0
byYy 7 +b03Y, +b02Y, 5 +01Y, 4 +dY,_3+a1Y, o+aY, 1 +azY, +asY, 1 +Y,12 =0
baYn 6+b03Y, +b02Y, 4 +01Y, 3+dY, o+a1Yy 1 +asY,+azYyi1+asYyo+Yu 13 =0

Also we have:

Vo=0
Vi=1
Va=0
Va=0

dVo +a1Vi +a2Va +azVs +asVy =0
biVo +dVi + a1V + a2Vs +azVy +asVs = 0
baVo + 01Vi +dVa + a1 Vs + agVi + agVs + asVs = 0
bsVo + b2Vi + b1Va + dVs + a1Vy + a2Vs + azVs + asVz = 0
baVo + b3V + baVo + 01 Vs + dVy + a1 Vs + a2V + a3V +a4Vs = 0
baVi_a+b3Vi_5+b2Vi_a b1 Vi_1 +dVj+a1 Vis1+aaVipat+azVirs+aiVisa = 0 for 5 < j <n—5
baVi—9+b3Vig +02Viy 7 +01Vi6 +dVy—s +a1Viy—a +a2Vy—3+as3Vp—2+asVy—1+V,, =0
baVi—g+b3Vy, +02Vi6 + 01 Vs +dVy—a+a1Vi—s +aaVa_o+asgVp—1 +asVyp + Vo1 =0
by Va7 + b3 Viag + b2 Vo5 +b1 Vi + dVia_s + a1 Vig—z + asVio_1 + a5 Viu + aaVis1 + Vs = 0
baVi—6+b3Vis +b2Vi—a +01Vyu—3+dVy—o+a1 Vi1 + a2V +asVip1 +aaVipo + Viys =0

Finnaly:
Wo=1
Wi =0
Wy =0
W3 =0

dWo + a1 W1 4+ aoWs + asWs + a4W4 =0
bWy + dWi 4+ a1Wa + aaWs3 + agWy + agWs = 0
boWo + b1 Wy + dWo + a1 W3 + aoWy + azWs + asWe = 0
bsWy + bo Wi + biWo + dW3 + a1 Wy + aoWs + asWg + agW7 = 0
baWo 4+ bsWi + bosWo + b1 W3 + dW4 + a1 W5 4+ aoWs + asWr + agWg =0

baWi_4+b3sW;_3+boWi_o+by Wi_1+dWi+a1 Wjt1+aosWjjo+asWips+asWips =0 for 5 <j <n—>5
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baWi_9+b3Wig+bo Wy 7401 Wy _6+dW,, _5+a1 Wiy _g+as Wy _3+azW, _o+asWy_1+W,, =0

baWiy,—g+bsWi,, +bo Wi _64+b1 Wiy _54+dWy_a+a1 Wy _3+aos Wy _o+asWy_1+asWy+W, 11 =0

bW _74+b3Wig +bo Wy _5+b1 Wy g +dW,, _3+a1 Wiy _o+as Wy _1+azWy+asWy 1+ Wi = 0

baWh—6+bsWi+bo Wy _a+b1 Wi _3+dWp_o+a1 Wy 1+aaWy+asWy i1 +aaWiio+Wii3 =0

Considering for such0 <7 <n-+3

P, = det

SR

Li = det

-~

SSRx

Ml’ = det

—
SN

Ni = det

Fxmx

Xnt1 Xnp2 X
Yn+1 Yn+2 }/z
Vit Vare Vi
Wit Wipia Wi
Xnt1 Xi Xogs
Yori Y Yaus
Virr Vi Vas
Wot1r Wi Wigs
Xi Xn+2 Xn+3
Y; Yn+2 Yn+3
Vi Vn+2 Vn+3
Wi Wiya Wias
XnJrl Xn+2 Xn+3
Yotr1 Yare Yaus
Vn+1 Vn+2 Vn+3
Wit Wiopo Wigs

Theorem 2 We supposed that P, 13 # 0, then D is non-singular and:

c, Pn; Py, Pui]
Cpno1= - [Lo, -+ s Ln—1]
Ln+2
Cpn2= - (Mo, -+, My_1]
Mn+1
Cn-3= i[Nm s Np—1]
Ny,
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5 Exemple

The table compares ’Toeplitz-Hessenberg’ andour algorithm (implemented in MATLAB
R2024b) execution time. Execution time (in seconds) for the two considered proposed algo-
rithms evaluated in MATLAB R2024b.

Table 1: The running time

Size of the matrix (n) | Algorithm | LU method
100 0.036954 0.918161
200 0.061992 2.547606
300 0.090051 6.816085
500 0.149696 | 24.165349
1000 0.314484 | 149.750575

6 Conclusion

To sum up, this paper presents a method to compute p-diagonal matrix inverse with a low compu-
tational overhead andfurther generalizes the result for the application of nona-diagonal matrices.
Thanks to thestructured nature of these matrices, it is a significant tool for solving problems in
numerical analysis, differential equations and more by improving exponentially the efficiency
of the algorithm. We note that customized algorithms for structured matrices are important, and
thus, this work could serve asa springboard to extend even more matrix classes and leading to
future work in high-performance numerical algorithms.
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